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Abstract

Are there positive semi-definite (PSD) but not sums of squares (SOS) Hankel tensors?
If the answer to this question is “no”, then the problem for determining an even order
Hankel tensor is PSD or not can be solved in polynomial-time. By Hilbert, one of
the cases of low order (degree) and dimension (number of variables), in which PSD
non-SOS (PNS) symmetric tensors (homogeneous polynomials) exists, is of order six
and dimension three. The famous Motzkin polynomial falls into this case. In this
paper, we study the existence problem of sixth order three dimensional PNS Hankel
tensors. We examine various important classes of sixth order three dimensional Hankel
tensors. No PNS Hankel tensors are found in these cases. We then randomly generate
several thousands of sixth order three dimensional Hankel tensors and make them
PSD by adding adequate multiple of a fixed sixth order three dimensional positive
definite Hankel tensor. Again, still no PNS Hankel tensors are found. Thus, we make
a conjecture that there are no sixth order three dimensional PNS Hankel tensors. If
this conjecture turns out to be true, this implies that the problem for determining a
given sixth order three dimensional Hankel tensor is PSD or not can be solved by a
semi-definite linear programming problem.
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1 Introduction

Hankel tensors arise from signal processing and some other applications [2, 6, 17, 19].
They are symmetric tensors. In [19], two classes of positive semi-definite (PSD) Hankel
tensors were identified. They are even order strong Hankel tensors and even order complete
Hankel tensors. In [13], it was proved that complete Hankel tensors are strong Hankel
tensors, and even order strong Hankel tensors are SOS (sum of squares) Hankel tensors.
Some other PSD Hankel tensors were identified in [13]. They are not strong Hankel tensors.
But they are still SOS Hankel tensors. A question has been raised in [13]: Are there PSD
non-SOS Hankel tensors? If there are no PSD non-SOS Hankel tensors, then the problem
for determining a given even order Hankel tensor is PSD or not is polynomial time solvable
[13]. In the following, as in [3], we further abbreviate “PSD non-SOS” to “PNS”.

A symmetric tensor is uniquely corresponding to a homogeneous polynomial. It was
proved by young Hilbert [8] that for homogeneous polynomials, only in the following three
cases, a PSD polynomial definitely is an SOS polynomial: 1) n = 2; 2) m = 2; 3) m = 4
and n = 3, where m is the degree of the polynomial and n is the number of variables. For
symmetric tensors, m is the order and n is the dimension. Hilbert proved that in all the
other possible combinations of m = 2k and n, there are PNS homogeneous polynomials.
The most well-known PNS homogeneous polynomial is the Motzkin polynomial [16] given
by

6 2.4 4.2 2,..2,2

For the Motzkin polynomial, m = 6 and n = 3., i.e., the Motzkin polynomial is a ternary
sextic [20, 21]. There are other examples of PNS homogeneous polynomials [1, 3, 4, 20, 21].

In a certain sense, the question raised in [13] is the Hilbert problem under the Hankel
constraint.

Thus, an easier question has also been raised in [13]: Are there sixth order three dimen-
sional PNS Hankel tensors? In the language of polynomials [20, 21|, this question is: are
there PNS Hankel ternary sextics? In this paper, we study this problem and provide some
partial answers.

Let v = (vo,v1,---,v12)] € R A sixth order three dimensional Hankel tensor
A = (a;,...;5) is defined by

Qg ..ig = Vi 4 dig—6

for i1,---,ig = 1,2,3. The corresponding vector v that defines the Hankel tensor A is called

the generating vector of A. For x = (21,79, 23)" € R?, A uniquely defines a homogeneous



polynomial (a ternary sextic)

3 3
f(x) = Ax®5 = Z Wiy oigTiy ** Tig = Z Uiy totig—6Tiy * ** Tig- (1)
i1 yeeesig=1 i1,eeeig=1
We call such a polynomial a (ternary sextic) Hankel polynomial.

We study several special classes of sixth order three dimensional Hankel tensors.

The first class of Hankel tensors we examined is called truncated Hankel tensors. The
generating vector v of a sixth order three dimensional truncated Hankel tensor A has only
three nonzero entries: vy, vg and v12. We provide a sufficient and necessary condition that
a sixth order three dimensional truncated Hankel tensor to be PSD. We show that such
truncated Hankel tensors are PSD if and only if they are SOS. We also show that such SOS
Hankel tensors are not strong Hankel tensors unless vg = 0.

The second class of Hankel tensors is called quasi-truncated Hankel tensors. The gener-
ating vector v of a sixth order three dimensional quasi-truncated Hankel tensor A has five
nonzero entries: vg, vq, Vg, v11 and vig. It is still true that such SOS Hankel tensors are not
strong Hankel tensors unless v; = vg = v1; = 0. In this case, still no PNS Hankel tensors
are found.

