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Abstract. We propose a generalized Newton method for solving the system of nonlinear
equations with linear complementarity constraints in the implicit or semi-implicit time-
stepping scheme for differential linear complementarity systems (DLCS). We choose a spe-
cific solution from the solution set of the linear complementarity constraints to define a
locally Lipschitz continuous right-hand-side function in the differential equation. Moreover,
we present a simple formula to compute an element in the Clarke generalized Jacobian of
the solution function. We show that the implicit or semi-implicit time-stepping scheme
using the generalized Newton method can be applied to a class of DLCS including the non-
degenerate matrix DLCS and hidden Z-matrix DLCS, and has a superlinear convergence
rate. To illustrate our approach, we show that choosing the least-element solution from
the solution set of the Z-matrix linear complementarity constraints can define a Lipschitz
continuous right-hand-side function with a computable Lipschitz constant.

Keywords: differential linear complementarity problem, least-norm solution, least-element
solution, nondegenerate matrix, Z-matrix, generalized Newton method.
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1 Introduction

Given four matrices A € R™*™ B € R™" N € R"™™ M € R™", and two Lipschitz
continuous functions f : R — R™ and g : R — R, we consider the ordinary differential
linear complementarity system (DLCS):

z(t) = Ax(t) + By(t) + f(t)
y(t) € SOL(Nx(t) + g(t), M) (1.1)
z(0) = zo, te€]0,T],

where SOL(Nx(t)+g(t), M) C R" is the solution set of the following linear complementarity
problem (LCP):
0 <y(t) L Nx(t) + g(t) + My(t) > 0. (1.2)

The nonnegativity notation and orthogonality notation in (1.2) express that fori =1,...,n,

yi(t) 20, (Nxz(t)+g(t) + My(t)i 20, wi(t)(Na(t) + g(t) + My(t)); = 0.
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The DLCS (1.1) has wide applications in engineering and economics. In the last decade,
numerous research articles on DLCS have been published in the areas of applied mathemat-
ics, operations research, civil engineering, electrical engineering, transportation sciences,
etc. See [1, 4, 10, 12, 13, 14, 19, 21].

A popular numerical method for solving the DLCS is the time-stepping method, which
uses a finite-difference formula to approximate the derivative . In particular, this method
divides the time interval [0, 7] into N}, subintervals

Ozth70<th71<"'<th7Nh:T,

where t ;41 —th; = h = T/Np, i = 0,..., N, — 1. Starting from 20 = 20 ¢ R™, we
compute two finite sets of vectors

{:Eh’l,ﬂfh’Q, . ,xh,Nh} C R™ and {yh,17yh,27 . ’yh,Nh} C R"
by the recursion: for ¢ =0,1,---, N — 1,

mh,i—i—l — wh,i +h [A(Ql‘h’i + (1 _ 0)xh7i+1) 4 Byh,i—i-l + f(th,i—i-l)] ,

‘ | 1.
yitl € SOL(Na™ L + g(tyi401), M), "

where 6 € [0, 1] is a scalar to distinguish an explicit (0 = 1), an implicit (6 = 0), or a semi-
implicit (6 € (0,1)) scheme. In this paper, we consider the implicit scheme and semi-implicit
scheme.

A critical part in numerical implementation of the time-stepping scheme is to find a good
solution y™#*! in the solution set SOL(Nz™*1 + g(tp,;1+1), M). In many cases, the solution
set SOL(Nx™*+1 + g(t),;41), M) is neither convex nor bounded. Using some vector in the
solution set can cause the numerical method unstable or make the linear complementary
problem unsolvable in the next step. Moreover, at each time step of the implicit scheme or
semi-implicit scheme, 2™t is a solution u* of the following system of nonsmooth equations
with linear complementarity constraints

uw=H(u) = (1+h0A)x™ + h[(1 — 0)Au+ By(u) + f(tnis1)]

y(u) € SOL(Nu + g(tn,i+1), M). (1.4)

This system has to be solved efficiently and accurately. A bad numerical solution of the
nonsmooth equations (1.4) at one time step can cause the final numerical results failure.
In this paper, we choose a solution from the solution set SOL(Nu + g(tp i+1), M) to define
a Lipschitz continuous solution function y(-). Moreover, we present a simple formula to
compute an element in the Clarke generalized Jacobian of the solution function, which will
be used for the generalized Newton method to solve the system of nonsmooth equations
(1.4) at each time step of the implicit scheme and semi-implicit scheme.

In Section 2, we study how to choose a solution y(g) from the solution set SOL(q, M)
such that y is locally Lispchitz with respect to g. By the Rademacher Theorem [7], a locally
Lipschitz function is differentiable almost everywhere. Hence, we can define the Clarke
generalized Jacobian [7]

dy(q) = co{limy'(¢*) : " — q, ¢" € Q,},



where €2, denotes the set of points at which y is differentiable, and “co” denotes the convex
hull. To use the generalized Newton method for solving (1.4), we show that

—(I =D+ DM)™'D € dy(q) (1.5)

if I — D+ DM is nonsingular, where D =diag(dy, ..., d,) is a diagonal matrix with diagonals

-1t w@>0
' 0, otherwise.

It is easy to see that —(I — D+ DM)~! is nonsingular if and only if the principal submatrix
M j is nonsingular, where J = {i| y; > 0}. Hence we can use (1.5) and the generalized
Newton method to solve (1.4) if all principal minors of M are nonzero.

For a given matrix M, let M be the submatrix of M whose entries of M are indexed
by the sets J, K € {1,...,n}. If J = K, the submatrix Mk is called a principal submatrix
of M. The determinant of a principal submatrix of M is called a principal minor of M.

A matrix M is called a nondegenerate matrix if all principal minors of M are nonzero
[8]. A nondegenerate matrix is also called a nonzero principal minor matrix or principally
nonsingular matrix [3, 17, 23]. A matrix M is called a P-matrix (N-matrix), if all principal
minors of M are positive (negative). M is called an NP-matrix (PN-matrix) if each k& x k
principal minor of M has sign(—1)* ((—1)**1) [17]. Obviously, the class of nondegenerate
matrices includes the class of P-matrices, N-matrices, NP-matrices and PN-matrices. Such
matrices have many applications in engineering and economics [3, 8, 9, 17]. It is worth
noting that M is a P-matrix if and only if the matrix I — D + DM is nonsingular for all
d; € [0,1] [11]. A matrix M is a nondegenerate matrix if and only if the matrix / — D+ DM
is nonsingular for all d; € {0,1}.

