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1 Introduction

In this paper, we consider the following constrained optimization problem

min  f(z) := O(z) + c(h(z)), (1)
zeEX
where © : R® — R and c¢: R™ — R are continuously differentiable, h : R™ —
R™ is continuous, and X C R™ is a nonempty closed convex set. Of particular
interest of this paper is when h is not convex, not differentiable, or even not
Lipschitz continuous. Problem (1) includes many problems in practice [5,6,15,
16,21,25,27,38]. For instance, the following minimization problem

m

O(x) + Y o(IDfz|p) (2)

min
I<x<u,Az<b —1
1=

is a special case of (1), where | € {RU—oc}",u € {RUoo}", A € R"™*" b € R,
D; € R"*", p € (0,1) and ¢ : Ry — R,y is continuous. Such problem arises
from image restoration [11,15,16,32], signal processing [8], variable selection
[21], etc. Another special case of (1) is the following problem

. T p
min O(z) + ;max{al m; x, 0}, (3)

where a; € R and m; € R", which has attracted much interest in machine
learning, wireless communication [31], information theory, data analysis [22,
26], etc. Moreover, a number of constrained optimization problems can be re-
formulated as problem (1) by using the exact penalty method with nonsmooth
or non-Lipschitz continuous penalty functions [3].

When & = R" and c(h(z)) = [z][} (0 < p < 1), the affine scaled first
and second order necessary conditions for local minimizers of (1) are estab-
lished in [17]. By using subspace techniques, Chen, et al [15] extended the first
and second order necessary conditions to c(h(x)) = || Dz} with D € R™".
However, the optimality conditions in [15,17] are weaker than the Clarke op-
timality conditions [18] for p = 1, and not applicable to constrained optimiza-
tion problems. In this paper, we will derive a necessary optimality condition
for the non-Lipschitz constrained optimization problem (1), which reduces to
the Clarke optimality condition when the objective function in (1) is locally
Lipschitz continuous.

A point z* is called a Clarke stationary point of f if f is locally Lipschitz
at z* and there is V' € 0f(2*) such that

(Ve —2*) >0, VrelX, (4)
where

Of(x) = con{v |V f(y) — v, fis differentiable aty, y — x}



Constrained Non-Lipschitz Optimization 3

is the Clarke subdifferential and “con” denotes the convex hull. From Theorem
9.61 and (b) of Corollary 8.47 in the book of Rockafellar and Wets [35], the
subdifferential associated with a smoothing function

Gi(z) = con{v | Vo f(z*, ux) = v, for 2¥ =z, pp L0},

is nonempty and bounded, and df(z) € G(z). In [9,10,13,35], it is shown
that many smoothing functions satisfy the gradient consistency

0f () = Gj(x). (5)

The gradient consistency is an important property of the smoothing methods,
which guarantees the convergence of smoothing methods with adaptive up-
dating schemes of smoothing parameters to a stationary point of the original
problem.

Due to the non-Lipschitz continuity of the objective function f, Clarke
optimality condition (4) cannot be applied to (1). In [28], Jahn introduced a
directional derivative for Lipschitz constrained optimization problems

fE0) = lmsyp LWF =)

y > T,y €EX t
t10,y—+tveEX

)

which is equal to the Clarke generalized directional derivative at the interior
points of X. In this paper, we extend the directional derivative in [28] to the
non-Lipschitz constrained optimization problem (1). Using the extended direc-
tional derivative and the Clarke tangent cone, we derive necessary optimality
conditions. The new optimality conditions are equivalent to the optimality
conditions in [6,15,17] when the objective function is not Lipschitz continu-
ous, and to the Clarke optimality condition (4) when the objective function is
Lipschitz continuous. Moreover, we establish the consistency between the gen-
eralized directional derivative and the limit of the classic directional derivatives
associated with the smoothing function. The directional derivative consistency
guarantees the convergence of smoothing methods to a generalized stationary
point of (1).

Problem (1) includes the regularized minimization problem as a special
case when O(z) is a data fitting term and c(h(x)) is a regularization term
(also called a penalty term in some articles). In sparse optimization, noncon-
vex non-Lipschitz regularization provides more efficient models to extract the
essential features of solutions than the convex regularization [5,12,13,16,21,
25,27,32,38]. The SCAD penalty function [21] and the MCP function [38] have
various desirable properties in variable selection. Logistic and fraction penalty
functions yield edge preservation in image restoration [16,32]. The I, norm
penalty function with 0 < p < 1 owns the oracle property in statistics [21,
29]. Moreover, the lower bound theory of the ls-l, regularized minimization
problem [16,17], a special case of (1), states that the absolute value of each
component of any local minimizer of the problem is either zero or greater than
a positive constant. The lower bound theory not only helps us to distinguish
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zero and nonzero entries of coefficients in sparse high-dimensional approxima-
tion [12,25], but also brings the restored image closed contours and neat edges
[16]. In this paper, we extend the lower bound theory of the l5-1, regularization
minimization problem to problems (2) and (3) with 0 < p < 1 which include
the most widely used models in statistics and sparse reconstruction. More-
over, we extend the complexity results of the /-, regularization minimization
problem [14] to problem (2) with a concave function ¢ and 0 < p < 1. Such
extension of the lower bound theory and complexity is not trivial because of
the general constraints and weak conditions on (.

The rest of the paper is organized as follows. In section 2, we first define a
generalized directional derivative and present its properties. Next, we derive
necessary optimality conditions for a local minimizer of problem (1), and prove
the directional derivative consistency associated with smoothing functions. In
section 3, we present the computational complexity and the lower bound theory
of problem (2).

In our notation, Ry = [0,00) and Ry = (0,00). For x € R™, 0 < p < o0
and § > 0, ||lz[|5 = Y27, [x|P, Bs(x) means the open ball centered at x with
radius 0. For a closed convex subset 2 C R", int({2) means the interior of
£2, cl(£2) means the closure of 2 and m(f2) denotes the element in 2 with
the smallest Euclidean norm. Py[z] = argmin{||z — z||2 : z € X'} denotes the
orthogonal projection from R™ to X. N, ={1,2,...}.