To motivate the third class of Hankel tensors, we recall that, beside the Motzkin poly-
nomial, there is another well-known PNS homogeneous polynomial for m = 6 and n = 3.
This is the Choi-Lam polynomial [4, 20]:

4.2 4.2 4.2 2.2 2
for(x) = xia5 + xoxs + x3x] — 3r]T505.

An important property of the Choi-Lam polynomial is that

f(Ih $2,$3) = f($2, I3, 1’1) = f($3, Iy, $2)

for any x € R3. The generating vector v of a sixth order three dimensional Hankel tensor

A, associated with such a ternary sextic has the property
Vi = Vi+3, (2)

for i = 0,---,9. By [6], a Hankel tensor satisfying (2) is called an anti-circulant tensor. The
name “anti-circulant tensor” is an extension of the name “anti-circulant matrix” [5]. This
is indeed the third class which we study in this paper. We show that a sixth order three
dimensional anti-circulant tensor is PSD if and only if it is a nonnegative multiple of the all
one tensor, which is an SOS Hankel tensor. Thus, no PNS Hankel tensors are found in this
case.

The fourth class of Hankel tensors is defined that the generating vectors v of such Hankel

tensors satisfy

Ui = Ui42,
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for © = 0,---,10. We call such Hankel tensors alternatively anti-circulant tensors. We give
a sufficient and necessary condition for a sixth order three dimensional alternatively anti-
circulant tensor to be PSD, and show that a sixth order three dimensional PSD alternatively
anti-circulant tensor is a strong Hankel tensor, hence an SOS Hankel tensor. Thus, still no
PNS Hankel tensors are found.

Since we cannot find sixth order three dimensional PNS Hankel tensors in all the above
four special cases, we turn our search to numerical tests. To conduct the numerical tests, we
randomly generate several thousands of sixth order three dimensional Hankel tensors and
make them PSD but not positive definite by adding adequate multiple of a fixed sixth order
three dimensional positive definite Hankel tensor. Again, still no PNS Hankel tensors are
found. Thus, we make a conjecture that there are no sixth order three dimensional PNS
Hankel tensors. If this conjecture is true, then the problem for determining a given sixth
order three dimensional Hankel tensor is PSD or not can be solved by a semi-definite linear
programming problem.

The remainder of this paper is organized as follows. In the next section, we first review
the definitions of sixth order three dimensional PSD Hankel tensors, SOS Hankel tensors
and strong Hankel tensors. Then we write out the corresponding homogeneous polynomial
of a sixth order three dimensional Hankel tensor explicitly. This will be helpful for our
further discussion. Some simple properties of sixth order three dimensional Hankel tensors
are obtained from this form. We study sixth order three dimensional truncated Hankel,
quasi-truncated Hankel, anti-circulant and alternatively anti-circulant tensors in Sections 3-
6 respectively. Numerical tests on randomly generated sixth order three dimensional Hankel

tensors are reported in Section 7.

2 Sixth Order Three Dimensional Hankel Tensors

In the introduction, we have already defined sixth order three dimensional Hankel tensors
and their associated homogeneous polynomials (ternary sextics). In (1), if f(x) > 0 for all
x € B3, then f is called a PSD (positive semi-definite) Hankel polynomial and A is called
a PSD Hankel tensor [18]. Denote 0 = (0,0,0)" € R3. If f(x) > 0 for all x € R3,x # 0,
then f and A are called positive definite. If f can be decomposed to the sum of squares of
polynomials of degree three, then f is called an SOS Hankel polynomial and A is called
an SOS Hankel tensor [9, 10, 13, 15]. Clearly, an SOS Hankel tensor is a PSD Hankel

tensor but not vice versa. By [19], a necessary condition for A to be PSD is that
vg 2> 0, vg =0, vz = 0. (3)

Let e; = (1,0,0)",es = (0,1,0)" and e3 = (0,0,1)". Substitute them to (1). Then we get
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(3) directly. The generating vector v may also generate a 7 x 7 Hankel matrix A = (a;;) by

Q5 = Vitj—2,

for i,7 = 1,---,7. If the associated Hankel matrix A is PSD, then the Hankel tensor A
is called a strong Hankel tensor [19]. In [13], it was proved that an even order strong
Hankel tensor is an SOS Hankel tensor. On the other hand, the converse is not true in

general [19, 13]. A necessary condition for A to be a strong Hankel tensor is that
'UOZO,'U220,'U4ZO7'U6207'U820,'U10207'U1220. (4)

A simple example of Hankel tensor is the Hilbert tensor. The sixth order three dimensional
Hilbert tensor H has the form H = (m) Its generating vector is v = (1,4,--+, %) "
It was shown in [22] that H is positive definite. It is easy to see that the associated Hankel
matrix of the Hilbert tensor is a Hilbert matrix, which is positive definite. Thus, the sixth
order three dimensional Hilbert tensor H is a strong Hankel tensor, and hence is an SOS
tensor.