In Section 3, we propose a generalized Newton method to solve (1.4) with a Lipschitz
solution function y(Nu + ¢(tp41)) from SOL(Nu + g(tp,i+1), M), and an element from
0y(Nu + g(th,i+1)) given in (1.5). We prove the generalized Newton method starting from
z™? is well-defined and superlinearly convergent. Moreover, we present an error bound of a
numerical solution to the true solution of (1.4).

We use the class of Z-matrices to show that the implicit scheme and the semi-implicit
scheme using Newton’s method can be applied to the DLCS (1.1) without the non-singularity
assumption on the matrix M. A matrix M € R™*" is called a Z-matrix, if its off-diagonal
elements are non-positive. An M-matrix is a Z-matrix. The Z-matrix LCP arises from the
finite element or finite difference discretization of free boundary problems, reaction-diffusion
problems and journal bearing problems [2, 8, 9, 22, 24].

If M is a Z-matrix and the feasible set

FEA(¢,M)={y | ¢+ My >0,y > 0}

is nonempty, then the solution set SOL(q, M) is nonempty [8], and there is a least-element
solution in SOL(g, M). A solution z* of LCP(q, M) is called a least-element solution if z* < x
for all x € SOL(q, M), which can be obtained by solving the following linear programming

minimize ey

subject to ¢+ My >0, y >0, (1.6)



where e € R"™ with e; = 1,i = 1,...,n [8]. We show that the least-element solution of
LCP(q, M) is global Lipschitz continuous with the following Lipschitz constant

L= max{ M5\ | My, is nonsingular for J C {1,...,n} } .

Moreover, we show that L. defined by the || - ||oc is much smaller than the constant given
by Mangasarian and Shiau [15].

In Section 4, we use the constant £ to derive a time interval [0,7p], such that the
following least-element LCS has a unique solution (z*,y*) such that z* is continuously
differentiable and y* is Lipschitz continuous on [0, Tp].

Least-Element LCS

() = Az(t) + By(z(t)) + f(t)
y(z(t)) = argmin  eTw

subject to v € SOL(Nxz(t) + g(t), M)
z(0) =z, te€]0,T].

(1.7)

Moreover, we show that the following implicit least-element time-stepping scheme con-
verges to (x*,y*) linearly, and the generalized Newton method using (1.5) is well-defined
and superlinearly converges to a solution u* of (1.4) from z/ on the interval [0, Tp).

Implicit Least-Element Time-Stepping Scheme (ILETS scheme)

xh,?-ﬁ-l —  gphi + h(Aa;'h’H_l + Byh,i—i-l + f(th,i+1)) (1 8)
ytl = argmin {efv | 0<v L Na™*l 4 g(tn41) + Mo > 0}). '
In [14], Han, Tiwari, Camlibel, and Pang, proposed the following scheme.
Implicit Least-Norm Time-Stepping Scheme (ILNTS scheme)
xhﬂ:—l—l = ghi + h(AJ:h7i+1 + Byh,i—l—l + f(th,i+1)) (1 9)
Yyl = argmin {|lvlls | 0<v L NaPHl 4 g(th0) + Mo > 0} '

They showed that using such least-norm solutions of the discrete-time subproblems, an im-
plicit Euler scheme is convergent for passive initial-value DLCS. Obviously, a least-element
solution is a least-norm solution. Moreover, if M is a Z-matrix, then [8]

argmin{efv | 0<v L ¢+ Mv>0}=argmin{e’v | v>0, ¢+ Mv>0}.

Hence, (1.8) can be considered as an implementation version of the implicit least-norm
time-stepping scheme proposed in [14] for the Z-matrix DLCS.

Throughout this paper, we use ||z|| to denote the maximum norm ||z|| := n%aujg] |z ()]l
telo,
for a function x defined on [0,7] or ||z| := pax |z;| for a vector z € R™. Let J¢ denote
i<m

the complementarity set of J. Let e denote the vector whose all entries are one. We say a
function is differentiable if it is F-differentiable.

2 Solution function y(q) of LCP(q, M)

Let Rrop(M) denote the LCP-Range of M which is the set of all vectors ¢ such that
SOL(q, M) # 0. M is called a Q-matrix if Rpcp(M) = R™ [8, 16]. It is known that M



is a P-matrix if and only if Rrop(M) = R™ and SOL(q, M) is singleton for any ¢ € R"
[8]. However, in general, SOL(q, M) can be empty or unbounded. Using some concepts,
such as the least-norm solution and the least-element solution [6, 8, 14], we may define
a single valued solution function y(-) on an open set 2 in Rrcp(M). In this section, we
first give a necessary and sufficient condition for a single valued solution function y(-) to
be differentiable at ¢ € ). Next, we present a simple formula to compute an element in
the Clarke generalized Jacobian of y(-) at ¢ € Q and give computable Lipschitz constants
of y(-) in 2 for nondegenerate matrices and Z-matrices.

For a single valued solution function y(q) €SOL(q, M), we define the following index
sets:

Jo = {ilwilg) >0}
I, = {i| (My(q)+q)i >0}
K, = {i| (My(q) +q)i = ¢ = 0}.

We say y(q) is nondegenerate if K, = . We define the diagonal matrix D, whose diagonal
elements are

, otherwise.

1, 1 € J,
(Dg)ii = { 0 I

Lemma 2.1 Suppose that Q C Rrop(M) is an open set. Let y be a continuous function
defined on Q such that y(q) € SOL(q, M) for q € Q. Denote J = J, and D = D,. Theny
is differentiable at q if and only if y(q) is nondegenerate and My ; is nonsingular. In the
case y(-) is differentiable at q, we have

v (¢)=—(I—-D+DM)™'D. (2.1)

Proof: Suppose that y(q) is nondegenerate. By the continuity of y, there is a neighborhood
of ¢ such that for any p in the neighborhood, we have

ys(p) >0, yye(p) =0, (My(p)+p)s=0, (My(p)+p)s >0.