2 Optimality conditions

Inspired by the generalized directional derivative and the tangent cone, we
present a first order necessary optimality condition for local minimizers of
the constrained optimization problem (1), which is equivalent to the Clarke
necessary condition for locally Lipschitz optimization problems and stronger
than the necessary optimality conditions for the non-Lipschitz optimization
problems in the existing literature. At the end of this section, we prove the
directional directive consistency associated with smoothing functions
We suppose the function h in (1) has the following version

h(z) = (h1(D] @), ha(D3 @), .. hn (D))" (6)

where D; € R™*", h;(i=1,...,m): R" — R is continuous, but not necessarily
Lipschitz continuous.

2.1 Generalized directional derivative

Definition 1 A function ¢ : R® — R is said to be Lipschitz continuous
at(near) x € R™ if there exist positive numbers L, and § such that

|6(y) = d(2)| < Lally — 2ll2,  Vy,z € Bs(x).

Otherwise, ¢ is said to be not Lipschitz continuous at(near) z € R"™.
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For a fixed T € R", denote

T; = {i € {1,2,...,m} : h; is not Lipschitz continuous at DIz}, (7)

Vi ={v:DIv=0, i€}, (8)
and define
_ hi(DT x i ¢ Ty
T A
which is Lipschitz continuous at D;‘F Z,1=1,2,...,m. Specially, we let Vz =
R™ when Z; = (0. And then we let

fa(z) = O(x) + c(ha(2)), 9)

with hz(z) := (R{(DTx),h3 (DI z),..., hE, (DL 2))T.
The function fz(z) is Lipschitz continuous at & and fz(Z) = f(z). The
generalized directional derivative [18] of fz at Z in the direction v € R™ is

defined as
T tv) — fz
7 (T 0) = Liém;&rg faly 1;) fa), (10)

Specially, when f is regular,

o(as0) = filaso) = tig LB,

The generalized directional derivative in (10) is generalized in [28] and
used in [2,28] for locally Lipschitz constrained optimization. The generalization
motives us to use the following generalized directional derivative of fz at x € X
in the direction v € R™

z W) — fz
fo(z;v) = limsup fely £tv) = / (y) (11)

y > T,y €X t
tl0,y+tveEX

The definitions in (10) and (11) coincide when Z € int(X).

Proposition 1 For any x € X and v € V;,

@)= limsgp 1WFEW=I0)

y—> T,y E€X t
tl0,y+tveX

exists (12)

and equals to f2(z;v) defined in (11).

Proof Fix T € X and v € V;. For y € R™ and t > 0, there exists s € (0,t)
such that

c(hly + tv)) = c(h(y)) =Ve(2) s (Bly + tv) = h(y))
=Ve(2) iyt sn) (ha(y + tv) = ha(y)).
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Then,
Fly+to) — fly) Oy +tv) —O(y) + Ve(2) ), (1o (ha(y +tv) — ha(y))

t - t
By the Lipschitz continuity of © and h¥ at Z, there exist 6 > 0 and L > 0
such that ‘w < L, Yy € Bs(Z), t € (0,0). Thus, the generalized

directional derivative of f at Z € X in the direction v € V; defined in (12)
exists.

Let {yn} and {¢,} be the sequences such that y, € X, t, | 0, y, — T,
Yn +tnv € X and the upper limit in (12) holds. Using the Lipschitz continuity
of h¥ at T again, we can get the subsequences {y,, } C {y,} and {t,, } C {t.}
such that

hi (ynk + tnkv) — hi (ynk)

lim exists. (13)
k—o0 tnk
By the above analysis, then
n tn - n
£°(@:v) = Jim f(yni + ;v) f(yn)

=V6() + Ve(2).on(z) Jim (s & o 0) = ha(Ys)

tny
By virtue of (11), we have
z\In tn — Jz\In
f;(f,'v) 2 hm f (y k + kv) f (y k)
—VO(Z) + Ve(2) s, () lim (Wi & tne0) = ha(Yns)
v k—o0 tnk

Using h(Z) = hz(Z), (14) and (15) we obtain f2(Z;v) > f°(T;v).

On the other hand, by extracting the sequences {y,, } and {t,,} such that
the upper limit in (11) holds and the limit in (13) exists with them, similar to
the above analysis, we find that f°(Z;v) > f2(Z;v).

Therefore, f°(z;v) = f2(z;v).

Notice that the generalized directional derivative of f at £ € X in the
direction v € V; defined in (12) involves only the behavior of f at Z in the
hyperplane V.

2.2 Clarke tangent cone

Since X is a nonempty closed convex subset of R™, the distance function
related to X is a nonsmooth, Lipschitz continuous function, defined by
dx(z) = min{|lx — y|l2 : y € X}.
The Clarke tangent cone to X' at x € X, denoted as Tx(x), is defined by
Tx(z) ={v e R":d%(z;v) =0}.
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Assumption 1 Assume that X = Xy N Xy and int(Xy) N Xy # 0, where
X1 C R™ is a nonempty closed conver set and Xo = {x | Az = b} with
Ae R bhe Rt

Under Assumption 1, we can obtain the following properties of the Clarke
tangent cones to X7, Xy and X.

Lemma 1 The following statements hold.

(1) int(Tx, (z)) # 0, Vo € X;
(2) Ta,(z) =cl{Ac—x) : c € Xo, A > 0}, Vz € AXy;
(3) Ta,nx, () = Ta, (x) N Ta, (z), Vo € X.

Proof (1) Fix x € X} and denote & € int(X;). Let € > 0 be a constant such
that & + B.(0) C int(X;). We shall show that & — z + B.(0) C Tx, (z), and
hence & — = € int(Tx, (z)).

By the convexity of X, dx, () is a convex function and for v € &—xz+B.(0),
we notice that

z+tve(l—t)z+t(@+B(0) CAXx, Veed, 0<t<1.

Then,
Xm ({,E + )‘7)) - Xm ({,C)
A

d, (z;0) = dby, (z;0) = lﬁrol =0,
which confirms that v € Ty, ().

(2) Since X, is defined by a class of affine equalities, we have Ty, (z) =
c{A(c—1z):ce Xy, A > 0}.

(3) By int(X1)NXs # 0, 0 € int(X; —As), then T, na, (7) = Ta, ()N T, ()
[1, pp.141].

Since int(Tx, (x)) # 0, for a vector v € int(Tx, (z)), there exists a scalar
€ > 0 such that

y+tw € Tx,(x), forallye Ty, (x) N B(z), w € B(v) and 0 <t < e.

We often call int(7x, (x)) the hypertangent cone to X; at x.
And by Lemma 1 (2), we have & +tv € Xa, Vo € Xa, t > 0, v € T, ().