We may write out (1) explicitly in terms of the coordinates of its generating vector v.

Then we have

f(x) = voal + 6v1a5wy + vo (152103 4+ 625 w3) + v3(20232) + 302 2073)
+vy (150125 + 602 w573 + 150723) + v5(67125 + 60272573 + 6075 1923)
+ve (2§ + 30z 2573 + 90T w575 + 202573 (5)
+v7(62573 + 60212525 + 6023 0075) + v8(152523 + 60712575 + 152773)
+v9 (202323 + 301 2923) + vio(152523 + 62123) + 6v11 2025 + Vio7h.
Let g(y) = y' Ay, where y = (y1,--+,97)" € R” and A is the associated Hankel matrix of
A. Then

9(y) = woyi + 2015192 + va (s + 2513) + vs(25194 + 2y2y3)
+0a(Y3 + 2015 + 2u2y3) + U5 (20196 + 2025 + 23Ya)

+06(YF + 2017 + 2296 + 23Ys5) (6)
+0r(2y2y7 + 29396 + 2Uays) + Vs (Y3 + 237 + 29ays)
+09(24ay7 + 29sys) + vi0(Y6 + 2Y5y7) + 2011967 + Vioy;.
Thus, A is a strong Hankel tensor if and only if g is PSD.

These will be helpful for our further discussion.

If v=(1,1,---,1)7, then A is the all one tensor. By (5), in this case, f(x) = (z1 + 22 +
x3)%. Thus, the all one tensor is an SOS Hankel tensor, but not a positive definite tensor.

By (6), it is a strong Hankel tensor.

Now we may have some simple properties of sixth order three dimensional Hankel tensors.
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Theorem 1 Suppose that A = (a;,....;) s a Hankel tensor generated by its generating vector
v = (vg,v1, -, v12)" € R, If A is a PSD (or positive definite, or SOS, or strong) Hankel
tensor, then the Hankel tensors B,C, D, generated by (via, v11,- -+, v0) ", (Vo, =01, V2, =03, -+, v12) T,

(v0,0,v9,0,--+,v12) " are also a PSD (or positive definite, or SOS, or strong) Hankel tensor.

Proof In (5) and (6), changing x = (21,79, 23)" andy = (y1,--,y7)" to (w3, 29, 21)" and

(y7,- - ,yl)T respectively, we see that the conclusions on B hold.

In (5) and (6), changing x = (21,22, 23)" and y = (y1,---,y7)' to (z1,—x2,23)" and
(Y1, —¥2, Y3, —Ya, -+, y7) | respectively, we get the conclusions on C.

Since D = %, the conclusions on D follow. O

3 Sixth Order Three Dimensional Truncated Hankel

Tensors

In this section, we consider the case that the Hankel tensor A is generated by v =
(v9,0,0,0,0,0,v5,0,0,0,0,0,v12) ". Now, (5) and (6) have the simple form

f(x) = vox8 + v (2§ + 30z 2573 + 902 w52s + 2023 23) + vi9ah (7)
and
9(y) = voyi +ve (Y3 + 2y197 + 2426 + 2u3Ys) + V1215 (8)

We call such a Hankel tensor a truncated Hankel tensor. Since we are only concerned
about PSD Hankel tensors, we may assume that (3) holds. From (7) and (8), we have the

following proposition.

Proposition 1 Suppose that (3) holds. If vg = 0, then the truncated Hankel tensor A is a
strong Hankel tensor and an SOS Hankel tensor. If vg > 0, then A is not a strong Hankel

tensor.

Proof When vg = 0, from (7) and (8), we see that the truncated Hankel tensor A is a strong
Hankel tensor and an SOS Hankel tensor. If vg > 0, consider y = (0,0,1,0,—1,0,0)". We
see that g(y) = —2vs < 0. Hence A is not a strong Hankel tensor in this case. a

We now give the main result of this section.

Theorem 2 The following statements are equivalent:
(i) The truncated Hankel tensor A is a PSD Hankel tensor;

(ii) The truncated Hankel tensor A is an SOS Hankel tensor;
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(iii) The relation (3) holds and

Votta > (560 + 70v/70)vs. (9)

Furthermore, the truncated Hankel tensor A is positive definite if and only if vy, vg, v12 > 0

and strict inequality holds in (9).

Proof [(i) = (iii)] Suppose that A is PSD, then clearly (3) holds. To see (iii), we only need
to show (9) holds. Let t > 0 and let X = (Zy, T2, ¥3) ', where

1 1
jﬁl = ’0162, Zi’g = \/Z(Uovlg)%, .Tg = —’US.