Hence we obtain
(I = D)y(p) + D(My(p) +p) = 0.

If J is empty, then D = 0. This implies y(p) = 0 in the neighborhood. If J is not empty
and M ; is nonsingular, then the matrix I — D + DM is nonsingular. This implies that

y(p) = —(I =D+ DM)~"Dp

is the unique solution of SOL(p, M) in the neighborhood. Hence in both cases, y is differ-
entiable at ¢ and (2.1) holds.

Conversely, we assume that y is differentiable at . Let G(y(p)) = min(y(p), My(p) + p)
for p € Q. Since G(y(p)) =0, G is differentiable and G'(y(p)) = 0. Moreover, we have

(My'(q) +1); =0 and yje(q) = 0.

This implies
Mygyys(q) + 150 =0 and My} e(q) = 0.

5



Hence M ; is nonsingular, nyJ(q) = —MJ_1 and nyJc(q) = 0. Moreover, I — D + DM is
nonsingular, and
(I —D+ DM)y'(q) =—D.

We obtain (2.1). Now, we show y(q) is nondegenerate. Suppose there is i € J¢ such that
(My(q) + a)i = y(q)i = 0.

By the argument in the proof of Proposition 5.8.2 of [8], we have
(My(q) + )i = ' (2)i =0,

which implies

M.yl i(q) +1=0, (2.2)
where M; . is the ith-row of M and y,’}i(q) is the ith-column of y'(q). By the argument
above, y';(¢) = 0. This contradicts to (2.2). Hence y(q) is nondegenerate. |

2.1 Nondegenerate matrix

In this subsection, we consider the class of nondegenerate matrices [3, 8, 17, 23]. This
class of matrices contains several classes of matrices characterized by the sign of the deter-
minants of principal submatrices such as P-matrices whose principal minors are all positive.

Theorem 2.1 Suppose that Q@ C Rrop(M) is an open set. Let y be a continuous function
defined on Q such that y(q) € SOL(q, M) for q € Q. Assume that any principle submatriz
My j of M is nonsingular then y is locally Lipschitz continuous in Q with Lipschitz constant

L= M7 2.3
Jgf{qaxn} I J,JH (2.3)

goeey

Moreover, the Clarke generalized Jacobian of y is defined by
dy(q) = co{limy/(p) = —(I — D, + D,M)™'D,, : p — q,y(p) is nondegenerate}.

In addition,
—(I — Dy + D,M)™'D, € 9y(q). (2.4)

Proof: Take g € Q. If y(q) is nondegenerate, then by the first part of the proof for Lemma
2.1, we know that there is a neighborhood N, C Q of ¢ such that for any p € N,

y(p) = (I — Dg + DyM)™' Dp.
Hence, y is differentiable and Lipschitz continuous in N, with Lipschitz constant
I(I = Dy + DoM) ™ D, | = M7, | < L.

Moreover, (2.4) holds with dy(q) = {v'(¢)}.
For the case y(q) is degenerate, there is a neighborhood N, C Q of ¢ such that for
pENg
JyCJp and I, C I



For i € K, if y;(p) = 0, then
(I(y(q) —y(p))): = 0.
If yi(p) > 0, then (My(q) + q)i = (My(p) + p); = 0, which gives

(M(y(q) —y(p)))i = —(q — p)i-

Hence for any p € N, we have

(I = Dpg + DpgM)(y(q) — y(p)) = —Dpe(q — p),

where D), is a diagonal matrix with diagonals

1, 1€Jjandie K;NJ,
0, otherwise.

(Dpq)ii = {

Hence, y is Lipschitz continuous in N, with Lipschitz constant L.
Therefore, y is locally Lipschitz continuous in €. By the Rademacher Theorem, y is
almost everywhere differentiable in 2. By Lemma 2.1, we obtain the Clarke Jacobian

9y(q).
In addition, it is easy to see that for any positive number €, y(q+¢(I — D)e) = y(q) is a

nondegenerate solution of LCP(¢+€(f — Dy)e, M). Hence y is differentiable at g+¢(I — D)e
and /(¢ + (I — Dy)e) = —(I — D, + DyM)~D,. This implies

11%1 Y (¢ +e(I — Dy)e) = —(I — Dy + D,M) 1D, € 0y(q).

Corollary 2.1 Suppose that M is a P-matriz. Then for any p,q € R", we have

ly(a) =yl < Lllp = ql, (2.5)
where L is defined in (2.3).

Proof: It is known that for any g € R", LCP(q, M) has a unique solution y(q) and y(-) is
globally Lipschitz continuous in R™ [8]. By [7, Proposition 2.6.5], we have

y(p) — y(q) € cody([p,q))(p — q),

where [p, q] is the segment between p and ¢. From Theorem 2.1, for any element C €
9y([p, q]), we have |C|| < L. Hence (2.5) holds. |

It was shown in [11] that M is a P-matrix if and only if I — D + DM is nonsingular for
any diagonal matrix D with diagonals D;; € [0, 1]. In [5], we showed that

ly(q) —y(p)|| £ max |[(I—D+DM) 'Dll|lp—q (2.6)
Dz‘iG[O,l}

for M being a P-matrix. Obviously, we have

L= max |[M;}|= max |[(I-D+DM)'D|< max ||(I-D+DM)'D|.
JC{1,...n} ' D;;€{0,1} D;;€[0,1]



Hence the error bound (2.5) is shaper than (2.6). Furthermore, the error bound (2.5) can
be used for a larger class of matrices than the class of the P-matrix. We use the following
example to illustrate Theorem 2.1 and the new Lipschitz constant L.

Example 2.1 Consider the LCP(M,q) with a nondegenerate matrix M = ( (1) _11 > .

The solution set has the following form

SOL(¢, M) =0, if g2 <O0;

SOL(q,M)={<8), (;2)}, ifg1 >0, g2 > 0;

SOL(q, M) = {( _611 > <max(_Q1_qz’0) >} if 1 <0, g2 >0.

q2

The matrix I — D + DM is nonsingular if the diagonal matrix D having D;; € {0,1},
but I — D + DM may be singular for D;; € [0,1], for instance, Dy 5 = 0.5.