2.3 Necessary optimality condition

Denote

int(Toe(2)) = int(Ta, () N T, (@).

Since f is not assumed to be locally Lipschitz continuous, the calculus the-
ory developed in [2] cannot be directly applied to f. The next lemma extends
calculus results for the unconstrained case in [18] and the constrained case in
[2].

For any x € X, from 0 € r-int(7Tx (z)) NV, we know r-int(Tx (z)) NV, # 0.
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Lemma 2 Forz € X and v € Tx(Z) N Vg,
fo(z;v) = lim 1o (z;w).

w — v
w € r-int(Tx (%)) N Vg

Proof By the locally Lipschitz continuity of hz, there are ¢ > 0 and Lz > 0
such that
[hz(x) = ha(y)ll2 < Lzllz —yll2, Vo, y € Be(Z). (16)

Let {wy} C r-int(Tx(Z)) N Vz be a sequence of directions converging to a
vector v € Tx(Z) N Vz.

By {wi} C r-int(Tx(Z)), let € > 0 be such that x + twy € X} whenever
x € XN B, (%) and 0 < ¢t < €. By Lemma 1 (2), we obtain = + tv €
Xo,x + twy, € Ao, YVt > 0, x € X. Then, for all wy, it gives

f°(z;v) =  limsup f@+tv) - f(2)

r — T, x € X t

tL0,z+tveEX
ey fEE ) @
T >z, zEX t (17)

tlO0,z+tveEe X
T+ twy, € X

. x+twr) — f(x x+tv) — flx+tw
e S0 S@) | f i) St
r — T,x € X t t
tlO,x+tveEX
m+twk€X

Let § > 0 be such that z + twy € B.(Z) for any z € Bs(Z), 0 <t < ¢ and
k € N, . By the Lipschitz condition in (16), we have
H hz(z + tv) — hz(z + twy,)
t

ll2 < Lz|lv—wgl|l2, Vz € Bs(Z),0<t<dkeN;,.

From
flz+tv) — f(x + twg)
=0(z + tv) — O(x + twy,) + VC(Z)Ze[h(erw),h(ertwk)] (h(z + tv) — h(z + twy,))
=0(z +tv) — O(x + twk) + Ve(2) e n(otto) hiariwn)) (e (T +t0) = ha(@ + twy)),
for any © € Bs(Z),0 <t < 4, we have

|f(x+tv) — flz + twg)
t
where Lo = sup{||VO()|l2 : v € Bc(Z)} and L. = sup{HVc(z)zT:h(y)Hg Ty €
Be(z)}-
Thus, (17) implies
1@ ) ~Lollo — wills — LeLallv — wills < °(@0)
<f(z;wr) + Lo|lv — w2 + LeLz|lv — wg |2, Vhk € Np 4.

| < Lollv = will2 + LeLallv — w2,

As k goes to infinity, the above inequality follows f°(Z;v) = limg o0 f°(T; wy).
Since {wy} is an arbitrary sequence in r-int(7x(Z)) N Vz converging to v, we
obtain the result in this lemma.
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Note that the above lemma is not necessarily true when r-int(7x(x)) is
empty. A similar example can be given following the idea in [2, Example 3.10].
That is why we put the assumption int(X;) N Xy # (§ at the beginning of this
section. Based on Lemmas 1-2, the following theorem gives the main theoretical
result of this section.

Theorem 1 If x* is a local minimizer of (1), then f°(x*,v) > 0 for every
direction v € Ty (x*) N Vpr.

Proof Suppose z* is a local minimizer of f over X and let w € r-int(7x (z*)) N
Vi
There exist € > 0 and Ly~ > 0 such that f(z*) < f(x), and

Ao () — ha= (y)|l2 < Lo

Since w € int(Tx, (z*)), there exists € € (0, €] such that

z —y|l2, Y,y € X N B(z"). (18)

x4 tw e X,Ve € Xy N Be(2¥),0<t <e

By Lemma 1 (2), z +tw € X, Vo € X N Be(z*), 0 <t < & And then we can
choose 6 € (0, €] such that z,x + tw, z* + tw € Be(z*) N X Vo € B2(z*) N X,
0<t<d.

By (18), for all z € Biz(z*) N X, 0 < t < 4, we obtain

hos (2 4 tw) — hox (2" +tw) — hax () — ha= (27)
t t

w < 2Lt

Thus,

||2 S 2L.L*

lim hao (T 4+ tw) — hos (2" +tw)  ha= () — ha= (27) —0. (19
@€ Bp(z*)nXx t t

z+tw € X, t 10

From the mean value theorem, there exist z; = z+ syw and zo = ™ 4 sow
with s1, s2 € (0,1) such that

c(h(z +tw)) = c(h(x))  c(h(z” + tw)) — c(h(z"))

| : " |

- Ve(h(z1)T (h(x + tw) — h(z)) B Ve(h(z2)T (h(x* + tw) — h(z*)) |
t t
el o+ t0) = () Velh(ea)TChee (0 + ) = B a)
t t

(20)
By (19), (20) and the continuous differentiability of ©, we have

i (e S J ) - )

© € B(*)nx t t
z+tw € X, t 10

]

) hor (2 4+ tw) — hgs () hgs (@ + tw) — hgr (z*)

_ T

=VeWlyny , lm t N t !
x + tuf e x,tlo

=0.
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Thus,

e (LTI S0 16

By f(z* +tw) — f(z*) >0 for 0 <t < g, (21) implies

> 0.

fo(x*;w): limsup f(l‘+tw)*f(l')

z —>a¥,z e X t
tl0,z+tweXx

By Lemma 2, we can give that f°(z*;v) > 0 for any v € Tx(z*) N Vy-.

Based on Theorem 1, we give a new definition of generalized stationary
point of problem (1).

Definition 2 z* € X is said to be a generalized stationary point of (1), if
fe(z*;v) > 0 for every v € Tx(x*) N Vyx.

It is worth noting that the generalized stationary point x* is a Clarke
stationary point of problem (1) when f is Lipschitz continuous at z*.

Remark 1 Suppose h;(DI'r) is regular in X\N;, where
N; = {x € X : h; is not Lipschitz continuous at DIz}, i =1,2,...,m.
For Z € X, the regularity assumption allows us to define Vz by

V; ={v : for any i € T, there exists § > 0 such that
hi(Z + tv) = h;(Z) holds for all 0 < ¢ < §},

which is a bigger set than V; given in (8). Hence the generalized stationary
point defined in Definition 2 can be more robust with this Vz. For example, if
f is defined as in (3), Zz = {i € {1,2,...,m} : m!'Z = a;} and we can let

Vi ={v:mlv>0, ViecI},
which includes {v : mfv =0, Vi € Z;} as a proper subset.

