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Abstract. This paper provides convergence analysis of regularized time-stepping methods for
the differential variational inequality (DVI), which consists of a system of ordinary differential equa-
tions and a parametric variational inequality (PVI) as the constraint. The PVI often has multiple
solutions at each step of a time-stepping method and it is hard to choose an appropriate solution for
guaranteeing the convergence. In [L. Han, A. Tiwari, M.K. Camlibel and J.-S. Pang, Convergence
of time-stepping schemes for passive and extended linear complementarity systems, SIAM J. Numer.
Anal., 47(2009) pp. 3768-3796], the authors proposed to use “least-norm solutions” of parametric
linear complementarity problems at each step of the time-stepping method for the monotone linear
complementarity system and showed the novelty and advantages of the use of the least-norm solu-
tions. However, in numerical implementation, when the PVI is not monotone and its solution set is
not convex, finding a least-norm solution is difficult. This paper extends the Tikhonov regularization
approximation to the P0-function DVI, which ensures that the PVI has a unique solution at each step
of the regularized time-stepping method. We show the convergence of the regularized time-stepping
method to a weak solution of the DVI and present numerical examples to illustrate the convergence
theorems.

Keywords: differential variational inequalities, P0-function, Tikhonov regular-
ization, epi-convergence.

AMS Subject Classifications: 90C30, 90C33

1. Introduction. Let Ω ⊆ Rm be a nonempty closed and convex set, and H :
Ω → Rm be a continuous function. The (static) variational inequality, denoted by
VI(Ω,H), is to find a vector y∗ ∈ Ω such that

(y − y∗)TH(y∗) ≥ 0, ∀y ∈ Ω.

We denote by SOL(Ω,H) the solution set of the VI(Ω,H).
Let F : R1+n+m → Rn and G : R1+n+m → Rm be two continuous functions. In

this paper we study the differential variational inequality (DVI), which consists of a
system of ordinary differential equations and a parametric variational inequality as
the constraint. Namely we consider ẋ(t) = F (t, x(t), y(t))

y(t) ∈ SOL(Ω, G(t, x(t), ·))
x(0) = x0, t ∈ [0, T ].

(1.1)

When Ω = Rm
+ , F (t, x(t), y(t)) = Ax(t) +By(t) + f(t), and G(t, x(t), y(t)) = Qx(t) +

My(t) + g(t), the DVI (1.1) reduces to the following initial value linear complemen-
tarity system [17, 20] ẋ(t) = Ax(t) +By(t) + f(t)

0 ≤ y(t) ⊥ Qx(t) +My(t) + g(t) ≥ 0
x(0) = x0, t ∈ [0, T ],

(1.2)

∗Department of Applied Mathematics, The Hong Kong Polytechnic University, Hung Hom, Hong
Kong. (maxjchen@polyu.edu.hk). This author was supported partly by Hong Kong Research Council
Grant PolyU5003/11p.

†Department of Mathematics, Nanjing University, P.R.China. (zywang@nju.edu.cn). This author
was supported partly by the Fundamental Research Funds for the Central Universities (Grant No.
1113020301) and the National Natural Science Foundation of China (Grant No. 10871092).

1



where A ∈ Rn×n, B ∈ Rn×m, Q ∈ Rm×n,M ∈ Rm×m, f : [0, T ] → Rn and g :
[0, T ] → Rm are two given functions. The notation ⊥ between two vectors means
that they are perpendicular.

The DVI has many important applications in engineering and economics such
as differential Nash games, electrical circuits, robotics, earthquake engineering and
structural dynamics, see [3, 6, 9, 12, 17, 20, 24, 27].

In this paper we focus our study on the P0-function DVI, in which the function
G(t, x, ·) is a P0-function for any fixed t and x and the feasible set has the following
form

Ω =
N∏

ν=1

Ων , (1.3)

where Ων ⊆ Rmν is nonempty closed and convex, and
∑N

ν=1mν = m. H : Rm → Rm

is called a P0-function [16] if for any y, v ∈ Ω we have

max
1≤ν≤N

(yν − vν)
T (Hν(y)−Hν(v)) ≥ 0.

The class of P0-functions includes monotone functions as an important subclass. H
is said to be monotone if for any y, v ∈ Rm,

(y − v)T (H(y)−H(v)) ≥ 0.

The P0-function DVI with the feasible set (1.3) includes the monotone linear com-
plementarity system (1.2) as a special case and has many applications in engineering.
A typical example is the (1.2) with M ≡ 0. See Example 4.11 in [1], Example 10 in
[28], Examples 8-9 in [2], Theorem 9.4 and Theorem 9.5 in [24] and subsection 7.3.2
in [18]. In section 4, we describe an example of the P0-function DVI in modeling the
electrical circuits with (ideal) diodes [25].

The DVI is to find a weak solution of (1.1), which is a pair of trajectories
(x(t), y(t)) where x is absolutely continuous and y is integrable on [0, T ] such that

x(t)− x(s) =

∫ t

s

F (τ, x(τ), y(τ))dτ, ∀ 0 ≤ s ≤ t ≤ T (1.4)

and y(t) ∈ SOL(Ω, G(t, x(t), ·)) for almost all t ∈ [0, T ]. The latter implies y(t) ∈ Ω
holds almost everywhere and for any continuous functions v : [0, T ] → Ω it holds∫ T

0

[v(τ)− y(τ)]
T
G(τ, x(τ), y(τ))dτ ≥ 0. (1.5)

A P0-function DVI usually has multiple weak solutions. See the following exam-
ple.

Example 1.1. Consider the LCS (1.2) where A = 1, B = (1, 1), Q = (1, 0)T ,
x0 = 0, f(t) ≡ 0, g(t) ≡ (−c, 0)T , 0 < c < 1 is a constant, and

M =

(
1 0
1 0

)
is a P0-matrix. The LCS has infinitely many solutions (x(t), y(t)):

x(t) =

{
ct if 0 ≤ t ≤ 1
(c+ y2)e

−1et − y2 if t > 1,
y(t) =

{
(c− ct, 0)T if 0 ≤ t ≤ 1
(0, y2)

T if t > 1,
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where y2 ≥ 0 is an arbitrary constant. This means that the solution set of the LCS is
unbounded.

The time-stepping method is a popular numerical scheme for finding a weak so-
lution of the DVI. It begins with the division of the time interval [0, T ] into Nh

subintervals:

0 = th,0 < th,1 < · · · < th,Nh
= T. (1.6)

Starting from x0, it computes y0 ∈ SOL(Ω, G(0, x0, ·)) and two finite families of
vectors {

xh,1, xh,2, · · · , xh,Nh
}
⊂ Rn and

{
yh,1, yh,2, · · · , yh,Nh

}
⊂ Rm

by the recursion: for i = 0, 1, · · · , Nh − 1,

xh,i+1 = xh,i + hF (th,i+1, σx
h,i + (1− σ)xh,i+1, yh,i+1)

yh,i+1 ∈ SOL(Ω, G(th,i+1, x
h,i+1, ·)), (1.7)

where h > 0 is the stepsize and σ ∈ [0, 1] is a scalar defining an implicit (σ = 0), an
explicit (σ = 1), or a semi-implicit (σ ∈ (0, 1)) scheme.

For the P0-function DVI, the solution set SOL(Ω, G(t, x, ·)) is not necessarily
bounded, convex or nonempty for any fixed t and x. When SOL(Ω, G(th,i+1, x

h,i+1, ·))
has more than one solution, selecting a “good” solution yh,i+1 is essential. A wrong
selection can cause the numerical method unstable or make the DVI unsolvable in the
next step. By “good” we mean that the following conditions

∥xh,i+1∥ ≤ c1 + c2∥x0∥ and ∥yh,i+1∥ ≤ c3 + c4∥x0∥ (1.8)

are fulfilled, where c1, c2, c3 and c4 are positive constants, independent of h. It was
shown in [24] under condition (1.8) that the piecewise linear interpolant of {xh,i} and
the piecewise constant interpolant of {yh,i} converge in a certain sense to the weak
solution x and y respectively.

In [17], Han et al proposed the following implicit time-stepping method using
least-norm solutions for solving LCS (1.2)

yh,i+1 ∈ argmin ∥y∥2
subject to 0 ≤ y ⊥ Q(I − hA)−1[xh,i + hf(th,i+1)] + g(th,i+1) +Mhy ≥ 0

xh,i+1 = (I − hA)−1(xh,i + hByh,i+1 + hf(th,i+1)),
(1.9)

whereMh =M+hQ(I−hA)−1B. An elegant theorem was given in [17] to show that
{yh,i} and {xh,i} generated by (1.9) satisfy (1.8). This technique can be extended to
solve DVI as follows

xh,i+1 = xh,i + hF (th,i+1, x
h,i+1, yh,i+1)

yh,i+1 ∈ argmin ∥y∥2
subject to y ∈ SOL(Ω, G(th,i+1, x

h,i+1, ·)).
(1.10)

However, the minimization problems in (1.9) and (1.10) are not easy to be solved
in general, since their feasible sets are not convex and the standard constraint qual-
ifications are not fulfilled. To our knowledge, there is not yet a practical algorithm
available for computing the least-norm solution for DVI. Moreover, convergence results
of the implicit time-stepping method in [17, 24] are not applicable for a P0-matrix M
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as the positive semidefiniteness of Mh is not guaranteed. In [2], Acary et al proposed
an extended Moreau’s time-stepping (EMTS) scheme for certain types of DVIs under
the framework of Moreau’s sweeping process. Using the EMTS, one may transform a
DVI to a new canonical state space representation, and then apply the time-stepping
method for the new system. Acary et al [2] presented promising numerical results of
the EMTS scheme for some examples of P0-matrix LCS, but did not derive conver-
gence results.