We can define a single valued solution function in SOL(q, M) by the solution of the
following optimization problem

y(q) = argmin{[|Cv — b]|3 : v € SOL(q, M), g2 > 0},

where C' € R?*? is a positive semidefinite matrix and b € R? is a vector. If we choose C' = I
and b = 0, then it is the least-norm solution [8]. However, the least-norm solution is not
unique in the region {¢q : ¢1 < 0,g2 > 0}. Let us choose C =diag(0,1) and b = 0. Then we
have a piecewise linear single valued solution function

(q) = (0,0)7, qg1>0,g22>0
v (_QDO)Tu q1 < 07 q2 > 0

in SOL(g, M). The function y(-) is Lipschitz continuous with the Lipschitz constant L = 1
and it is continuously differentiable in the region {¢| ¢ < 0,q2 > 0} U {q|q1 > 0,92 > 0}.
Moreover the Clarke generalized Jacobian at ¢ with ¢; = 0 and ¢ > 0 has the version

dya) = {( " 8>,a6[0,1]}.

Remark 2.1 If M is a positive semi-definite matrix and the solution set SOL(q, M) is
nonempty, then the solution set SOL(g, M) is convex and has a unique least-norm solution
[8]. Hence we can define a single valued function by the least-norm solution. However,
the least-norm solution is not necessarily Lipschitz continuous for M being positive semi-
definite. See Example 3.4 in [15].

2.2 Z-matrix

Now we consider M is a Z-matrix. In this case, M can be singular and the solution set
SOL(gq, M) can be nonempty or unbounded. It is known that if the feasible set FEA(q, M)
is not empty, then there is a unique least-element solution in the solution set SOL(q, M)
when M is a Z-matrix [8]. In the following, we denote the least-element solution by y(q)
if SOL(¢q, M) # () and show the solution function is globally Lipschitz in Rycp(M) with a
computable Lipschitz constant.



Lemma 2.2 Suppose that M € R" " is a Z-matriz. If ¢ € Rpop(M), then for any p > q,
we have p € Rrcp(M) and y(p) < y(q).

Proof: It directly follows from that for any ¢ € Rpop(M), the least-element solution y(q)
of LCP(q, M) is the solution of the linear program (1.6) and FEA(q, M) CFEA(p, M). 1

Theorem 2.2 Let M € R™*" be a Z-matriz, g € Rrcp(M), and y(q) be the least-element
solution of LCP(q,M). With the index set J = J, and diagonal matric D = D, the
following statements hold.

(i) My j is nonsingular for J # 0;

(i) y(q) = —(I = D + DM)~'Dg;

(ii) ||(I-D+DM) ' D|| < L := max{ | M, L ||| Ma,q is nonsingular for o C {1,...,n} };

(i) There is a neighborhood Ny of q such that SOL(p, M) # 0 for any p € Ny. Thus,
we have —(I — D + DM)™'D € dy(q).

Proof: Note that we can choose a permutation matrix U € R™*" such that
I 0 M My je
T __ J,J T __ J,J J,J
UDU* = < 0 0 > and UMU”" = ( My My ) .
Thus

U(I -D+DMUT = < é”“ ]I”JJ“ ) . (2.7)

Since LCP(Uq,UM) and LCP(gq, M) are equivalent, without loss of generality, we assume
U=1Iin(2.7),J=1{1,2,...,k} and

My My e ) ( ys(q) > < q7 >
M = ’ ’ , = s = .
( Mje g Mjye je y(a) 0 1 qJe
Note that y;(q) > 0. It follows M jys(q) + q; = 0. If M ; is singular, then there exist a
nonzero vector g € R!’I and a sufficiently small real positive number § such that

My jzo =0, ys(q) £ dxo > 0, Mj ;(ys(q) £ 6x0) +q7 = 0.

Hence y;(q) £ dxg € FEA(qs, My;) and q; € Rrop(My ;). Since My ; is also a Z-matrix,
then there is a unique least-element solution 3; € SOL(qs, M s) such that

min(y;, My 195 +qs) =0, vy <wys(q) and ¥;<ys(q) £ dzo. (2.8)

From (2.8), we see that ; < y;(¢) and §; # ys(g) due to that xo # 0. Let ¥ = (y5,0)T.
Since Mye ; < 0 and

Mye g9y + qre = Mye gys(q) + qse =0,
then it derives that My + g > 0. Therefore, ¥ = (y%,0)" € FEA(¢q, M) and y = (y%,0)T >
y(q) = (ys(¢)T,0)T. It is a contradiction with §; < y;(¢q) and ¥; # ys(g). Hence My ; is
nonsingular.
(ii) From the nonsingularity of M y, expression (2.7) with U = I implies that —D+DM
is nonsingular and

—1 1
(I—-D+DM)™'D= ( é”“ j”“c > D= ( éwJ,J 8 ) . (2.9)



From (I — D)y(q) + D(My(q) + q) = 0 and (2.9), we obtain the desired results.

(iii) This result is directly from (2.9).

(iv) If y(q) > 0, then by the discussion above, D = I and M is nonsingular. Moreover
from y(q) = —M~1q > 0, there is a neighborhood of ¢ such that for each point p in this
neighborhood, the corresponding LCP(p, M) is solvable and y(p) = —M ~'p > 0. Hence
y(+) is differentiable at ¢ and y'(¢) = —M ' = —(I — D+ DM)~! with D = I.

Now we consider the case that y(q) has zero entries. Let us define
q(€) =g+ €l — D)e, for e > 0

that is, ¢;(e) = ¢; for i € J and ¢;(e) = ¢; + € for i € J°.
By Lemma 2.2, q(¢) € Rrcp(M) and y(q(e)) < y(g). From the Lipschitz continuity of
y(+), we have

q(e) L g, wla(e)) Tylg) as €0
This, together with min(y(q), My(q) + q) = 0, derives that for all sufficiently small € > 0

ys(q(e)) = =M }qs(e) > 0, yse(q(e)) =0

(My(q(e)) +q(e))je = Mye jys(q(€)) + qie + €ege > Mye yy5(q) + qe + €ege > 0.