We notice that a generalized stationary point defined in Definition 2 is
a scaled stationary point defined in [5,6,15,24] for the special cases of (2)
with 0 < p < 1. Moreover it is stronger than a scaled stationary point for
the Lipschitz case, since it is a Clarke stationary point but a scaled stationary
point is not necessarily a Clarke stationary point for the Lipschitz optimization
problem.
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2.4 Directional derivative consistency

In this subsection, we show that the generalized directional derivative of f
defined in (12) can be represented by the limit of a sequence of directional
derivatives of a smoothing function of f. This property is important for de-
velopment of numerical algorithms for nonconvex non-Lipschitz constrained
optimization problems.

Definition 3 [13] Let g : R — R be a continuous function. We call g : R™ x
[0,00) = R a smoothing function of g, if (-, u) is continuously differentiable
for any fixed g > 0 and lim,_,5 ,10 §(2, #) = g(z) holds for any € R™.

Let h(z,p) = (hi(DTa, 1), ho(D¥a, 1), ... hyn(DL 2, u))T, where h; is a
smoothing function of h; in (6). Then f(x, u) := O(z)+c(h(x, 1)) is a smooth-
ing function of f.

Since f (2, 1) is continuously differentiable about z for any fixed p > 0, the
generalized directional derivative of it with respect to  can be given by

f(y+tv,ﬂ)—f(y)

fo(e,m;v) = limsup = (Vof(a,m),v).  (22)
y = x,y €X t
tlO0,y+tveX
Theorem 2 Suppose h; is continuously differentiable in X\N;, Vi € {1,2,...,
where N = {x : h; is not Lipschitz continuous at DIz}, then
lim (Vo f(zw, ), v) = fo(z;0), Yo € V. (23)

zp, € X,
Tl >z, pp L0

Proof Let xj be a sequence in X' converging to Z and {ux} be a positive
sequence converging to 0. For w € Vz, by the closed form of V. f(xk, ui), we

have B
(Vo (Tr, ), w)

(

(

(VO(r), w) + (Vah(@r, 1) Ve(2) i ay ) ©) (24)
(VO(2k), w) + (Ve(2) ,_fy (g ) Vaih(x, ) w),

where
V$B($k, //Lk)Tw = (vxhl(D{wv /”'k)va L) va:ilm(Dg;ka:a ,U/k:)Tw)T-

For i € Z;, by w € V;z, we obtain DTw = 0, then Vzﬁi(DiTxk,uk)Tw =
Vzhi(z,,uk)Z:D%kDiTw = 0
Define
i ¢ I,
) # Ls i=1,2,...,m.
) i €Iz,

Denote hg(z, 1) = (W (DT x, 1), hi (DT z, 1), ..., h% (DL x, 1))T. Then,

i
Vah(@g, )" w = Vb (2, pr) Tw.

m},
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Thus, coming back to (24), we obtain
(Va (%, 1), 0) =(VO@1), ) + (Ve(2), o oy Vo (@, 1) ')

(VO(x), w) + (Vaha(Th, k) Ve(2) gy @) (25)
(VO(z) + V. hz (zk, pi)Ve(z)

Tk

z=h(zp,uk) w>

Since h; is continuously differentiable at DT 7 for i & T; and hz (%) = h(%),
we obtain B
M VO (ay) + Voha (@ 1) Ve(2) oy )
where fz is defined in (9).
Thus,
[T, w) = f7 (2, w) = (Vfz(T), w)
= (kli)ngo VO(zk) + Vaha(zk, 1) Ve(2) ,_f oy ) W)

Jim (V. f(2*, i), w), (27)

where the first equation uses Proposition 1, the third uses (26) and the fourth
uses (25).

Now we give another consistency result on subspace V.

Lemma 3 Let x be a sequence in X with a limit point . For w € V5, there
exists a sequence {xy, } C {xx} such that w € Vy, , VI € Ny .

Proof If not, there is K € Ny such that
W E Vy,, Vk>K.

By the definition of V,,, there exists iy € Z,, such that
Dfw#0, Vk>K.

By Z,, C {1,2,...,m}, there exists j € {1,2,...,m} and a subsequence
of {z}}, denoted as {zy, }, such that j € Z,, and DTw # 0.

Note that j € Z,, implies h; is not Lipschitz continuous at Dijkl. Since
the non-Lipschitz points of h; is a closed subset of R", h; is also not Lipschitz
continuous at DTz, which means j € Zz. By w € Vz, we obtain D] w = 0,
which leads a contradiction. Therefore, the statement in this lemma holds.

Based on the consistency results given in Theorem 2 and Lemma 3, the
next corollary shows the generalized stationary point consistency of the smooth
functions.

Corollary 1 Let {e;} and {ur} be positive sequences converging to 0. With
the conditions on h in Theorem 2, if x* satisfies (V. f(z¥, pux),v) > —ep for

every v € Ta(xF) NV, N B1(0), then any accumulation point of {x*} C X is
a generalized stationary point of (1).
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Proof Let # be an accumulation point of {z*}. Without loss of generality, we
suppose limy_, o T = .
For w € r-int(Tx(Z)) N Vz N B1(0), from Lemma 3, we can suppose

U)vak, Vk‘GN_H_
By w € r-int(7Tx(Z)), there exists € > 0 such that
r4+sweX, VreXNB(T), 0<s<e. (28)

Since xj, is converging to Z, there exists K € N, ; such that z;, € XNB.(Z),
Vk > K. By (28), we have zp+sw € X, Vk > K, 0 < s < €. From the convexity
of X, we obtain w € Ty (z).

From Theorem 2, we have f°(Z,w) > 0. Then, for any p > 0, we have

f°(z;pv) =  limsup fly+tpv) = f(y)

y =T,y € X t
tl0,y+tpv e X

=p limsup f(y+8’0) — f(y) _ pfo(«f;’l/) > 0.
Yy —> T,y €X S
s10,y+sveEX

Thus, f°(Z;v) > 0 for every v € r-int(Tx (Z))NVzNB1(0) implies f°(Z; v) >
0 for every v € r-int(7x(Z)) N Vz. By Lemma 2, it is easy to verify that
f°(z,v) > 0 holds for any v € Tx(Z) N Vs, which means that Z is a generalized
stationary point of (1).