In this paper we consider approximating the DVI (1.1) by the following regularized
DVI:  ẋ(t) = F (t, x(t), y(t))

y(t) ∈ SOL(Ω, G(t, x(t), ·) + µI)
x(0) = x0,

(1.11)

where I stands for the identity mapping and µ > 0 is a regularization parame-
ter. If G(t, x, ·) is a P0-function for any fixed t and x, and Ω has the form (1.3),
then G(t, x, ·) + µI with µ > 0 is a uniform P-function for any fixed t and x and
SOL(Ω, G(t, x(t), ·) + µI) has a unique solution yµ(t) for any fixed t and x which
is Lipschitz continuous with respect to t and x(t) (see Theorem 3.5.15 in [16] and
pp.255–p.256 of [14]). Hence the regularized DVI (1.11) reduces to ẋ(t) = F (t, x(t), y(t))

y(t) = SOL(Ω, G(t, x(t), ·) + µI)
x(0) = x0,

(1.12)

and the regularized implicit time-stepping scheme has a simple version

xh,i+1
µ = xh,iµ + hF (th,i+1, x

h,i+1
µ , yh,i+1

µ )
yh,i+1
µ = SOL(Ω, G(th,i+1, x

h,i+1
µ , ·) + µI).

(1.13)

Moreover, (1.12) locally has a unique solution (xµ, yµ) over a time span [0, Tµ], where
xµ is continuously differentiable and yµ is Lipschitz continuous. The aim of this paper
is to prove the convergence of {(xµ, yµ)}µ>0 and certain approximations defined by
the family {(xh,iµ , yh,iµ )} generated by the time-stepping method for (1.11).

The remainder of this paper is organized as follows. In section 2, we study the
convergence of the solution (xµ, yµ) of (1.12) to a weak solution (x, y) of DVI (1.1). In
section 3, we study the convergence of the regularized time-stepping scheme (1.13). In
section 4, we use numerical examples to illustrate the convergence of the regularized
time-stepping scheme. Numerical results show that the regularized time-stepping
method is promising for the DVI.

2. Convergence of regularization approximation.

2.1. Epigraphical convergence. Let X and Y denote the spaces of the n-
dimensional vector-valued continuous functions and the m-dimensional vector-valued
square integrable functions over [0, T ], respectively. Denote

∥x∥C := sup
t∈[0,T ]

∥x(t)∥2

for x ∈ X, and denote

∥y∥L2 := ⟨y, y⟩1/2
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for y ∈ Y , where for any y, u ∈ Y

⟨y, u⟩ :=
∫ T

0

y(t)Tu(t)dt.

We define the norm for (x, y) ∈ X × Y :

∥(x, y)∥X×Y = ∥x∥C + ∥y∥L2 . (2.1)

Let Z denote the space of the m-dimensional vector-valued continuous functions. We
denote

∥(x, y)∥X×Z := sup
t∈[0,T ]

∥(x(t), y(t))∥2 (2.2)

for (x, y) ∈ X × Z. It is clear that X × Z ⊂ X × Y , and X × Y and X × Z are
Banach spaces under the norms (2.1) and (2.2), respectively. In the remaining part,
∥(x, y)∥ is always meant ∥(x, y)∥X×Y or ∥(x, y)∥X×Z , and it is self-evident that we
have (x, y) ∈ X × Y for the former case and (x, y) ∈ X × Z for the latter case.

It is known that y∗ ∈ SOL(Ω,H) if and only if it is a solution of the following
system:

y −ΠΩ(y −H(y)) = 0,

where ΠΩ(·) denotes the projection onto the set Ω with respect to the norm ∥ · ∥2.
Define

Φ(x, y)(t) =

 x(t)−
∫ t

0

F (τ, x(τ), y(τ))dτ − x0

y(t)−ΠΩ(y(t)−G(t, x(t), y(t)))

 . (2.3)

Obviously, Φ(x, y) ∈ X × Y for an (x, y) ∈ X × Y , and Φ(x, y) ∈ X × Z if moreover
(x, y) ∈ X × Z. Then we can reformulate the DVI (1.1) as a minimization problem
over X × Y :

min
(x,y)∈X×Y

∥Φ(x, y)∥X×Y .

Obviously, ∥Φ(x, y)∥X×Y = 0 implies that (x, y) is a weak solution of the DVI (1.1).
For a continuous function y, ∥Φ(x, y)∥X×Z = 0 implies that (x, y) is a classic solution
of (1.1).

Similarly, we define the mapping for the regularized DVI (1.11):

Φµ(x, y)(t) :=

 x(t)−
∫ t

0

F (τ, x(τ), y(τ))dτ − x0

y(t)−ΠΩ(y(t)−G(t, x(t), y(t))− µy(t))

 . (2.4)

Remind us that (1.11) locally has a unique classic solution (xµ, yµ) ∈ X × Z with
respect to the topology given by ∥ · ∥X×Z . Then (xµ, yµ) is the only minimizer of

min
(x,y)∈X×Z

∥Φµ(x, y)∥X×Z , (2.5)

and is a minimizer of

min
(x,y)∈X×Y

∥Φµ(x, y)∥X×Y , (2.6)
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where we have ∥Φµ(xµ, yµ)∥X×Y = ∥Φµ(xµ, yµ)∥X×Z = 0.
Let U be the space taken either as U = X × Y or U = X × Z. For investigating

the convergence of {(xµ, yµ)} in U w.r.t. the norm ∥ · ∥U , we need to show that the
mapping ∥Φµ∥U is epigraphically convergent to ∥Φ∥U when µ ↓ 0, which is closely
related to the convergence of the function family {(xµ, yµ)}µ>0. The epigraph of a
functional θ over U is defined as the set

eip θ := {(x, y, γ) ∈ U ×R | θ(x, y) ≤ γ}.

Let {θk}∞k=1 be a given sequence of functionals over U . A sequence {θk}∞k=1 is said to
be epigraphically convergent to a functional θ, denoted by

θk →epi θ,

if the epigraph sequence {epi θk} converges to the epigraph epi θ in the sense of
Kuratowski, or equivalently, if

(a) for any sequence {(xk, yk)}∞k=1 ⊂ U with (xk, yk) → (x, y) we have

lim inf
k→∞

θk(xk, yk) ≥ θ(x, y); (2.7)

(b) and if there is a sequence {(xk, yk)}∞k=1 ⊂ U with (xk, yk) → (x, y) and

lim sup
k→∞

θk(xk, yk) ≤ θ(x, y). (2.8)

Here the convergence (xk, yk) → (x, y) is characterized by the norm ∥ · ∥U . On the
epigraphical convergence and the Kuratowski convergence we refer to [21, 26], for
example.

Lemma 2.1. Let {µk}∞k=1 ↓ 0 be given, and let Φk = Φµk
be defined as in

(2.4). Then for any sequence {(xk, yk)}∞k=1 ⊂ U with (xk, yk) → (x, y) in U , we have
∥Φk(xk, yk)∥U → ∥Φ(x, y)∥U , and

∥Φk∥U →epi ∥Φ∥U . (2.9)

Proof. Let (xk, yk) → (x, y) in U . Taking U = X × Y , we can see

∥Φk(xk, yk)− Φ(xk, yk)∥X×Y

=

(∫ T

0

∥∥ΠΩ(y
k(t)−G(t, xk(t), yk(t))− µky

k(t))−ΠΩ(y
k(t)−G(t, xk(t), yk(t)))

∥∥2
2
dt

)1/2

≤

(∫ T

0

∥∥µky
k(t)

∥∥2
2
dt

)1/2

= µk∥yk∥L2 ;

taking U = X × Z, we have

∥Φk(xk, yk)− Φ(xk, yk)∥X×Z

= supt∈[0,T ] ∥ΠΩ(y
k(t)−G(t, xk(t), yk(t))− µky

k(t))−ΠΩ(y
k(t)−G(t, xk(t), yk(t)))∥2

≤ supt∈[0,T ] ∥µky
k(t)∥2 = µk∥yk∥C .

Now we have ∥Φk(xk, yk)∥U − ∥Φ(xk, yk)∥U → 0.
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On the other hand we know ∥Φ(xk, yk)∥U − ∥Φ(x, y)∥U → 0 since ∥Φ∥U is con-
tinuous. Therefore we can conclude ∥Φk(xk, yk)∥U → ∥Φ(x, y)∥U , which implies the
epigraphical convergence (2.9).