This implies that y(g(e)) is a strictly complementarity solution and the index sets of nonzero
entries of y(q) and y(q(€)) are identical. Furthermore, for each fixed ¢(¢), we can choose
sufficiently small > 0 such that for all p € B(0,1) := {p|||p| < 1},

UMj}pJ < —MJ_,}QJ(G), UMJC,JMj}pJ —npge < qje(e) — MJC,JMj}QJ(6)7 (2.10)
since B(0,1) is a closed bounded compact set and
yr(q(e)) = =My qs(e) >0, qge(e) = Mye 1M jqs(e) = (My(q(e)) + q(€))se > 0. (2.11)

Set z € R" with z; = —M}j(q(e) +np)s and zje = 0. It is easy to verify from (2.11) that
z € R and z € FEA(q(€) + np, M).

Hence q(€) +np € Rrop(M) for all small n and p € B(0,1), that is, g(e) is an interior
point of Rrop(M). This, with that y(g(e)) is a strictly complementarity solution and y(-)
is Lipschitz continuous, implies y(-) is differentiable at g(e). Moreover, from (ii) of this
theorem,

y'(q(e)=—-I—-D+DM)™'D
for all small € > 0, which implies —(I — D + DM)~'D € dy(q).

In particular, for the case J = (), we have ¢ > 0 and y(q) = 0. Choose ¢(¢) = g+e€e. Since
q(e) > 0 for all € > 0, it is easy to verify that ¢(e) is an interior point of Rycp(M). Note
that y(g(e)) = 0 and My(q(e)) + g(e) > 0. Thus y is differentiable at ¢(€) and y/(g(e)) = 0.
This yields 0 € dy(q). We complete the proof. |

Theorem 2.3 Suppose M € R"™ " is a Z-matriz. Let y(p) and y(q) be the least-element
solutions of LCP(p, M) and LCP(q, M), respectively, for any p,q € LCP-Range(M). Then
we have

ly(p) —y(@)|l < Lllp — 4. (2.12)

10



Proof: It is easy to see that for any A € [0, 1], the feasible set FEA(Ag+ (1 — \)p, M) is not
empty and thus we have the least-element solution y(Ag+(1—X\)p) of LCP(Ag+(1—\)p, M).
From Theorem 2.2, we can see y(-) is Lipschitz continuous on the segment between p and
q. Therefore, y(-) is almost everywhere differentiable on the segment between p and ¢, and
we can write

1
y(p) —ylq) = /0 v (Mg + (1= N)p)(p — q)d.

See [7, Proposition 2.6.5]. Moreover, if y is differentiable, then we have y'(Ag+ (1 — \)p) =
0y(Aqg + (1 — \)p). Hence by (iii) and (iv) of Theorem 2.2, we complete the proof. |

In the following, we show that the Lipschitz constant £ is much smaller than the constant
derived by Mangasarian and Shiau [15].

By Theorem 3.11.18 in [8], y(p) and y(q) are the unique solutions of the following linear
programming problems, respectively,

maximize —elz maximize —elz

. —-M P . —-M q (2.13)
subject to (—I )zﬁ(o), subject to <—I )z§<0>.

Hence, applying the perturbation error bound for linear programming problems in [15]
yields
ly(p) = y(@)| < voo(M)llp — 4l (2.14)

where

M .
I corresponding
to nonzero elements of u are linearly independent

uI Pl = 1and rows of P :=
voo(M) = sup { lufly | 1l

U,

Proposition 2.1 For any matriz M € R™", the following inequality holds
Loo < voo(M). (2.15)

Proof: Let W =diag(U,U) be a block matrix, where U € R"*" is a permutation matrix.
Then we have

sup {Jully | 1Pl =1 wet) = sup {[Waly | |(W)" WPl =1, ucu)
uecR<™ ueR™
= 51]1%1; {Iwuly | |Wu)"WPU|1 =1, ueU},
ueR“"

where
U={ue R | rows of P corresponding to nonzero elements of u are linearly independent}.

Hence, we have
Voo (UMUT) = v (M).

Then for any nonsingular principle submatrix M ;, without loss of generality, we assume

Mjy; Mjyje ) (IJJ 0 )
M = ' ’ and [ = ! .
( MJCﬂ] MJC,JC 0 IJC7JC

11



Let b € Rl with b; = 1 and b; = 0 for j #4,j = 1,...,|J| such that | M Tb|l; = | M T|1.
M;7b

Note that ||[M; 7|1 = || M} }||cc. Define v =
ote that [[M ||y = |[M} ;]lc. Define v (—Mﬁ,JMJ_,;b

> € R". Then

M My je M My je
T J,J J,J _ _ JJ Myge \
||lv < 0 T > i = ||b]1 =1, rank < 0 ) ) =n

and ||v]j; > HMjfle = ||MJ:}HOO, which implies v (M) > L. i

Remark 2.2. The Lipschitz constant v (M) is generally quite difficult to compute and it
is often much larger than L.,. Consider

M:(O O), 7> 0.
—7 0

1
It is easy to find Loo = 0 and voo(M) > — — 00, as 7 — 0.
T

Note that £ = L if all principal submatrices of M are nonsingular.

3 Convergence of the generalized Newton method

In this section, we consider the convergence of the generalized Newton method for solving
(1.4). We set 8 = 0, for the simplicity. Similar results hold for 6 € (0, 1).
We redefine the function H : R™ — R™ by

H(u) = ™ + h[Au + By(u) + f(thit1)]

3.1
y(u) € SOL(g(w), M), (1)
where
q(u) == Nu+ g(th,iv1)-
We show that for a certain time step size h > 0, 2! is the unique solution of
Flu)=u—H(u)=0 (3.2)
near 2™, and the generalized Newton method
R T /e Al () (3.3)

hyi

converges to ™! from the starting point u® = z*, where

Vi =1—h[A—B(I — D+ DpM)'DyN] € 0F(u¥)  with Dy = D).

Let
k= [|All + L[| B||[| V-

We take h < 1/k, and set

L HAS 4 By 4 ()|

hi Y = Lo |y — M| <~
i L By =z 2=t <)

12



Lemma 3.1 Assume that M is nondegenerate matriz or a Z-matriz, and q(z) € Rrop(M)
for all z € B(z™,~). Then (8.2) has a solution in B(z" ).