Remark 2 Suppose the gradient consistency associated with the smoothing
function h; holds at its Lipschitz continuous points, that is

lim V,hi(DIz, p)} Cohy(DFz), VzeX,idT,, (30)
z—x,1d0
then
limw VO(2) + Vhe(x, ))Ve(2) oz, @)} C Of(x), Vo € X. (31)
Z—T,

Since fz is Lipschitz continuous at Z, it gives
f2(2,0) = max{(§,v) : § € 0fa(2)}. (32)
Similar to the calculation in (27), by (31) and (32), we obtain

f(z,w) = f2(2,w) =max{({,w) : £ € 0fz(2)}
> limsup(VO(zy) + Vmizf(xk, uk)Vc(z)Z:;L(th), w)

k— o0

—limsup(V. F(2*, k), w).

k—oo
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Thus, the conclusion in Corollary 1 can be true with (30), which is weaker
than the strict differentiability of h; in X\N;, i € {1,2,...,m}. Some condi-
tions can be found in [18] to ensure (30). Specially, when the function A in f
is with the form

h(z) == (hi(d¥z), ho(dx), ... hon(dE )T
with d; € R, by [18, Theorem 2.3.9 (i)], the regularity of h;(dfx) in X\N; is
a sufficient condition for the statement in Theorem 2.

Corollary 1 shows that one can find a generalized stationary point of (1)
by using the approximate first order optimality condition of min,c y f (z, ).
Since f (z, p) is continuously differentiable for any fixed g > 0, many numerical
algorithms can find a stationary point of mingex f(x, w) [7,19,30,34,37]. We
use one example to show the validity of the first order necessary optimality
condition and the consistency result given in this section.

Example 1 Consider the following minimization problem

min f(x) = (21 + 222 — 1)2 + A\ y/max{z; + z2 + 1,0} + A2y/]72], (33)
s.t. xeX:{xeRQ:—lgxl,ngl}.

This problem is an example of (1) with O(x) = (z1 + 222 — 1)?, c(y) =
A1y1 + Aaya, ha (DI z) = \/max{ml + 29 + 1,0} and he(DIz) = \/|xs|, where
Dy = (1,1)T, Dy = (0,1)7.

Define the smoothing function of f as

fla,p) = (z1 + 222 — 1)? + MV/(x1 + 22 + 1, i) + Xan/B(za, ),

s |s| > p,
with (s, p) = 5(s + /2 +4p?), O(s,n) =4 2 4
2w Ty |s| < p.

Here, we use the classical projected algorithm with Armijo line search to
find an approximate generalized stationary point of mingcy f (z,p). There
exists a > 0 such that T — Px[Z — aV:Ef(ﬂ’c,u)] = 0 if and only if Z is a
generalized stationary point of mingex f(z,n), which is also a Clarke sta-
tionary point of min,cy f(z, i) for any fixed u > 0. We call ¥ an approx-
imate stationary point of mingcy f(x,uk), if there exists aj > 0 such that
|zF — Py[z* — o Vi f(2*, )] |l2 < agepir, which can be found in finite number
of iterations by the analysis in [4].

Choose the initial iterate 2o = (0,0)7. For different values of A\; and Ay in
(33), the simulation results are listed in Table 1, where f* indicates the optimal
function value of (33), where the iteration is terminated when g < 1076,
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Vi f*) | f”

Al A2 accumulation point z* | Z,

o
8 2 (—1.000, 0.000)T {1} | {v=1_(a,—a)T :a € R} | 4.000 | 4.000
0.1 | 0.2 (0.982,0.000)” {2} | {v=(a,00T:a€ R} | 0.141 | 0.141
0.5 | 0.1 (—1.000,0.962)T 0 R? 0.594 | 0.594

Table 1: Simulation results in Example 1

When \; = 8, Ay = 2, since ha(DIx) is continuously differentiable at x*,
for v € Vp«, by hy (DT (2* + tv)) = hy (DT x*), Vt > 0, we obtain

fo(x*,’u) _ hmsup Q(y-f—t’l)) _Q(y) +)\2h2(D%1(y+t’U)) _)‘QhQ(Dgy)

y—>atyex t
tl0,y+tveEeX

=(VO(x*) 4+ Aohh (DI 2*) Dy, v) = —4v; — 550.473v,,

where v1 = —v2 by v € V-, and v1 € R4 by 7 = —1.000 and the condition
" +tv € X in f°(z*;v). Then, f°(z*;v) > 0, Vv € V,~, which means that
(—1.000,0.000)7" is a generalized stationary point of (33). Similarly,

— when A\ = 0.1, Ay =0.2:
fo(z*;v) = (VO(x*) + MA, (DT z*)Dy,v) = —0.036ws,

where v =0 by v € V.
— when Ay = 0.5, Ay =0.1:

fo(x%;0) = (VO(x*) + M AL (DI 2*) Dy + Aahb (D3 2*) Do, v) = 0.102v;,
where v; € R4 by 27 = —1.000,

which gives f°(z*;v) > 0, for all v € V,». Thus, the accumulation points in
Table 1 are generalized stationary points of (33) with different values of A\;
and \y. Furthermore, the trajectory of z* of the smoothing algorithm for (33)
with Ay = 8, Ao = 2 are pictured in Figure 1 with the isolines of f in &

3 Nonconvex regularization

In this section, we focus on problem (2) with the function ¢ satisfying the
following assumption.

Assumption 2 Assume that ¢ : Ry — Ry with ¢(0) = 0 is continuously
differentiable, non-decreasing and concave on (0,00), and ¢’ is locally Lipschitz
continuous on R .

The function ¢(t) =t and p € (0,1) satisfies Assumption 2. It is know that
problem (2) with X = R™ and ¢(t) = ¢ is strongly NP hard but enjoys lower
bound theory. However, the complexity and lower bound theory of problem (2)
with a general convex set X' and the class of functions ¢ satisfying Assumption
2 have not been studied. In this section, we show that the key condition for
the complexity and lower bound theory is that the function ¢(z?) is strictly
concave in an open interval.
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Fig. 1: Trajectory of z* in Example 1 with \; = 8 and Ay = 2

3.1 Computational complexity

In this subsection, we will show the strong NP-hardness of the following prob-
lem

min |[Hz —cll3 + ) e(|ail?), (34)
i=1

where H € R**", c€ R and 0 < p < 1.
Lemma 4 ¢(|s|?) + ¢(|tl") > p(ls + 7, Vs, ¢ € R.