Now we study the convergence of {(xµk
, yµk

)} by using the epigraphical conver-
gence (2.9). As stated before, (xµk

, yµk
) is a minimizer of (2.5) and (2.6) where we

take µ = µk. However, in practice only a so-called ϵ-minimizer (xϵµk
, yϵµk

), instead of
a true minimizer, is available, for which we have

∥Φµk
(xϵµk

, yϵµk
)∥U ≤ min

(x,y)∈U
∥Φµk

(x, y)∥U + ϵ,

where ϵ > 0 can be regarded as an error tolerance. For a functional θ over U , we
denote its set of ϵ-minimizers by

ϵ− argmin θ := {(x̄, ȳ) ∈ U | θ(x̄, ȳ) ≤ inf
(x,y)∈U

θ(x, y) + ϵ}.

Then we have the following results, which are a direct consequence of Proposition
7.18 of [21].

Lemma 2.2. Let {θk}∞k=1 be a given sequence of functionals over U that is epi-
graphically convergent to θ. Then we have

argmin θ ⊇
∩
ϵ>0

lim sup
k→∞

(
ϵ− argmin θk

)
⊇ lim sup

k→∞

(
argmin θk

)
,

where lim supk→∞(ϵ− argminθk) is the outer limit of the set sequence {ϵ− argminθk}
defined in the sense of Kuratowski [21, 26]. If, in addition,∩

ϵ>0

lim sup
k→∞

(
ϵ− argmin θk

)
̸= ∅,

then

argmin θ ̸= ∅, and min
(x,y)∈U

θ(x, y) = lim sup
k→∞

inf
(x,y)∈U

θk(x, y).

Corollary 2.3. Let {θk}∞k=1 be a given sequence of functionals over U that is
epigraphically convergent to θ, and let (xk, yk) be an ϵk-minimizer of θk over U for
every k, where ϵk ↓ 0. If {(xk, yk)}∞k=1 has a cluster point (x, y), then it is a minimizer
of θ in U , and

θ(x, y) = lim sup
k→∞

θk(xk, yk).

By using Lemma 2.1, Lemma 2.2 and Corollary 2.3, we have the following con-
vergence result for the regularization approximation of the DVI.

Theorem 2.4. Let {µk}∞k=1 ↓ 0 and {ϵk}∞k=1 ↓ 0 be given, and let Φµk
be defined

as in (2.4).
(1) Let (xϵkµk

, yϵkµk
) ∈ X × Z be an approximation of the classic solution (xµk

, yµk
) of

the regularized DVI (1.11) with µ = µk such that

∥Φµk
(xϵkµk

, yϵkµk
)∥X×Z ≤ ϵk,
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then any cluster point of {(xϵkµk
, yϵkµk

)}∞k=1 is a classic solution of the DVI (1.1).
(2) Let (xϵkµk

, yϵkµk
) ∈ X ×Y be an approximation of the weak solution (xµk

, yµk
) of the

regularized DVI (1.11) with µ = µk such that

∥Φµk
(xϵkµk

, yϵkµk
)∥X×Y ≤ ϵk,

then any cluster point of {(xϵkµk
, yϵkµk

)}∞k=1 is a weak solution of the DVI (1.1).
Proof. From Lemma 2.1 it follows that {∥Φµk

∥X×Z} is epigraphically convergent
to ∥Φ∥X×Z . Since (xµk

, yµk
) is the classic solution of (1.11), we have ∥Φµk

(xµk
, yµk

)∥X×Z =
0, therefore (xϵkµk

, yϵkµk
) is an ϵk minimizer of the functional ∥Φµk

∥X×Z . Hence by Corol-
lary 2.3 we know that a cluster point (x∗, y∗) must fulfill

∥Φ(x∗, y∗)∥X×Z = 0 = lim sup
k→∞

∥Φµk
(xϵkµk

, yϵkµk
)∥X×Z ,

which means that (x∗, y∗) is a classic solution of the DVI (1.1). The second part of
the theorem can be shown in a very similar way.

Corollary 2.5. Let {µk}∞k=1 ↓ 0 and let (xµk
, yµk

) be the classic solution of
the regularized DVI (1.11) for every µ = µk. If {(xµk

, yµk
)}∞k=1 has a cluster point

(x∗, y∗) in the norm ∥ · ∥X×Z , then (x∗, y∗) is a classic solution of the DVI (1.1); if
{(xµk

, yµk
)}∞k=1 has a cluster point (x∗, y∗) in the norm ∥ · ∥X×Y , then (x∗, y∗) is a

weak solution of (1.1).

2.2. Convergence analysis. Now we study the existence of the cluster point
of the function family {(xµ, yµ)}µ>0. The following lemma is needed for showing the
boundedness of {(xµ, yµ)}µ>0.

Lemma 2.6. Let T > 0, α, γ ≥ 0 and β > 0, and let ψ : [0, T ] → R+ be (Lebesgue)
integrable. If

ψ(t) ≤ α+

∫ t

0

[βψ(s) + γ]ds (2.10)

then

ψ(t) ≤ α exp(βt) +
γ

β
(exp(βt)− 1) . (2.11)

Proof. Let

ψ̃(t) = ψ(t) +
γ

β
.

Then we can write (2.10) as

ψ̃(t)− γ

β
≤ α+

∫ t

0

[
β

(
ψ̃(s)− γ

β

)
+ γ

]
ds ≤ α+

∫ t

0

βψ̃(s)ds,

which yields

ψ̃(t) ≤ α+
γ

β
+

∫ t

0

βψ̃(s)ds.

This, with the well known Gronwall Inequality (see [13, pp.146], for example), implies

ψ̃(t) ≤
(
α+

γ

β

)
exp

(∫ t

0

βds

)
=

(
α+

γ

β

)
exp (βt) .
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This yields (2.11) when we replace ψ̃(t) by ψ(t).

In the following theorem, we show that the uniform boundedness of {yµ}µ>0

implies the uniform boundedness of {xµ}µ>0 under the Lispchitz continuity of F .
Theorem 2.7. Assume that there are nonnegative constants κ1 and κ2 such that

for any s ∈ [0, T ], x1, x2 ∈ Rn and y1, y2 ∈ Rm,

∥F (s, x1, y1)− F (s, x2, y2)∥2 ≤ κ1∥x1 − x2∥2 + κ2∥y1 − y2∥2 (2.12)

holds and assume that there is a positive constant α2 independent of µ such that
∥yµ∥L2 ≤ α2 for any µ ∈ (0, µ̄]. Then we have

∥xµ∥C ≤ α1 := (∥x0∥2 + κ2α2

√
T ) exp (κ1T ) +

∥f0∥C
κ1

[exp (κ1T )− 1]

for any µ ∈ (0, µ̄], where f0(s) = F (s, 0, 0) for s ∈ [0, T ].
Proof. For t ∈ [0, T ] we write

xµ(t) = x0 +

∫ t

0

[F (s, xµ(s), yµ(s)] ds.

Noting that

∫ t

0

∥yµ(s)∥2ds ≤

√
T

∫ t

0

∥yµ(s)∥22ds ≤
√
T∥yµ∥L2 ≤

√
Tα2,

then from the Lipschitz condition (2.12) we have

∥xµ(t)∥2 ≤ ∥x0∥2 +
∫ t

0

∥F (s, xµ(s), yµ(s))− F (s, 0, 0) + F (s, 0, 0)∥2ds

≤ ∥x0∥2 +
∫ t

0

(κ1∥xµ(s)∥2 + κ2∥yµ(s)∥2 + ∥f0(s)∥2) ds

≤ ∥x0∥2 + κ2α2

√
T +

∫ t

0

(κ1∥xµ(s)∥2 + ∥f0∥C) ds.

This, together with Lemma 2.6, implies the conclusion.
Now we show the convergence of the function family {xµ, yµ}µ>0.
Theorem 2.8. In the setting of Theorem 2.7, there are a {µk}∞k=1 ↓ 0, an x∗ ∈ X

and a y∗ ∈ Y such that xµk
→ x∗ uniformly and yµk

→ y∗ weakly. In addition, we
have:
(1) if yµk

→ y∗ w.r.t. ∥ · ∥L2 , then (x∗, y∗) is a weak solution of the DVI (1.1);
(2) if yµk

→ y∗ uniformly, then (x∗, y∗) is a classic solution of the DVI (1.1).
Proof. By Theorem 2.7, we know that ∥yµk

∥L2 ≤ α2 implies that {xµk
} is

uniformly bounded. From this and the Lipschitz condition (2.12) it follows that
{ẋµk

} is uniformly bounded, and thus {xµk
} is equicontinuous on [0, T ]. By the

Arzelá-Ascoli theorem [23], we know that there is a sequence {µk}∞k=1 ↓ 0 such that
{xµk

} converges to an x∗ ∈ X uniformly. Since Y is reflexive, and {yµk
} is uniformly

bounded, by the Alaoglu theorem [23], there is a subsequence of {yµk
} that is weakly

convergent to y∗ ∈ Y .
Statements (1) and (2) can be shown by a direct application of Lemma 2.2.
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Theorem 2.8 assumes the uniform boundedness of {yµ} for µ ∈ (0, µ̄]. The fol-
lowing theorem gives a sufficient condition to ensure that this assumption holds.