Proof: Suppose u € B(z",~). By Theorem 2.1 and Theorem 2.2, there is v(u) €SOL(Nu+
g(thit1), M) such that

1 (u) — 2" h (IIA:L‘:”: + By:’f + f(thien) |+ 1A = 2"™) + B(v(u) = v(""))]])
h ([|Az" + By + f(tnie) || + (1A + LIBIINI)7)

.

A IA

This implies that H(u) € B(z" ). Hence H maps B(z"?,v) into B(z™, v). Suppose that
u,w € B(z"?,~). Using Theorem 2.1 and Theorem 2.2 again, we obtain

[1H (u) — H(w)|| = hl[A(u = w) + B(v(u) — v(w))|| < hefu—wl.

Hence H : B(z™,~v) — B(z"?v) is a contraction mapping. By the Banach fixed point
theorem [18], H has a fixed point in B(z"*, ), which is the solution of (3.2) in B(z"?,~). 1l

Under the conditions of Lemma 3.1, we can choose y(u) from SOL(g(u), M) such that
F is a Lipschitz continuous function in B(x%,v). By the Rademacher Theorem [7], F is
differentiable almost everywhere. Therefore, we can define the Clarke generalized Jacobian

OF (z) = co{ lim F'(z*) : 2% — z, 2% € Qp },

where Qr denotes the set of points at which F' is differentiable, and co denotes the convex
hull.

From the convergence analysis of the generalized Newton method for nonsmooth equa-
tions in [20], we know that under the condition that F' is well-defined in a domain containing
21 and all matrices in F (z™*1) are nonsingular, there is a neighborhood of 2! such
that the generalized Newton method (3.3) converges to the fixed point 2™+ of H super-
linearly from any starting point in the neighborhood. However, it is too hard to find such
neighborhood and too strong to assume all matrices in F (z™*!) are nonsingular for a
Z-matrix DLCS.

In the following, we show that for certain small h, the generalized Newton method
(3.3), with the starting point u® = 2" and a special matrix V}, in the generalized Jacobian
OF (u*), is well-defined and converges to ! superlinearly. Moreover, we give a method
to compute the matrix V; € 9F (uF).

The following theorem presents a nonsingular matrix in the generalized Jacobian OF (u).

Theorem 3.1 Let J = J; and D = D,. Under the assumption of Lemma 3.1, we have
V(u)=1—h[A—B(I — D+ DM)'DN] € 0F (u).

Proof: To show V(u) € 0F(u), it is sufficient to show that there is a sequence {uy} such
that up — u, y'(q(ug)) is differentiable and

y'(¢(ur)) = —(I = D+ DM)"'DN,
since it implies that F' is differentiable at u; and

F'(u) =1 —h[A— B(I — D+ DM) 'DN].

13



For sufficiently small € > 0, we set
ge(u) = q(u) + €I — D)e.

From the proof of Theorem 2.1 and Theorem 2.2, we see that y(q.(u)) = y(q(u)) is a
nondegenerate solution of LCP(ge(u), M). Hence y is differentiable at ¢.(u) and gc(u)+np €
Rrcp(M) for all small  and p € B(0,1).

We choose a sequence of positive numbers €, with klim e = 0.
— 00

Case 1: rank(/N) = n: Since N is of full row rank, for each e, we set up = u +
ex NT(NNT)=1(I — D)e. Then uy, is a solution of the linear equations

Nup = Nu+€x(I — D)e and lim wup = u.

k—o00

Then y is differentiable at g, (u) = q(u) + ex(I — D)e = q(ux) = Nuyp + g(thi+1) and
y'(q(u)) = —(I — D+ DM)"1DN.
Case 2: rank(N) < n: Assume n < m. We choose a sequence of positive numbers 7,
with glim ne = 0, and an n x n diagonal matrix
—00

A =diag(A1, ..., \n), (Nl =1, i=1,2,...,n)
such that Au > 0 and
rank(N +n,Ny1) =n, forl=1,2,...,

where N; := (A,0) € R™™ since the leading mth-order principle submatrix of N has at
most n different eigenvalues.
Define ¢‘(u) = (N + n¢N1)u + g(tpi1+1). Since

¢'(u) > q(u) and  Jim ¢"(u) = q(u),

by assumptions of this theorem, LCP(q*(u), M) has a solution y(q*(v)), and

lim (¢ (u)) = y(q(u)).

f—o0

Define Dy =diag(d},...,d%) with

t 0, otherwise.

Following the proof for Case 1, we have y is differentiable at
q'(ux) = ¢'(u) + ex(I — Dy)e

and
' (¢"(ug)) = —(I — Dy + DgM) ™ Dy(N + 1 Ny).

Moreover, from the definition of ¢‘(uz), we have

lg" (ur) — q(w)] lg"(ur) = (W)l + llg"(w) = q(w)]

<
< an+lg‘(w)—g(w)] —0 as koo, £ — oo,

14



Taking a subsequence ¢ (ug,) of ¢‘(uy) and using
y/(qgi(uki)) = _<I — Dy, + DfiM>_lD5i(N + %Nl)

we obtain
Jim (I = h[A— B(I — Dy, + D¢ M) "Dy, (N + ng,N1)])

=1I1—h[A—B(I - D+ DM) 'DN] € 0F (u).

Finally, we consider the case that rank(N) < n and n > m. Let us consider the equiva-
lent augmented LOP(N @+ g(tpi41), M), where N = (N,0) € R™" and u = (u?,0)T € R",
then LCP(N@ + g(tp,i+1), M) and LCP(Nu + g(tpi41), M) have the same solutions. From
the above proof for rank(N) < n and n < m, we can get the generalized Jacobian of the
augmented function. Note that the generalized Jacobian of the augmented function con-
fined to R™ is the generalized Jacobian of the original function [7]. We complete the proof.

Now we present the convergence theorem of the generalized Newton method (3.3). Let

BT £ By fltn)
1—3hk ’

m Bl m) = {z : [lz = 2| < m}.