Proof Define () = p(a+ |s|P) — ¢(a) on [0, 4+00). Then from the concavity
of p, ¥'(a) = ¢ (a+|s]P) — ¢'(a) < 0, which implies 1(|t|P) < (0). Thus,
oIt + 1s17) < @(1t7) + (Is[P). Since [t + slP < [tP + |sP and s non-
decreasing on [0, +00), we obtain ¢(|t + s|?) < o([t|P) + ¢(]s|P).

First, we give two preliminary results for proving the strong NP-hardness
of (34) with 0 < p < 1. The first is for p = 1 and the second is for 0 < p < 1.

Lemma 5 Suppose ¢ is strictly concave and twice continuously differentiable
on [r1,72] with 71 > 0 and 72 > 11. There exists 7 > 0 such that when v > ¥
and p = 1, the minimization problem

min  g(z) =7lz = 1[* + 91z = 2* + p(I2]P), (35)

has a unique solution z* € (11, T2).

Proof Since ¢ is twice continuously differentiable in |71, 72|, there exists a >
0 such that 0 < ¢'(s) < @ and —a < ¢"(s) < 0, Vs € [r,72]. Let ¥ =
max{ 57 a ),%} and suppose v > 7.

T2—T1
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Note that g(z) > g(0) = 7 + v73 for all z < 0, and g(z2) > g(m2) =
(12 = 11)? + p(72) for all z > 75. Then, the minimum point of g(z) must lie
within [0, 72].

To minimize g(z) on [0, 72|, we check its first derivative

dZ)=2v(z—1)+2y(z — 1) +¢'(2), 0<z<Tm.

When 0 < z <7y, ¢'(2) =4vz2 =2y — 2972+ ¢'(2) < 291 — 2y +a < 0,
which means that g(z) is strictly decreasing on [0, 71]. Therefore, the minimum
point of g(z) must lie within (71, 72].

Consider solving ¢'(z) = 2v(z — 1) + 27(z — 72) + ¢'(2) = 0 on (11, T2
Calculate ¢’ (z) = 4y+¢"(z) > 0. And we have ¢'(12) = 2972 —2y71 + ¢ (12) >
0, ¢'(11) < 0. Therefore, there exists a unique z € (71, 72) such that ¢'(z) = 0,
which is the unique global minimum point of ¢(z) in R.

For the case that 0 < p < 1, we need a weaker condition on ¢ to obtain a
similar result as in Lemma 5.

Lemma 6 Suppose ¢ is twice continuously differentiable on 11,75 with 75 >
71 > 0. There exists ¥ > 0 such that when v > 5 and 0 < p < 1, the
minimization problem (35) has a unique solution z* € (11, 72).

Proof First, there exists o > 0 such that 0 < ¢/(s) < « and —a < ¢’(s) <0,
Vs € [, 72]. Let v > 7, where

20p((Tdr2)P) pon'{”_1 047'1219_2 +oz7'f_2
(o —m)2 "2(o— 1)’ 4

}.

7 = max{

Similar to the analysis in Lemma 5, the minimum point of g(z) must lie within
2p((P572)P)

[0, 72]. When z € [0, 7], g(2) > v(r2 — 71)?, then by v > A have
T1 + T
g(z) > g( ! 5 2)7 Vz € [0, 71].
Thus, the minimum point of g(z) must lie with in (71, 72].
p—1
paty

To minimize g(z) on (71, 72|, we check its first derivative. By v >
1

2(t2—71)?
we have ¢'(11) = 2y(m — 72) + pe'(77)m7~" < 0, and by ¢’ > 0, we get
g (12) = 2v(m — 1) + p' (72)72~" > 0. Now we consider the solution of the
constrained equation

9/(2) =2v(z — 11) +27(2 — 72) +p90/(zp)2p_1 =0, ze€(m,m)

We calculate that g”(z) = 4y + p?¢” (2P)2?P=2 + p(p — 1)’ (2P)2P~2 > 0 since

2p—2 -2
oz‘rlp +oz7'1p

v > —+—7—1—. Combining it with ¢’(71) < 0 and ¢'(72) > 0, there exists a
unique z € (11, 72) such that ¢’(z) = 0, which is the unique global minimizer
of g(z) in R.
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Since ¢ is locally Lipschitz continuous in Ry, ¢ is continuously dif-
ferentiable almost everywhere in Ry . If ¢ is strictly concave in (r,7) with
7 > 1 > 0, there exist 1 > 0 and 7o > 7 with [77,7]] C (z,7) such that ¢
is strictly concave and twice continuously differentiable on [7,75]. Thus, the
strict concavity of ¢ in an open interval of R is sufficient for the existence of
[P, 78] with 75 > 71 > 0 such that ¢ is strictly concave and twice continuously
differentiable on it. And there is no other condition needed to guarantee the

supposition of ¢ in Lemma 6.

Theorem 3 1. Minimization problem (34) is strongly NP-hard for any given
0<p<l1.
2. If ¢ is strongly concave in an open interval of Ry, then minimization
problem (34) is strongly NP-hard for p = 1.

Proof Now we present a polynomial time reduction from the well-known strongly
NP-hard partition problem [23] to problem (34). The 3-partition problem can

be described as follows: given a multiset S of n = 3m integers {a1, ag,...,a,}
with sum mb, is there a way to partition .S into m disjoint subsets S1, Sa, ..., Sm,
such that the sum of the numbers in each subset is equal?

Given an instance of the partition problem with a = (ay,as, ..., a,)’ € R™.