Let Ωϵ = { y |dist(y, SOL(Ω, G(0, η, ·))) ≤ ϵ } for a positive number ϵ > 0.
Theorem 2.9. Suppose SOL(Ω, G(0, η, ·)) is nonempty and bounded. If G(t, x, y)

is Lipschitzian with respect to (t, x) near (0, η) for any y ∈ Ωϵ with modular LG and
G(t, x(t), ·) is a continuous P0-function, then there are µ̄ > 0, T0 > 0 and an α2

independent of µ such that ∥yµ∥L2 ≤ α2 for any µ ∈ (0, µ̄] over [0, T0].
Proof. Denote

Ψ(t, x, y) = y −ΠΩ(y −G(t, x, y)) and Ψµ(t, x, y) = y −ΠΩ(y −G(t, x, y)− µy).

Let Sµ(t, x) ⊆ Rm be the solution set of Ψµ(t, x, y) = 0 for fixed µ, t, x.
By Corollary 3.6.2 and Definition 3.6.3 of [16], we know that the function Ψ(t, x, ·)

and Ψµ(t, x, ·) are weakly univalent since G(t, x, ·) is a continuous P0-function, which
follows that there exists δ1 > 0 such that for fixed t, x and µ, if

sup{∥Ψµ(t, x, y)−Ψ(0, η, y)∥2 : y ∈ Ωϵ} < δ1,

then we have

∅ ̸= Sµ(t, x) ⊆ Ωϵ. (2.13)

Denote ζ0 = sup{∥v∥2 : v ∈ Ωϵ}. Choose δ̄, T̄ and µ̄ such that LG(δ̄ + T̄ ) < 1
2δ1 and

µ̄ζ0 <
1
2δ1. Let N (η, δ) = {u : ∥u − η∥2 < δ}. Then for any (t, x) ∈ [0, T̄ ] ×N (η, δ̄),

and any y ∈ Ωϵ, we have

∥Ψµ(t, x, y)−Ψ(0, η, y)∥2 ≤ ∥ΠΩ(y −G(t, x, y)− µy)−ΠΩ(y −G(0, η, y))∥2
≤ ∥Gµ(t, x, y)−G(0, η, y)∥2 + µ∥y∥2
≤ LG(t+ ∥x− η∥2) + µ̄ζ0 < δ1.

Denote

ζ = sup{∥F (t, x, y)∥2 : (t, x, y) ∈ [0, T̄ ]×N (η, δ̄)× Ωϵ}.

Note that for any fixed µ > 0, Sµ(t, x) is a singleton set. Let Fµ(t, x) = F (t, x,Sµ(t, x)).
By taking δ0 > 0 and T0 > 0 such that δ0+ζT0 < δ̄, we can see that Fµ(·, ·) is contin-
uous and maps [0, T0]×N (η, δ0+ ζT0) into N (0, ζ). By applying the Peano existence
theorem to {

ẋ(t) = Fµ(t, x(t))
x(0) = η,

we know that (1.11) has a solution (xµ, yµ) over [0, T0] in which xµ is continuously
differentiable and yµ is continuous. Noting

xµ(t) = η +

∫ t

0

Fµ(s, xµ(s))ds,

clearly, xµ(t) ∈ N (η, δ0 + ζT0) for any t ∈ [0, T0]. Because δ0 + ζT0 < δ̄, from (2.13),
we obtain the uniform boundedness of {yµ}.

Theorem 2.10. Let G(t, x, ·) be monotone for any fixed t and x, and let for any
fixed t and y:

∥G(t, x1, y)−G(t, x2, y)∥2 ≤ ω2∥x1 − x2∥2.
10



Let xµk
→ x∗ uniformly with

lim
k→∞

∥xµk
− x∗∥C
µk

= ς, (2.14)

and let yµk
→ y∗ w.r.t. ∥ · ∥L2 . Then for any weak solution (x∗, ỹ) of (1.1), we have

∥y∗∥2L2
≤ ∥ỹ∥L2∥y∗∥L2 + (ςω2T )∥y∗ − ỹ∥L2 . (2.15)

Proof. Since yµ : [0, T ] → Ω is continuous and ỹ solves VI(Ω, G(t, x(t), ·)) for
almost every t ∈ [0, T ], we have

⟨yµ − ỹ, G(t, x∗, ỹ)⟩ ≥ 0 (2.16)

and

⟨ỹ − yµ, G(t, xµ, yµ) + µyµ⟩ ≥ 0. (2.17)

Adding (2.16) and (2.17) we obtain

0 ≥ ⟨yµ − ỹ, G(t, xµ, yµ) + µyµ −G(t, x∗, ỹ⟩) .

Using (2.16)-(2.17) again, we find

⟨yµ − ỹ, yµ⟩ ≤ − 1
µ ⟨yµ − ỹ, G(t, xµ, yµ)−G(t, x∗, ỹ)⟩

= − 1
µ ⟨yµ − ỹ, G(t, xµ, yµ)−G(t, xµ, ỹ)⟩ − 1

µ ⟨yµ − ỹ, G(t, xµ, ỹ)−G(t, x∗, ỹ)⟩
≤ − 1

µ ⟨yµ − ỹ, G(t, xµ, ỹ)−G(t, x∗, ỹ)⟩ .

Taking the sequence (xµk
, yµk

) converging to (x∗, y∗) with (2.14) fulfilled, from the
Lipschitz continuity of G(t, ·, y), we have

− 1
µk

⟨yµk
− ỹ, G(t, xµk

, ỹ)−G(t, x∗, ỹ)⟩
≤ 1

µk
∥yµk

− ỹ∥L2 ∥G(t, xµk
, ỹ)−G(t, x∗, ỹ)∥L2 ≤ 1

µk
∥yµk

− ỹ∥L2 Tω2 ∥xµk
− x∗∥C .

Then we obtain

⟨yµk
− ỹ, yµk

⟩ ≤
∥xµk

− x∗∥C
µk

ω2T ∥yµk
− ỹ∥L2 ,

and then

⟨yµk
, yµk

⟩ ≤ ⟨ỹ, yµk
⟩+

∥xµk
− x∗∥C
µk

ω2T ∥yµk
− ỹ∥L2 ,

which yields the conclusion (2.15) when we take k → ∞. This completes the proof.

2.3. Linear complementarity system. In this subsection, we consider the
LCS (1.2) with a P0-matrix M and global Lipschitz continuous functions f and g. In
such case, the global Lipschitz property (2.12) of F (t, x(t), y(t)) = Ax(t)+By(t)+f(t)
in Theorem 2.7 holds with κ1 = ∥A∥2 and κ2 = ∥B∥2, and G(t, x(t), y(t)) = Qx(t) +
My(t) + g(t) is a globally Lipschitzian continuous function with respect to (t, x) in
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Theorem 2.9. Moreover, it is known that for any fixed µ > 0 and q ∈ Rn, the P-matrix
linear complementary problem

0 ≤ v ⊥ (M + µI)v + q ≥ 0 (2.18)

has a unique solution v(M + µI, q) and there is a constant c(M+µI) such that

∥v(M + µI, q1)− v(M + µI, q2)∥ ≤ c(M+µI)∥q1 − q2∥.

See [10, 15]. Hence, the regularized LCS: ẋ(t) = Ax(t) +By(t) + f(t)
0 ≤ y(t) ⊥ (M + µI)y(t) +Qx(t) + g(t) ≥ 0
x(0) = x0 ∈ Rn

(2.19)

reduces to a standard ordinary differential equation with a globally Lipschitzian con-
tinuous right-hand function as the following{

ẋ(t) = Ax(t) +By(M + µI,Qx(t) + g(t)) + f(t)
x(0) = x0 ∈ Rn.

(2.20)

By the well-known Picard-Lindelöf theorem, for any T > 0, (2.20) has a unique
continuously differentiable solution xµ in the interval [0, T ]. Let yµ = y(M+µI,Qxµ+
g). Then (xµ, yµ) is the unique classic solution of (2.19) for any µ > 0.

Recall that M is a Z-matrix if all of its off-diagonal elements are non-positive.
In contrast with Theorem 2.9, without the boundedness of SOL(Ω, G(0, η, ·)), the
following theorem shows the uniform boundedness of ∥yµ∥L2 for µ→ 0.

Theorem 2.11. Suppose that M is a P0-matrix and Z-matrix and the LCS (1.2)
has a weak solution (x̃, ỹ) in [0, T ]. Then ∥yµ∥L2 ≤ ∥ỹ∥L2 for any µ > 0 over [0, T ].