Theorem 3.2 Under the assumptions of Lemma 3.1, if 3hx < 1, then the generalized
Newton method (3.3) with the starting point ™ converges to ™1 superlinearly.

Proof: For u € B(z"",~;), we define
G(u) =u—V(u) 'F(u),
where
V(u) =1 —h[A— B(I = Dy(u) + DyquyM) " Dy N1.
Recall

£ = max{ [|M; ]| | Ma,ais nonsingular for « C {1,...,n} } and &= |A||+L|B||N].

We obtain

|A = B(I = Dy(y + DyuyM) Doy N[ < Al + I BIII(I = Dy + Doguy M) ™Dy | V|
< Al + LI B[N
<

K.

Hence, the assumption 3hx < 1 implies that V' (u) is nonsingular and

1 1

Vw Y < < :
Ve | 1—h||A-B(I- D) + Dq(u)M)_qu(u)NH 1—hk

(3.4)

Similar to the proof of Lemma 3.1, we have

| () = 2" < b (142" + By + f(tnisa) |+ kn )
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and thus

1G(u) = 2™ < [V (u)" (V(u)(u—2"") —u+ H(u)]| ,
< V() THIE = V(@) (u = 2P 4+ [V () " H (w) = 2™
< hkyi n hl|Azh + Byt + f(ty i) || + him (3.5)
- 1-hk 1-—hk
= 7

Therefore, for any u € B(z"?,7;), G(u) is well-defined and G(u) € B(z"?,~1). By the
Banach fixed point theorem, G has a fixed point @ in B(z"? ;). By the definition of G
and (3.4), @ is also a fixed point of H in B(z"?,~;). Moreover, from

1H(w) = H(w)|| < hellu —wl|, for u,w e Ba"",m),

H is a contraction mapping on B(z™% v;). Hence @ is the unique fixed point of H in
B(z"%,~1). We set 2+ = 4.

Consequently, G has a unique fixed point 21 € B(2"?,~;) and the generalized Newton
method (3.3) with the starting point 2/ generates a sequence {u*} which satisfies u* =
G(u*1) € B2z, ~1) and converges to 2!, Furthermore, from Theorem 3.1, 2+ ¢
Bz v) ¢ B(z"¥ v1) and v < 71, that is 2! is an interior point of B(z ;). Hence,
from that Vj, is in the generalized Jacobian of F', and F is semi-smooth [20], we deduce that
the convergence is locally superlinear. |

4  Least-element Z-matrix DLCS

How to choose a solution from the solution set SOL(Nz + ¢(t), M) is very important for
the existence of solutions of the differential system and convergence of a numerical scheme.
In this section, we show that choosing the least-element solution from SOL(Nz + g(t), M)
for the Z-matrix DLCS is essential.

In Section 2, we show that the least-element solution y(g) of the Z-matrix LCP(q, M)
is Lipschitz continuous with respect to ¢ and the Lipschitz constant £ is computable and
smaller than the constant derived from [15]. Based on the Lipschitz continuity, we find a
positive constant Ty such that the least-element LCS (1.7) has a unique solution (z*, y*) such
that z* is continuously differentiable and y* is Lipschitz continuous on [0, Ty]. Moreover,
using the Lipchitz continuity, we can choose the time step size such that the implicity least-
element time-stepping scheme (1.8) using Newton’s method (3.3) converges to (z*, y*).

Theorem 4.1 Suppose that M € R™ "™ is a Z-matriz and at the initial point, there is
v € R" such that
Nz(0) 4+ g(0) + Mv > 0, v > 0. (4.1)

Then the following statements hold.

(i) There are constants T > 0 and v > 0 such that

Nz+g(t) € Rpep(M), fort €[0,7T], z € B(xo,y) ={z: ||z — x| <v}. (4.2)
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(ii) The least-element LCS (1.7) has a unique solution (z*,y*) € C*[0,Tp] x C[0, Tp], where

Ty = min{T, booco=[[Azo+ Byo + fll, &= |[All + LIBI[[N].

g
co + Ky

(117) If the time step size h < 1/3k, then the generalized Newton method (3.3) with the
starting point £ converges to ™1 superlinearly, which is the unique fized point of

H(u) defined by

H(u) = 2™ + h[Au + By(u) + f(tn,i+1)]
y(u) = agrmin{e’v |v € SOL(q(u), M)}.

(iv) For the implicity least-element time-stepping scheme (1.8), we have the error bound

2" = (tn,i) | < O(h). (4.3)

Proof: (i) Let z9(t) = xo. Condition (4.1) indicates that the feasible set FEA(Nz(0) +
g(0), M) has an interior point v. Hence there are constants 7' > 0 and v > 0 such that (4.2)
holds.

(ii) From (4.2) the solution set SOL(Nxq(t) + g(t), M) # () for all ¢t € [0, Tp]. Let

y(xo(t)) = argmin{e’ v| Nzo(t) + g(t) + Mv >0, v > 0}.

Then by Theorem 2.2, y(xo(-)) is Lipschitz continuous in [0, Tp].
Now we define sequences {zj} and {yx} over [0,7p] by the following recursion, for
k=1,2,...,

Ty1(t) = zo(t) +/ (Azi(s) + By(zk(s)) + f(s)) ds
0 (4.4)
y(zpy1(t)) = argmin{e’v| Nzg1(t) + g(t) + Mv >0, v > 0}.

Now we show z(t) € B(xo,7) for t € [0,Tp] and k =1,2,.... Note that

lz1(2) — zo(t)| = H/O (Azo(s) + By(zo(s)) + f(s))ds|| < coTo <.

Suppose [|zx(t) — zo(t)|| < 7. From Theorem 2.2, we have

< (Al + LI B||IN|)Toy + coTo
< To(yk + co)
< 7.

241 () — 2o (D)

Thus z(t) € B(zo,7) for ¢t € [0,Tp] and k = 0,1, .... Moreover, we have

|2k —zell < (Al + LIBIINIDTollwr — 21l
< (kTp)FeoTy

Il
o
o
5

7 N

o

o

+ | =

EQ

)

S~
bl
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Then {zj} is a Cauchy sequence in C[0,7p] and thus there is z* € C[0,Tp| such that

lim z, = 2* and
k—o0

2" (t) = wo(t) + /0 (Az*(s) + By(z"(s)) + f(s))ds

for t € [0,Tp]. This implies that z* is a solution of the least-element LCS (1.7). Moreover,
from the Lipschitz continuity of y and f, & = Az + By + f is continuous on [0, Ty], that is,
z* € C0, Ty).