We consider the following minimization problem in form (34):

m

QiTi5 — B' +WZ|ZI11_TI|

1 2131

Ms
M:

min  P(x) =

xT

1

-
Il

’ (36)

NgE
E
&

\
8
+

M
'G
F

+7

=1 gj=1 ’Lljl

where the parameters 7, 7o and < satisfy the suppositions in Lemma 5 for
p =1 and them in Lemma 6 for 0 < p < 1.
From Lemma 4, we have

mgnP(x)
n m
>nznn72|zl”zg—7'1| +VZ me_7-2| +Z Z‘P EA9)
“J i=1 j=1 =1 j=1 =1 j=1

3

(37)

m m m
=D minal Y@y = nlt 1 D wis =l + D e(lal?)
Y =1 j=1 Jj=1

i=1

S

> ) minglz —nif* + 9z = nf* + o(|2]).
i=1
By Lemmas 5-6 and the strict concavity of ¢(zP) on [11,T2], we can always
choose one of z;; to be z*(# 0) and the others are 0 for any ¢ = 1,2,...,n
such that the last inequality in (37) becomes to be an equality and

P(z) > ng(z").
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©1 ©4 ©s5 ©6
p=1 T none (0,) (A aX) (0,aX)
T2 none (11, A) (11,a\) (11,a\)

0<p<1l]| 7 | (0,00) (0, ) (A, 00) (0,A) (A, aX) | (ax,00) | (0,aX) | (aA, o0)

7o | (11,00) | (71,A) | (11,00) | (71,A) | (71,aN) | (71,00) | (71,aN) | (71,

o)

Table 2: Parameters for different potential functions in Remark 3

Now we claim that there exists an equitable partition to the partition

problem if and only if the optimal value of (36) equals to ng(z*). First, if
S can be evenly partitioned into m sets, then we define z;, = 2%, z;; = 0
for j # k if a; belongs to Sy. These x;; provide an optimal solution to P(z)
with optimal value ng(z*). On the other hand, if the optimal value of P(x) is

ng(z

*), then in the optimal solution, for each %, there is only one element in

{x;; : 1 < j < m} is nonzero. And we must also have Y | a;x;; — 8 = 0 holds
for any 1 < j < m, which implies that there exists a partition to set S into
m disjoint subsets such that the sum of the numbers in each subset is equal.
Thus this theorem is proved.

Remark 3 Many penalty functions satisfy the conditions in Lemma 5 and
Lemma 6, such as the logistic penalty function [32], fraction penalty func-
tion [32], hard thresholding penalty function [20], SCAD function [20] and
MCP function [38]. The soft thresholding penalty function [25,33] only satis-
fies the conditions in Lemma 6. Here, we list the formulations of these penalty
functions below. For @9 and 3, all choices of 71 and 79 in Ry4 with 71 < 7
satisfy the conditions in Lemma 5 and Lemma 6. For the other four penalty
functions, the optional parameters of 7 and 75 are given in Table 2.

soft thresholding penalty function: ¢1(s) = s,

logistic penalty function : w2(s) = Alog(1 + as),

fraction penalty function: ¢3(s) = A5,

hard thresholding penalty function: ¢4(s) = A* — (A — )%,
smoothly clipped absolute deviation (SCAD) penalty function:

—)\/ mln{l t/A) =,

minimax concave penalty (MCP) function:

o(s) = /\/08(1 - %)Jth,

with A > 0 and a > 0.
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3.2 Lower bound theory

In this subsection, we will establish the lower bound theory for the local min-
imizers of (2) with a special constraint, that is

min  f(z) = O(z) + ) o(| D] z|})
i=1
s.t. xeX ={z:Ax <b},

where Dz = (Di]_’...,DiT) with Dij S Rn, j = 1,2,...,7“, A= (Al,...7Aq)T
€ R™*" with A; € R",i=1,2,...,q, and b= (b1, ba,...,b,)T € RY.

Denote M the set of all local minimizers of (38). In this subsection, we
suppose that there exists 3 > 0 such that sup,¢, [|[V2O(2)]2 < 8.

For x € X, let Zye(z) = {i € {1,2,...,q¢} : ATx —b; = 0} be the set of
active inequality constraints at x. Then, the Linear Independence Constraint
Qualification (LICQ) is satisfied at z, if the set of active constraint gradients
{4; : i € Z,.(z)} is linearly independent.

Theorem 4 Let p =1 in (38). There exist constants 0 > 0 and v > 0 such
that if " (0+)| > v1, then any local minimizer * of (38) meeting the LICQ
condition satisfies

either | DFz*||y = 0 or | DFz*||; > 0, Vi € {1,2,...,m}.

Proof We divide M into the finite disjoint sets My, M, ..., M, such that all
element x in each set have the same following values:
(i) sign values of sign(DLz) for i = 1,2,...,m, t =1,2,...,7;
(ii) index values of Z,.(x) and Z, = {i € {1,2,...,m} : D'z = 0}.
First, we will prove that there exists 61 ; > 0 and ;1 such that

either |DTz|; =0 or |[D¥z|; > 011, VYoe My, (39)

when |¢”(04)] > Bk11.

Specially, if the values of ||Dfz||; are same for all € M;, then the
statement in (39) holds naturally. In what follows, we suppose that there are
at least two elements in M with different values of ||D¥ z||;.

Suppose T € M; is a local minimizer of minimization problem (38) satis-
fying |D¥z|| # 0 and meeting the LICQ condition. Then, there exists § > 0
such that

f(#) =min{6(z +Z@HDTCEII e =zl <6, Az < b}

=min{O(z Z (IDFz|y) : ||z — Z|2 < 6, Az < b, DIz =0 for i € Iz},
iZTy
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which implies that Z is a local minimizer of the following constrained mini-
mization problem

min  fo(2) == () + Y (DT a]h)
i¢Ts (40)

s.t. Ax < b, D;-szo, i€ Ly,

Since ¢’ is locally Lipschitz continuous in R4, and the LICQ condition
holds at z, by the second order optimality necessary condition, there exists
& € 9(¢'(8))s=|iprz|, such that

vI'V20(z)v + Z & Z sign(DLz)Dhv | >0,Yv € Vg, (41)
i¢T; te{1,2,...,r}

where
Ve={v: D]Tv =0forj € Zrand AT v = 0fork € Z,.(7)}. (42)

By & <0,i=1,2,...,m, (41) gives
2

& > sign(Df@) Dl | < |V2O@)|ofvll3, Vv e Ve (43)
te{1,2,...,r}

Fix © € M. For ¢ € R" with ¢; € {-1,0,1}, consider the following
constrained convex minimization problem

min [Jv]3

st. veEVy.={v: Z ctDﬂv =landv €V, }. (44)
te{l,...,r}

When V, . # (), unique existence of the optimal solution of (44) is guaranteed,
denoted by v, .. Take all possible choices of nonzero vector ¢ € R" with ¢; €
{—1,0,1} such that V, . # 0, which are finite, and we define

K1,1 = maXva’cH%,

which is a positive number and same for all elements in M; from the decom-
position method for M.
Since there is another element in My, denoted as &, such that || Df z||; #
|D¥z||1, then
1
V= — — (T — &) € Vz.
IDT 2] — |1 DT 21 o
Thus, the unique solution of (44) exists in this case and (43) holds with it,
which follows

—&1 < Bri-
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If |©"(0+)| > BK1,1, let
011 = inf{t > 0: ¢"(t)exists and ¢"(t) > Br11}, (45)
by the upper semicontinuity of 9(¢’(t))) on R, we obtain that
DTzl > 61,1.