Proof. If M is a Z-matrix and the solution set S of the linear complementarity
problem (2.18) with µ = 0 is nonempty, then there is a unique least-element solution
v̄ in S which satisfies v̄ ≤ v for all v ∈ S [15]. Moreover, it is shown in [11] that if M
is a P0-matrix and Z-matrix, then for any µ1 > µ2 > 0, the solutions of (2.18) satisfy

vµ1 ≤ vµ2 ≤ v̄ and lim
µ↓0

vµ = v̄. (2.21)

By the definition of the least-element solution, for any ṽ ∈ S, we have

vµ1 ≤ vµ2 ≤ v̄ ≤ ṽ and lim
µ↓0

vµ = v̄ ≤ ṽ.

Hence, by the assumption of this theorem, we have 0 ≤ yµ(t) ≤ ỹ(t), for almost all
t ∈ [0, T ] which implies ∥yµ∥L2 ≤ ∥ỹ∥L2 for any µ > 0 over [0, T ].

The LCS (1.2) with M = 0 frequently appears in realistic settings [1, 2, 24].
Obviously, M = 0 is a P0-matrix and Z-matrix. For Qx(t) + g(t) ≥ 0, any vector
y(t) ≥ 0 with yi(t)(Qx(t) + g(t))i = 0 is a solution of the LCP: 0 ≤ y(t) ⊥ Qx(t) +
g(t) ≥ 0, and yµ(t) = 0 is the unique solution of its regularized problem. Hence,
we can see that even the solution set of the LCP is unbounded, the sequence of the
unique solution yµ(t) of the regularized LCP is uniformly bounded.

Example 2.1. Consider the LCS (1.2) where A = 1, B = (1, 1), Q = (1, 0)T ,
x0 = 1, f(t) ≡ 0, g(t) ≡ 0, and M = 0. The LCS has infinitely many solutions
(x(t), y(t)):

x(t) = (1 + y2)e
t − y2, y1(t) ≡ 0, y2(t) ≡ y2,
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where y2 ≥ 0 is an arbitrary constant. The solution set {(0, y2)T : y2 ∈ R, y2 ≥ 0} of
the LCS at t = 0 is unbounded.

It is easy to verify that the regularized LCS ẋ(t) = Ax(t) +By(t)
0 ≤ y(t) ⊥ Qx(t) + µy(t) ≥ 0
x(0) = x0 t ∈ [0, T ]

has the unique solution (xµ(t), yµ(t)):

xµ(t) = et, yµ(t) ≡ (0, 0)T .

Obviously, {yµ}µ>0 is uniformly bounded. It is worth noting that the limit function
(et, (0, 0)T ) is a least-element solution of the LCS, and the limit function of xµ(t) is
the so-called shortest path of the system.

Lemma 2.12. Let M be a P0-matrix and a Z-matrix and let D = diag(di),
di ∈ [0, 1]. Then for any µ > 0, the matrix I − D + D(M + µI) is an M-matrix
and [I − D + D(M + µI)]−1D ≤ (M + µI)−1 componentwise. Moreover, if M is
diagonalizable, then µ(M + µI)−1 is convergent when µ→ 0.

Proof. For the first statement of this lemma, we refer to [10, 15]. Let M be
diagonalizable, that is, there are a nonsingular matrix P ∈ Rm×m and a diagonal
matrix Λ =diag(λi) such that M = P−1ΛP . Hence, we have

µ(M+µI)−1 = P−1diag

(
µ

λi + µ

)
P and

µ

λi + µ
→
{

1 if λi = 0
0 if λi ̸= 0

as µ→ 0.

The limit of µ(M + µI)−1 does not necessarily exist if M is not diagonalizable.
Consider

M =

(
0 −1
0 0

)
.

It is clear that M is a P0 matrix and a Z matrix, but not diagonalizable. We see that(
0 0
0 0

)
≤ [I −D +D(M + µI)]−1D ≤ (M + µI)−1 =

1

µ

(
1 1

µ

0 1

)
and µ(M + µI)−1 is not convergent as µ→ 0.

Theorem 2.13. Let M be a P0-matrix and a Z-matrix and be diagonalizable.
Let xµk

→ x∗ uniformly with (2.14) fulfilled, and let yµk
→ y∗ weakly in Y . Denote

M̃ = lim
µ↓0

µ(M + µI)−1

and denote e = (1, 1, · · · , 1)T . Then for any weak solution (x∗, ỹ) of (1.2), we have∫ T

0

y∗(t)dt ≤
∫ T

0

ỹ(t)dt+ (ςT )M̃ |Q|e, (2.22)

where |Q| = (|Qij |).
Proof. Note that ỹ(t) and yµ(t) satisfy the complementarity conditions in (1.2)

and (2.19) for almost every t ∈ [0, T ] and for any t ∈ [0, T ], respectively. We have

min{ỹ(t),Mỹ(t) +Qx∗(t) + g(t)} = 0 (2.23)
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for almost every t ∈ [0, T ], and

min{yµ(t), (M + µI)yµ(t) +Qxµ(t) + g(t)} = 0 (2.24)

for every t ∈ [0, T ]. Subtracting (2.24) by (2.23), we obtain

(I−D)(yµ(t)−ỹ(t))+D[(M+µI)(yµ(t)−ỹ(t))+µy(t)+Q(xµ(t)−x∗(t))] = 0, (2.25)

where D = diag(di), di ∈ [0, 1], i = 1, . . . ,m, see [10]. From (1) of Lemma 2.12 we
know that I−D+D(M +µI) has a nonnegative inverse. Then by rearranging (2.25),
we obtain

yµ(t)− ỹ(t) = −[I −D +D(M + µI)]−1D[µỹ(t) +Q(xµ(t)− x∗(t))]. (2.26)

Considering moreover that ỹ(t) ≥ 0 holds for almost every t ∈ [0, T ], we have∫ T

0

[I −D +D(M + µI)]−1Dỹ(t)dt ≥ 0. (2.27)

The inequalities (2.26) and (2.27) yield∫ T

0

(yµ(t)− ỹ(t)) dt ≤ −
∫ T

0

[I −D +D(M + µI)]−1DQ(xµ(t)− x∗(t))dt. (2.28)

From Lemma 2.12 we know that∣∣[I −D +D(M + µI)]−1DQ(xµ(t)− x∗(t))
∣∣

≤
∣∣[I −D +D(M + µI)]−1D

∣∣ |Q| |xµ(t)− x∗(t)|
≤ (M + µI)−1|Q| |xµ(t)− x∗(t)| ≤ ∥xµ − x∗∥C (M + µI)−1|Q|e.

Consequently, from (2.28) it follows that∫ T

0

(yµ(t)− ỹ(t)) dt ≤ ∥xµ − x∗∥C T (M + µI)−1|Q|e.

Taking a subsequence (xµk
, yµk

) converging to (x∗, y∗) with (2.14) fulfilled, namely

lim
k→∞

∥xµk
− x∗∥C
µk

= ς,

we have ∫ T

0

(yµk
(t)− ỹ(t)) dt ≤

∥xµk
− x∗∥C
µk

Tµk(M + µkI)
−1|Q|e,

and so ∫ T

0

yµk
(t)dt ≤

∫ T

0

ỹ(t)dt+
∥xµk

− x∗∥C
µk

Tµk(M + µkI)
−1|Q|e,

which yields the conclusion (2.22) when we take k → ∞. This completes the proof.
Remark 2.1. From (2.15) and (2.22), we can derive that for T → 0, y is a least

norm solution and a least element solution of (1.1) and (1.2), respectively. Hence
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Theorem 2.10 and Theorem 2.13 can be respectively regarded as the generalizations of
the regularization results for the VIs and LCPs. Refer to [11, 16].

Remark 2.2. Applying Theorem 2.8 to the LCS (1.2) where M is a P0-matrix
and Z-matrix, we can derive the existence of a weak solution of (1.2). Theorem 2.11,
together with Theorem 2.8, shows that the solution (xµ, yµ) of the regularized LCS
(2.19) is uniformly bounded for any µ > 0. Moreover, Theorem 2.13 gives the limit
properties (xµ, yµ) as µ→ 0 comparing with any weak solution of the LCS (1.2).

We end this section with the following example, for an illustration of the conver-
gence results.

Example 2.2. Consider the LCS in Example 1.1. The regularized LCS has the
following form  ẋ(t) = Ax(t) +By(t) + f(t)

0 ≤ y(t) ⊥ Qx(t) + (M + µI)y(t) + g(t) ≥ 0
x(0) = (0, 0)T ,

which has the unique solution (xµ(t), yµ(t)):

xµ(t) =

{
c
µ (e

µ
1+µ t − 1) if 0 ≤ t ≤ t∗

(1 + µ)−
1+µ
µ · c · et if t > t∗,

yµ(t) =

{
(
c−xµ(t)
1+µ , 0)T if 0 ≤ t ≤ t∗

(0, 0)T if t > t∗,

where

t∗ =
(1 + µ) log(1 + µ)

µ
.

Let T ≥ t∗. By simple calculation, we can see that ∥yµ∥L2 is convergent. From
Theorem 2.8 it follows that xµ → x∗ uniformly and yµ → y∗ weakly, where

x∗(t) =

{
ct if 0 ≤ t ≤ 1
ce−1et if t > 1,

and

y∗(t) =

{
(c− ct, 0)T if 0 ≤ t ≤ 1
(0, 0)T if t > 1.