Now we show that the solution x* is unique. Suppose there are two solutions u and v.
Then by the Lipschitz continuity of the least-element solution y, we have

lu—wvll < (Al + LIBINI)Tollu = vl| = £Tol[u = v].

Since kT < 1, we must have u = v.

(iii) This result is directly from Theorem 3.2.

(iv) Since the right-hand-side function Ax(t) + y(z(t)) + f(t) is Lipschitz continuous on
[0, Tp], the implicit least-element time-stepping scheme (1.8) has at least linear convergence
rate. |

Now we use the following example to illustrate the least-element LCS (1.7) and the
implicit least-element time-stepping scheme (1.8) for the differential Z-matrix LCS.

Example 4.1 We consider the following differential Z-matriz LCS

Y1

d I —Q 0 I (0%} 0 0 —Q3 Y2
- — t
dt ( x2 > [ 0 —a } < T2 Lo ag aog 0 Y3 AR

v (4.5)
Y1 -1 0 1 0 0 0 Y1
Y2 0 1 1 0 0 -1 0 Y2
< > 0.
O=1{ o [*] o 1 (;c2>+ 0 -1 0 0 yy | TIW 20
Y4 1 0 0 0 0 1 Y4
The given matrices and functions in this example are
-1 0
o —Qq 0 o —Qs3 0 0 Qs o 0 1
A_[ 0 —a2:| B_|: 0 a4 Oy 0:|’ N = 0 1 ’
1 0
1 0 0 O
10 0 -1 0 [ assin(wt) _
0 0 0 1

We can compute the Lipschitz constant £ of the least-element solution y(-) and find

L=1 and & =|A|+L|B||N| = max{ai, az, as,as}.
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The solution set of the LCP in (4.1) can be explicitly given as
SOL (Nx(t), M)

([ =) z1(t) z1(t) 21 (t)
8 ’ $2(§t) ’ xgo(t) ’ 28 7 z1(t) > 0,22(t) > 0
= \ 0 0 0 0
8 ’ wg(zt) ’ ( @ét) ’ iigg , x1(t) <0,22(t) >0,
—z1(t) —z1(1) —x1(t) —x1(t)

and the least-element solution is

171(25)
Ol m® 0w 20
y(Na() =4 5 Y
8 R l’l(t) < 0,$2(t) > 0.
—l‘l(t)

The corresponding least-element solution system is

{ £1(t) = — (a1 + ag) z1(t) + o5 sin(wt), z2(t) > 0.

Zo(t) = —anxa(t),

A continuously differentiable solution of DLCS (4.1) corresponding to the least-element
solutions exists and can be given by
as(a1 + asg) sin(wt) — was cos(wt) 4 ¢ —(oatos)t
z(t) = (a1 + @3)? +w? ' , 2(0) = (21(0), 22(0))"
c2e—a2t

for any initial value (0) with x2(0) > 0. If we choose the initial value 2(0) = (0,1)” and
parameters

o] = 1, Qg = 2, a3z = 3, gy = 1.3, a5 = 1.2, W = 10,
the exact solution corresponding to the least-element solutions is

4.8 sin(10t) — 12 cos(10t) n ie““
z(t) = e 29 , x(0)=(0,1)".
-

Now, we consider the implementation of the generalized Newton method. For z(t) > 0,
the least element solution y(Nxz(t)) has one positive entry y; (Nz(t)) > 0. By Theorem 2.2,
let D =diag(1,0,0,0), we obtain

Y =(—-D+DM)'D =D c oy(Nxz(t)).
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Choose the time step size h = 0.1 < 1/3x = 1/9. By Theorem 3.2,

I—MA—BYNy_<é ?)—h(&m_a3?ﬂ2>eaﬂuwy

It is nonsingular and bounded. We can use it in the generalized Newton method (3.3).
Similarly, we can give the generalized Jacobian for the case x;(t) = 0 and x;(¢) < 0.

It is worth noting that choosing a non-least element solution from SOL(Nx(t), M), we
cannot have a Lipschitz continuous solution, and use the generalized Newton method (3.3).

A matrix M € R™*" is called a hidden Z-matrix [8], if there exist Z-matrices X and Y
in R™™ and nonnegative vectors r and s in R™ such that X is nonsingular and

MX=Y, rIX+sYy>o0 (4.6)

The class of hidden Z-matrices contains the class of Z-matrices. An H-matrix with positive
diagonals is a hidden Z-matrix. All results concerning the class of Z-matrices in this paper
can be extended to the class of hidden Z-matrices, by using Theorems 3.11.17 — 3.11.19 and
their proof in [8]. In particular, the least-element solution z* of the LCP(q, M) with respect
to the partial ordering < can be obtained by solving the following linear programming
problem

minimize e’ X1z

subject to 2>0, q+ Mz >0,

where C =posX is the pointed convex cone and X is the Z-matrix in (4.6).

Final Remark

In this paper, we propose a superlinearly convergent generalized Newton method (3.3)
with a specific matrix in the generalized Jacobian to solve the system of nonlinear equations
with linear complementarity constraints (1.4) in the implicit or semi-implicit time-stepping
scheme (1.3). We show the generalized Newton method is well-defined and converges su-
perlinearly for M being a nondegenerate matrix or a Z-matrix. It is worth noting that the
solution set of the nondegenerate matrix or Z-matrix linear complementarity constraints
can be unbounded. The right-hand side of the ordinary differential equation in the non-
degenerate matrix or Z-matrix linear complementarity system is multifunction. We show
that the least-element solution of the Z-matrix linear complementarity constraints is Lip-
schitz continuous with a computable Lipschitz constant £. Example 4.1 shows that it is
necessary to choose the least-element solution at each time ¢ to get a solution z(¢) € C*[0, T].

Acknowledgments: The authors are grateful to Jong-Shi Pang for his helpful comments
on the class of nondegenerate matrices and Theorem 2.3.
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