By the randomicity of # € M satisfying ||D¥ z||; # 0 in the above analysis,
(43) implies

2

—&1 Y. siga(Dha)Diw | < |[VPO(@)|l2]l0ll3, Vo € Vi,
te{1,2,...,r}

holds for any = € M satisfying || DT z||; # 0. Since k1 ; is same for all elements
in My, the statement in (39) holds.

Similarly, for any ¢ = 1,...,m, j = 1,...,s, there exists §; ; > 0 and
k4,5 > 0 such that

either |[Dfz|y =0 or |Dfz|; > 6,;, Vxe M,

when |¢"(04)] > Bk; ;.
Therefore, we can complete the proof for this theorem with 11 = max{fk; ; :
i=1,....mj=1,...,stand 0 =min{6, ; :i=1,...,m,j=1,...,s}.

If there exists constant v > 0 such that |¢”(0+)| > v1, by the concavity
of ¢ and ¢’ > 0, there must exist v, > 0 such that ¢'(0+) > v,. However,
the converse does not hold. The following theorem presents the lower bound
theory for the case that 0 < p < 1 using the existence of v, > 0 such that
©'(0+) > vp.

Theorem 5 Let 0 < p <1 in (38). If there exists v, > 0 such that ¢'(0+) >
vp, then there exists a constant 8 > 0 such that any local minimizer z* of (38)
meeting the LICQ condition satisfies

either | DIz|, = 0 or |DF'z|, >0, Vi € {1,2,...,m}.

Proof We divide M by the method in Theorem 4 and we will also prove that
there exists 6 1 > 0 such that

either |[Dfz|, =0 or |D x|, > 611, Voe M. (46)
Specially, if the values of ||DTz||, are same for all z € M;, then the

statement in (46) holds naturally. In what follows, we also suppose that there
are at least two elements in M; with different values of | DY z||,.
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Similar to the analysis in Theorem 4, T is a local minimizer of minimization
problem (38) satisfying || DT Z||, # 0 implies that Z is a local minimizer of the
minimization problem

min fz(z) == )+ Z ‘DTme
i, (47)
s.t. Az <b, DIz =0, i € I;.

By the second order optimality necessary condition for the minimizers of
(47), there exists & € 9(¢'(8))s—prz|z such that

2
v V2O (Z)v + Z & <Z p|DLzP~ 151gn(Dltm)Dnv>

€1y teT,

+ Z S—HDT || (Z |D tx|p 2(D€U)2> >0, Vv € Viv

iZLz teT;

where V; is same as in (42) and T; = {t € {1,2,...,r} : DLz # 0}, i =
1,2,...,m. Then, by & <0, Vi=1,2,...,m and || D{z||, # 0, we obtain

p(L = )¢’ (8)s= DT 2|2 <Z |DYz|P~ Q(DuU)Q) <o"'V?O(Z)v, Yo € V;.
teT;
(48)
Fix © € M;. For t € T3, consider the following constrained convex opti-
mization
min  |[|v]3

49
s.t. v E Vz,t — {U : D,ﬂ’l) = ]_al’ld’l} € Vm} ( )

When V, ; # 0, unique existence of the optimal solution of (49) is guaranteed,
denoted by v, ;. Take all possible choices of ¢ € T} such that V, . # (), which
are finite, and we define

k1,1 = max [|vg 413,

which is also a positive number same for all elements in M.
Since there is another element in Mj, denoted as 2, such that | Df z||, #
| DT Z||,. Then, there exists ¢; € {1,2,...,r} such that D, # # D{, &. Thus,

- 1 .
0= DT z-Dl f(x—x) € Vit
1 1

which follows the existence of the unique solution of (49) exists with ¢ = ¢,
denoted as v} 4 .

By the decomposition method for M, we have sign(D¥,z) = sign(D%,2),
which implies ¢; € T1. Let v = v}, in (48), by ¢’ > 0, we have

p(1 = p)¢'(8) sy prayz | D1, 2P~ < Bria. (50)
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|DT,, z| < ||D{ z|, implies | DY, z[P~2 > || D] Z||5~2, then (50) gives
P(1 = p)¢' () smyprayz | DT Z5 72 < Brra. (51)

By the concavity of o, lim; oo ¢'(8)s=wtP ™2 < limy_oo ¢’ (1)tP~2 = 0.
From ¢'(0+) > v, limy o ¢ (tP)tP~2 = +o0. Let

ﬁfﬁ,l }

011 =inf{t >0: ()P 2 =
1,1 { SD( ) p(l—p)

which is an existent number larger than 0. Therefore, (51) implies
D&, > 61,1
Similar to the analysis in Theorem 4, the statement in this theorem holds.

Remark 4 For the other cases, such as the regularization term is given by
S wi(max{d! z,0}?) with d; € R™, the lower bound theory in Theorems
4-5 can also be guaranteed under the same conditions. Moreover, the lower
bound theories in Theorems 4-5 can also be extended to the more general case
with the objective function f(z) := O(z) + Y1~ ¢;(| D] z|5).

All the potential functions in Remark 3 satisfy the conditions in Theorem
5, but only ¢s, w3, w4 and g may meet the conditions in Theorem 4 under
some conditions on the parameters, which shows the superiority of the non-
Lipschitz regularization in sparse reconstruction.

4 Final remarks

In Theorem 1, we derive a first order necessary optimality condition for local
minimizers of problem (1) based on the new generalized directional derivative
(12) and the Clarke tangent cone. The generalized stationary point that satis-
fies the first order necessary optimality condition is a Clarke stationary point
when the objective function f is locally Lipschitz continuous near this point,
and a scaled stationary point if f is non-Lipschitz at the point. Moreover,
in Theorem 2 we establish the directional derivative consistency associated
with smoothing functions and in Corollary 1 we show that the consistency
guarantees the convergence of smoothing algorithms to a stationary point of
problem (1). Computational complexity and lower bound theory of problem
(1) are also studied to illustrate the negative and positive news of the concave
penalty function in applications.
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