Moreover, we have the following convergence order:

∥xµ − x∗∥C ≤ ceT
(
e−1 − (1 + µ)−

1+µ
µ

)
= O(µ)

and

∥yµ − y∗∥L2 ≤ ct∗ max

{
µ

1 + µ
,

(
1 + µ

µ
log(1 + µ)− 1

)}
= O(µ).

It is worth noting that the limit function (x∗, y∗) is a least-element solution of the
LCS, although the matrix M is not a Z-matrix.

3. Regularized time-stepping method. We study in this section a new nu-
merical method for solving the DVI (1.1) by combining the regularization method and
the time stepping method.
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Given a division

0 = th,0 < th,1 < · · · < th,Nh
= T,

where th,i+1 − th,i = h = T/Nh, i = 0, . . . , Nh − 1, the regularized time stepping
method computes the sequences

{xh,0µ , xh,1µ , · · · , xh,Nh
µ } and {yh,0µ , yh,1µ , · · · , yh,Nh

µ }

in the following manner:

xh,i+1
µ = xh,iµ + hF (th,i+1, σx

h,i
µ + (1− σ)xh,i+1

µ , yh,i+1
µ ),

yh,i+1
µ ∈ SOL(Ω, G(th,i+1, x

h,i+1
µ , ·) + µI),

(3.1)

where µ > 0, and σ ∈ [0, 1]. It is easy to see that (xh,i+1
µ , yh,i+1

µ ) is a solution of the
variational inequality VI(Rn × Ω, R), where

R(x, y) =

(
x− xh,iµ − hF (th,i+1, σx

h,i
µ + (1− σ)x, y)

G(th,i+1, x, y) + µy

)
.

Under the assumption that G(t, x, ·) is a P0 function for any x ∈ Rm and the Lipschitz
continuous condition (2.12), VI(Rn ×Ω, R) has a unique solution for any fixed µ > 0
and h small enough. Hence, there is no need to find the least-norm solution over the
solution set in the regularized time-stepping method.

Define a piecewise linear function xh(t) and a piecewise constant function yhµ(t)
as follows:

xhµ(t) := xh,iµ +
t− th,i
h

(xh,i+1
µ − xh,iµ ) ∀t ∈ [th,i, th,i+1]

yhµ(t) := yh,i+1
µ ∀t ∈ (th,i, th,i+1].

(3.2)

We give a result on the uniform boundedness of the function families xhµ(t) and

yhµ(t) under the assumption that ∥yh,iµ ∥2 is uniformly bounded. Such assumption
holds when the feasible set is bounded or G(t, x, y) = Qx(t) +My(t) + g(t) with M
being a P0-matrix and Z-matrix. Moreover, from Theorem 2.9, we can show that such
assumption holds when the solution set SOL(Ω, G(0, η, ·)) is nonempty and bounded.

Theorem 3.1. Assume that condition (2.12) holds. If there is an α2 independent
of h and µ such that ∥yh,iµ ∥2 ≤ α2 for any h ∈ (0, h̃], µ ∈ (0, µ̃] and i = 1, . . . , Nh.
Then we have

∥xh,iµ ∥2 ≤ α1 := ∥x0∥2 exp
(

κ2T

1− h̃κ2

)
+
κ3α2 + ∥f0∥C

κ2

[
exp

(
κ2T

1− h̃κ2

)
− 1

]
for h ∈ (0, h̃] and µ ∈ (0, µ̃], where f0(s) = F (s, 0, 0) for s ∈ [0, T ] and h̃ < 1/κ2.

Proof. From (3.1) we can write

∥xh,i+1
µ ∥2 ≤ ∥xh,iµ ∥2 + h∥F (th,i+1, σx

h,i
µ + (1− σ)xh,i+1

µ , yh,i+1
µ )∥2

≤ ∥xh,iµ ∥2 + h∥F (th,i+1, σx
h,i
µ + (1− σ)xh,i+1

µ , yh,i+1
µ )− F (th,i+1, 0, 0)∥2

+h∥F (th,i+1, 0, 0)∥2
≤ ∥xh,iµ ∥2 + h

(
κ2∥σxh,iµ + (1− σ)xh,i+1

µ ∥2 + κ3∥yh,i+1
µ ∥2

)
+ h∥f0∥C

≤ ∥xh,iµ ∥2 + hκ2σ∥xh,iµ ∥2 + hκ2(1− σ)∥xh,i+1
µ ∥2 + hκ3α2 + h∥f0∥C ,

which yields
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∥xh,i+1
µ ∥2 ≤ 1 + hκ2σ

1− hκ2(1− σ)
∥xh,iµ ∥2 +

κ3α2 + ∥f0∥C
1− hκ2(1− σ)

h,

and so

∥xh,iµ ∥2 ≤ ci1∥x0∥2 + c2
ci1 − 1

c1 − 1
, (3.3)

where

c1 =
1 + hκ2σ

1− hκ2(1− σ)
, c2 =

κ3α2 + ∥f0∥C
1− hκ2(1− σ)

h.

Noting that ih ≤ Nhh = T and c1 ≤ 1
1−hκ2

, we can see

ci1 = (c1 − 1 + 1)i ≤ exp(i(c1 − 1)) ≤ exp

(
ihκ2

1− hκ2

)
≤ exp

(
κ2T

1− h̃κ2

)
.

From inequality (3.3), by simple calculation, we derive the conclusion.

We have the following convergence result on the regularized time-stepping method.
Theorem 3.2. Suppose that (2.12) holds and∥∥G(s1, x1, y1)−G(s2, x

2, y2)
∥∥
2

≤ ω1|s1 − s2|+ω2∥x1 − x2∥2 +ω3∥y1 − y2∥2. (3.4)

Assume that there is an α2 independent of h and µ such that ∥yh,iµ ∥2 ≤ α2 for any

h ∈ (0, h̃], µ ∈ (0, µ̃] and i = 1, . . . , Nh. Then there are sequences {hk} ↓ 0 and
{µk} ↓ 0 such that xhk

µk
→ x∗ uniformly and yhk

µk
→ y∗ weakly in Y . Furthermore, if

yhk
µk

→ y∗ w.r.t. ∥ · ∥L2 , then (x∗, y∗) is a weak solution of the DVI (1.1).

Proof. From Theorem 3.1 it follows that the family of functions {xhµ(t)} is

uniformly bounded. We show {xhµ(t)} is equicontinuous. By the similar way in the
proof of Theorem 3.1 we have

∥xh,i+1
µ − xh,iµ ∥2 ≤ hκ2σ∥xh,iµ ∥2 + hκ2(1− σ)∥xh,i+1

µ ∥2 + hκ3α2 + h∥f0∥C
≤ h(κ2α1 + κ3α2 + ∥f0∥C).

(3.5)
For any s, t ∈ [0, T ], we consider without loss of generality that s ∈ [th,k, th,k+1] and
t ∈ [th,k+p, th,k+p+1]. Then we have

∥∥xhµ(t)− xhµ(s)
∥∥
2

≤

∥∥∥∥∥(xhµ(t)− xh,k+p
µ ) +

p−1∑
j=1

(xh,k+j+1
µ − xh,k+j

µ ) + (xh,k+1
µ − xhµ(s))

∥∥∥∥∥
2

≤
∥∥xhµ(t)− xh,k+p

µ

∥∥
2
+

p−1∑
j=1

∥∥xh,k+j+1
µ − xh,k+j

µ

∥∥
2
+
∥∥xh,k+1

µ − xhµ(s)
∥∥
2

≤ [(t− th,k+p) +
p−1∑
j=1

h+ (th,k+1 − s)](κ2α1 + κ3α2 + ∥f0∥C)h

≤ |t− s|(κ2α1 + κ3α2 + ∥f0∥C)h,

this implies that {xhµ(t)} is equicontinuous. So from the Arzelá-Ascoli theorem it

follows that there are {hk} ↓ 0 and {µk} ↓ 0 such that {xhk
µk
} converges uniformly to

an x∗.
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Since {yh,iµ } is assumed to be bounded, the piecewise constant function family

{yhµ} is uniformly bounded, then by the Alaoglu theorem, we know that there is a

subsequence of {yhk
µk
}, without loss of generality we may assume it to be {yhk

µk
} itself,

has a weak limit y∗.
Now we prove that (x∗, y∗) is a weak solution of the DVI (1.1). For τ ∈ [th,i, th,i+1],

from (3.5) it follows that∥∥F (th,i+1, σx
h,i
µ + (1− σ)xh,i+1

µ , yh,i+1
µ

)
− F

(
τ, xhµ(τ), y

h
µ(τ)

)∥∥
≤ κ1(th,i+1 − τ) + κ2

∣∣∣∣ th,i+1 − τ

h
− (1− σ)

∣∣∣∣ ∥∥xh,i+1
µ − xh,iµ

∥∥
2

≤ κ1h+ 2κ2(κ2α1 + κ3α2 + ∥f0∥C)h

and ∥∥G (th,i+1, x
h,i+1
µ , yh,i+1

µ

)
−G

(
τ, xhµ(τ), y

h
µ(τ)

)∥∥
2

≤ ω1(th,i+1 − τ) + ω2

∣∣∣∣ th,i+1 − τ

h

∣∣∣∣ ∥∥xh,i+1
µ − xh,iµ

∥∥
2

≤ ω1h+ ω2(κ2α1 + κ3α2 + ∥f0∥C)h.

Hence, we obtain

F
(
th,i+1, σx

h,i
µ + (1− σ)xh,i+1

µ , yh,i+1
µ

)
= F

(
t, xhµ(t), y

h
µ(t)

)
+O(h)

and

G
(
th,i+1, x

h,i+1
µ , yh,i+1

µ

)
= G

(
t, xhµ(t), y

h
µ(t)

)
+O(h).

This, together with xh,0µ = x0, follows for t ∈ (th,i, th,i+1],∥∥∥∥xhµ(t)− x0 −
∫ t

0

F
(
τ, xhµ(τ), y

h
µ(τ)

)
dτ

∥∥∥∥
2

=

∥∥∥∥∥∥xhµ(t)− x0 −
i∑

j=1

hF
(
th,j , σx

h,j
µ + (1− σ)xh,jµ , yh,jµ

)
+(t− th,i)F

(
th,i+1, σx

h,i
µ + (1− σ)xh,i+1

µ , yh,i+1
µ

)∥∥
2
+O(h)

=

∥∥∥∥∥∥xh,iµ +
t− th,i
h

(xh,i+1
µ − xh,iµ )− x0 −

i∑
j=1

(
xh,jµ − xh,j−1

µ

)
+
t− th,i
h

(
xh,i+1
µ − xh,iµ

)∥∥∥∥
2

+O(h)

= 2
t− th,i
h

∥∥xh,i+1
µ − xh,iµ

∥∥
2
+O(h) = O(h)

and ∥∥yhµ(t)−ΠΩ

(
yhµ(t)−G

(
t, xhµ(t), y

h
µ(t)

)
− µyhµ(t)

)∥∥
2

=
∥∥yh,i+1

µ −ΠΩ

(
yh,i+1
µ −G

(
t, xhµ(t), y

h
µ(t)

)
− µyh,i+1

µ

)∥∥
2

=
∥∥ΠΩ

(
yh,i+1
µ −G

(
th,i+1, x

h,i+1
µ , yh,i+1

µ

)
− µyh,i+1

µ

)
−ΠΩ

(
yh,i+1
µ −G

(
t, xhµ(t), y

h
µ(t)

)
− µyh,i+1

µ

)∥∥
2

≤
∥∥G (th,i+1, x

h,i+1
µ , yh,i+1

µ

)
−G

(
t, xhµ(t), y

h
µ(t)

)∥∥
2

= O(h),

since yh,i+1
µ is the solution of VI(Ω, G(th,i+1, x

h,i+1, ·) + µI). Then∥∥Φµk
(xhk

µk
, yhk

µk
)
∥∥
X×Y

= O(hk),
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where Φµk
is defined by (2.4) for µ = µk. Namely, (xhk

µk
, yhk

µk
) is an ϵk-minimizer of

∥Φµk
∥X×Y , where ϵk = O(hk). Consequently, by using Lemma 2.2, we conclude that

(x∗, y∗) is a minimizer of ∥Φ(x, y)∥X×Y , which is a weak solution of the DVI (1.1).
The proof is completed.

Theorem 3.3. Let G(t, x, ·) be monotone for any fixed t and x. In the setting of
Theorem 3.2, we let {xhk

µk
} → x∗ uniformly with

lim
k→∞

∥xhk
µk

− x∗∥C
µk

= ς, (3.6)

and let {yhk
µk
} → y∗ w.r.t. ∥ · ∥L2 . Then for any weak solution (x∗, ỹ) of (1.1), we

have

∥y∗∥2L2
≤ ∥ỹ∥L2∥y∗∥L2 + (ςω2T )∥y∗ − ỹ∥L2 . (3.7)

Proof. It can be shown by the similar manner adopted in the proof of Theorem
2.10.

4. Numerical experiments. In this section we illustrate the applicability and
the numerical performance of the regularized time-stepping method proposed in this
paper. We consider two examples of the linear DVI where the matrix M is a P0-
matrix and the set Ω is bounded. Hence G(t, x(t), ·) is a P0-function for any t and x.
Clearly, both conditions (2.12) and (3.4) are fulfilled. Moreover, the assumption that
SOL(Ω, G(0, η, ·)) is nonempty and bounded holds since Ω is bounded.

4.1. A P0-matrix linear DVI. We use the following P0-matrix linear DVI
(1.1) to illustrate that the regularized time-stepping method works well, but the one
based on the least norm solution cannot be applied. The DVI (1.1) has the following
data:

F (t, x, y) = Ax+By and G(t, x, y) = Qx+My,

where A = 1, B = (0, 0, 0), Q = (−1, 0, 0)T ,

M =

 0 1 1
0 0 1
0 0 0

 and Ω = {y ∈ R3 : 0 ≤ y1, y2, y3 ≤ γ} (γ > 1).

Set the initial point x(0) = 1. It is known that the parameterized VI(Ω,Mh(·)+qh,i),
where qh,i = (− 1

1−hx
h,i, 0, 0)T and Mh =M is equivalent to

yi = mid(0, γ, (y −Mhy − qh,i)i), i = 1, 2, 3,

where mid(·) is the median operator [16]. It is easy to compute for any given 0 ≤
−qh,i1 ≤ γ that the parameterized VI(Ω,Mh(·) + qh,i) has the solution set:

SOL(Ω, G(th,i, x
h,i, ·)) = {(0, 0, y3)T : y3 ∈ [−qh,i1 , γ]}

∪
{(y1, 0,−qh,i1 )T : y1 ∈ [0, γ]}∪

{(γ, 0, y3)T : y3 ∈ [0,−qh,i1 ]}
∪

{(0, y2, 0)T : y2 ∈ [−qh,i1 , γ]}∪
{(y1,−qh,i1 , 0)T : y1 ∈ [0, γ]}

∪
{(γ, y2, 0)T : y2 ∈ [0,−qh,i1 ]}.

We plot the solution set with −qh,i1 = 1 and γ = 2 in Figure 4.1, where ⊙ indicates
the solution (γ, 0, 0) found by the regularized method.
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Fig. 4.1: Solution set of the linear DVI

Notice that for any 0 ≤ −qh,i1 ≤ γ, the solution set SOL(Ω,Mh(·) + qh,i) has two

least norm elements: (0, 0,−qh,i1 )T and (0,−qh,i1 , 0)T . This leads a difficulty of the
implementation of (1.9). However, by the regularized time-stepping method we can
find the finite families{

xh,1µ , xh,2µ , · · · , xh,Nh
µ

}
⊂ R and

{
yh,1µ , yh,2µ , · · · , yh,Nh

µ

}
⊂ R3, µ ∈ (0, 1/γ)

where xh,iµ = ( 1
1−h )

i and yh,iµ = (γ, 0, 0)T . This yields a numerical solution of the DVI

which converges to a classic solution (et, (γ, 0, 0)T ) when h ↓ 0.

4.2. An Example from Electrical Circuit Model. We illustrate the nu-
merical performance of the regularized time-stepping method by a DVI arising from
modeling the electrical circuits with (ideal) diodes [25]. The DVI has the following
data:

F (t, x, y) = Ax+By + f(t) and G(t, x, y) = Qx+My,

where

A =

(
−2

3 0
0 − 1

5

)
, B =

(
0 1

3 − 1
3 0

1 0 0 1

)
,

Q =


0 1
1 0
−1 0
0 1

 , M =


0 0 −1 0
0 0 0 1
1 0 0 0
0 −1 0 0

 ,

f(t) = 2 sin(3t− π

3
),

and

Ω = {y ∈ R4 : −10 ≤ y1, y2 ≤ 10, 0 ≤ y3, y4 ≤ 20}.
20



For this example, we compute

{xh,0µ , xh,1µ , · · · , xh,Nh
µ } and {yh,0µ , yh,1µ , · · · , yh,Nh

µ }

in the implicit manner:

xh,i+1
µ = xh,iµ + hF (th,i+1, x

h,i+1
µ , yh,i+1

µ )
yh,i+1
µ = SOL(Ω, G(th,i+1, x

h,i+1
µ , ·) + µI),

where µ > 0 is fixed. As stated in the last section, (xh,i+1
µ , yh,i+1

µ ) is a solution of the
variational inequality VI(Rn × Ω, R), where

R(x, y) =

(
x− xh,iµ − hF (th,i+1, x, y)

G(th,i+1, x, y) + µy

)
.

Since this is a linear DVI, the regularized time-stepping method has a simple version
for implementation

yh,i+1
µ = SOL(Ω, Q(I − hA)−1[xh,i + hf(th,i+1)] + g(th,i+1) + (Mh + µI)(·))
xh,i+1
µ = (I − hA)−1(xh,i + hByh,i+1

µ + hf(th,i+1)),
(4.1)

where

Mh =M+hQ(I−hA)−1B =


α 0 −1 α
0 β −β 1
1 −β β 0
α −1 0 α

 , where α =
5h

5 + h
, β =

h

3 + 2h
.

Since M = −MT and Q(I − hA)−1B is positive definite, we have uTMhu ≥ 0 for
any u ∈ R4. Hence, Mh is a P0-matrix and thus the solution set SOL(Ω, Q(I −
hA)−1[xh,i + hf(th,i+1)] + g(th,i+1) + (Mh + µI)(·)) has a unique solution for any
µ > 0.

We use the semismooth Newton method in [22] to find yh,i+1
µ . In the implemen-

tation of this method we adopt all the parameters used therein. Let a numerical
approximation (x̃h,iµ , ỹh,iµ ) to (xh,iµ , yh,iµ ) be available. We start the semismooth New-

ton method with (x̃h,iµ , ỹh,iµ ) as it is usually close to the solution of the variational

inequality VI(Rn × Ω, R̃), where

R̃(x, y) =

(
x− x̃h,iµ − hF (th,i+1, x, y)

G(th,i+1, x, y) + µy

)
.

We compute the numerical solution of x(t) and y(t) with the initial state x0 = (−1, 0)T

for different values of µ. In Figure 4.2 we plot the numerical results, where the solid
line indicates the exact solution of the DVI. Here we take the stepsize h = 3× 10−4.
The components y2(t) and y3(t) of the exact solution fail to be continuous, however,
are approximated by a family of continuous functions. We enlarge in Figure 4.3 the
curves near the discontinuity for illustrating the convergence.

The error bounds of the numerical solution ehx(µ) = ∥x̃hµ−x∥C and ehy(µ) = ∥ỹhx −
y∥L2 with respect to the regularization parameter µ, and the error bounds eµx(h) =
∥x̃hµ−x∥C and eµy (h) = ∥ỹhµ−y∥L2 with respect to the stepsize h are plotted in Figure
4.4. Numerical results show that the error bounds are monotone decreasing when
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Fig. 4.2: Numerical results for x(t) and y(t)
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µ ↓ 0 and h ↓ 0. However, comparing with ehx(µ) and ehy(µ), the error bounds eµx(h)
and eµx(h) decrease slowly when h ↓ 0. This is because of the low order convergence of
the time-stepping method. Actually, since the solution of the DVI is at best piecewise
differentiable, even the refined integrators (like the Runge-Kutta schemes) applied to
DVI do not have the high order convergence [8].

Let the semismooth Newton method stop at (x̃h,i+1
µ , ỹh,i+1

µ ), which is regarded as
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a numerical approximation of (xh,i+1
µ , yh,i+1

µ ). We remind us that in Theorem 3.2 the

boundedness of {yh,iµ } is imposed for guaranteeing the convergence. Such boundedness
is ensured by the boundedness of Ω = {y ∈ R4 : −10 ≤ y1, y2 ≤ 10, 0 ≤ y3, y4 ≤ 20}.
Here we compute the values

βµ,h := max
1≤i≤Nh

∥ỹh,iµ ∥2

for different choices of µ and h, and find that the values are all bounded by a constant
1.2.

This example is a passive system, and the implicit time-stepping method (1.9)
using least-norm solutions can be applied. For the passivity property and the conver-
gence of (1.9) we refer to [17]. We compare our regularized time-stepping method with
the one using least-norm solutions, abbreviated respectively by “Reg.” and “LN.” in
the same computational settings as mentioned above. We use the Matlab optimization
solver “fmincon.m” to compute the least norm solution of the linear complementar-
ity problem at each step of (1.9). The numerical results are plotted in Figure 4.5.
The CPU time for the regularized time-stepping method (1.13) and the time-stepping
method using least norm solutions (1.9) was about 0.8 (sec.) and 256 (sec.) respec-
tively.

Preliminary numerical results indicate that the regularized time-stepping method
is promising.
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for his helpful comments on the epi-convergence in subsection 2.1.

REFERENCES

[1] V. Acary and B. Brogliato, Numerical Methods for Nonsmooth Dynamical Systems: Appli-
cations in Mechanics and Electronics, Volum 35 of Lecture Notes in Applied and Compu-
tational Mechanics, Springer Verlag, 2008.

23



0 0.5 1 1.5
−1.5

−1

−0.5

0

0.5

t

x 1

0 0.5 1 1.5
0

0.2

0.4

0.6

0.8

t

x 2

0 0.5 1 1.5
0

0.1

0.2

0.3

0.4

0.5

t

y 1

0 0.5 1 1.5
0

0.2

0.4

0.6

0.8

t
y 2

0 0.5 1 1.5
0

0.2

0.4

0.6

0.8

t

y 3

0 0.5 1 1.5
0

0.5

1

1.5

t

y 4

 

 
LN.
Reg. (µ=0.01)
Exact Solution

Fig. 4.5: Numerical results for x(t) and y(t)

[2] V. Acary, B. Brogliato and D. Goeleven, Higher order Moreau’s sweeping process: math-
ematical formulation and numerical simulation, Math. Program., 113(2008), pp. 133-217.

[3] B. Brogliato, Some perspectives on analysis and control of complementarity systems, IEEE
Trans. Autom. Control, 48(2003), pp. 918-935.

[4] M.K. Camlibel, W.P.M.H. Heemels and J.M. Schumacher, Consistency of a time-stepping
method for a class of piecewise linear networks, IEEE Trans. Circ. Sys., 49(2002), pp.
349-357.

[5] M.K. Camlibel, W.P.M.H. Heemels, A.J. van der Schaft and J.M. Schumacher, Switched
networks and complementarity, IEEE Trans. Circ. Sys. I, 50(2003), pp. 1036-1046.

[6] M.K. Camlibel, J.-S. Pang and J. Shen, Lyapunov stability of complementarity and extended
systems, SIAM J. Optim., 17(2006), pp. 1056-1101.

[7] X. Chen and S. Mahmoud, Implicit Runge-Kutta methods for Lipschitz continuous ordinary
differential equations, SIAM J. Numer. Anal., 46(2008), pp. 1266-1280.

[8] X. Chen and Z. Wang, Error bounds for differential linear variational inequality, IMA J.
Numer. Anal., 32(2012), pp. 957-982.

[9] X. Chen and Z. Wang, Differential variational inequality approaches to dynamic games with
shared constraints, to appear in Math. Program.

[10] X. Chen and S. Xiang, Perturbation bounds of P-matrix linear complementarity problems,
SIAM J. Optim., 18(2007), pp. 1250-1265.

[11] X. Chen and S. Xiang, Implicit solution function of P0 and Z matrix linear complementarity
constraints, Math. Program., 128(2011), pp. 1-18.

[12] X. Chen and S. Xiang, Newton iterations in implicit time-stepping scheme for differential
linear complementarity systems, Math. Program., 138(2013), pp. 579-606.

[13] C. Chicone, Ordinary Differential Equations with Applications, Springer-Verlag, New York,

24



2006.
[14] F. Clarke, Optimization and Nonsmooth Analysis, Wiley, New York, 1983.
[15] R. W. Cottle, J.-S. Pang and R.R. Stone, The Linear Complementarity Problem, Academic

Press, New York, 1992.
[16] F. Facchinei and J.-S. Pang, Finite-Dimensional Variational Inequalities and Complementar-

ity Problems, Springer Series in Operations Research, Springer-Verlag, New York, 2003.
[17] L. Han, A. Tiwari, M.K. Camlibel and J.-S. Pang, Convergence of time-stepping schemes

for passive and extended linear complementarity systems, SIAM J. Numer. Anal., 47(2009),
pp. 3768-3796.

[18] W.P.M.H. Heemels and B. Brogliato, The complementarity class of hybrid dynamical sys-
tems, European J. Control, 9(2004), pp. 322-360.

[19] W.P.M.H. Heemels, M.K. Camlibel and J.M. Schumacher, On the dynamic analysis of
piecewise linear networks, IEEE Trans. Circ. Sys. I, 49(2002), pp. 315-327.

[20] W.P.M.H. Heemels and J.M. Schumacher and S. Weiland, Linear complementarity sys-
tems, SIAM J. Appl. Math., 60(2000), pp. 1234-1269.

[21] G. Dal Maso, An Introduction To Γ-Convergence, in: Progress in Nonlinear Differential Equa-
tions and Their Applications Series 8, Springer-Verlag, New York, 1993.

[22] C. Kanzow and M. Fukushima, Solving box constrained variational inequalities by using the
natural residual with D-gap function globalization, Oper. Res. Lett., 23(1998), pp. 45-51.

[23] S. Lang, Real and Functional Analysis, Springer Verlag, Heidelberg, 1993.
[24] J.-S. Pang and D.E. Stewart, Differential variational inequalities, Math. Program.,

113(2008), pp. 345-424.
[25] R. Pregla, Grundlagen der Elektrotechnik, Hüthig Verlag, Heidelberg, 1998.
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