Substitute them to (7). If A is PSD, then f(x) > 0. It follows from (7) that
VoU12 + Vg (t3 — 30t2 + 90t — 20)\/1)0?}12 + VoU12 Z 0.

From this, we have
—t3 4+ 30t% — 90t + 20
VUol12 = 5 Ug-
Substituting ¢ = 10 + /70 to it, we have (9).
[(iii) = (ii)] We now assume that (3) and (9) hold. We will show that A is SOS. If
ve = 0, then by Proposition 1, A is an SOS Hankel tensor. Assume that vg > 0. By (9),

vg > 0 and vi3 > 0. We now have

1 1 2 2
1 E /10 — /70 /
f(X> = 101}6 ((&> I? =+ <&) xg) +vg ng + 150 + 15v 70x1x2x3 +f1 (X),

V12 Vo

where

: 70 — 8 :
fi(x) = (UO — 10vg <:—0) ) x(f+\/_Tv6xg+ <U12 — 10vs (%) > 28— (60+15v/70)ver2a2al.
12 0
(10)

We see that fi(x) is a diagonal minus tail form [7]. By the arithmetic-geometric inequality,

2 V70 — 8 :
(UO - 10U6 <ﬁ) ) ZE(IS + —’Uﬁl’g + <U12 - 1OU6 (2) ) Ig
V12 2 Vo

V70 — 8 ’
(TUﬁ(\/UOUlQ — 101}6)2) ririrs.

we have

>3

wl=

V70 —8
3<_2

ve(1/Vov12 — 101}6)2> ziryr; > (60 + 15V 70)vszizyes. (11)



Thus, f; is a PSD diagonal minus tail form. By [7], f; is an SOS polynomial. Hence, f is
also an SOS polynomial if (3) and (9) hold.

[(ii) = (i)] This implication is direct by the definition.

We now prove the last conclusion of this theorem. First, we assume that A is positive
definite. Then, vs = f(ey) > 0 as ey # 0. Similarly, vo = f(e;) > 0 and v12 = f(e3) > 0.
Note that in the above [(i) = (iii)] part, f(X) > 0 as X # 0. Then strict inequality holds for
the last two inequalities in the above [(i) = (iii)] part. This implies that strict inequality
holds in (9).

On the other hand, assume that vy, ve,v12 > 0 and strict inequality holds in (9). Let
X = (11,20, w3)" # 0. If 11 # 0,25 # 0 and z3 # 0, then strict inequality holds in (11) as
v > 0 and strict inequality holds in (9). Then fi(x) > 0. If 29 # 0 but x;z5 = 0, then from
(10), we still have f;(x) > 0. If 25 = 0 and one of x; and x5 are nonzero, then we still have
fi(x) > 0 by (10). Thus, we always have fi(x) > 0 as long as x # 0. This implies f(x) > 0
as long as x # 0. Hence, A is positive definite. O

4 Sixth Order Three Dimensional Quasi-Truncated Han-

kel Tensors

In this section, we consider the case that the Hankel tensor A is generated by v =
(vg,v1,0,0,0,0,v6,0,0,0,0,v11,v12) " € R Adding v; and vy to the case in the last section,
we get this case. We call such a Hankel tensor a quasi-truncated Hankel tensor. Hence,
truncated Hankel tensors are quasi-truncated Hankel tensors.

Since we are only concerned about PSD Hankel tensors, we may assume that (3) holds.
Now, (5) and (6) have the simple form

f(x) = vox§ + 6v1352 + v6(25 + 303 2573 + 9023 32 + 202323 ) 4+ 6vy1 2975 + v197s, (12)
and

g(y) = voyi + 2v1p1y2 + ve(y: + 2y1yr + 2yays + 2ysys) + 2v11Y6Y7 + V12Y3. (13)

We first show that a result with the form of Proposition 1 continues to hold in this case.

Proposition 2 Suppose that (3) holds. If vg = 0, then the quasi-truncated Hankel tensor
A is PSD if and only if vi = vy = 0. In this case, A is a strong Hankel tensor and an SOS
Hankel tensor. If vg > 0, then A is not a strong Hankel tensor.

Proof Suppose that v = 0. Assume that v; # 0. If vg = 0, consider x = (1, —v;,0)". Then
f(x) <0. If vy > 0, consider x = (1, -2, 0)". Then f(x) < 0. Thus, A is not PSD in these

two cases. Similar discussion holds for the case that v1; = 0. Assume now that v; = v1; = 0.



By Proposition 1, we see that the truncated Hankel tensor A is a strong Hankel tensor and
an SOS Hankel tensor in this case. This proves the first part of this proposition.
Suppose that vg > 0. Consider y = (0,0,1,0,—1,0,0)" € R7. We see that g(y) =
—2vg < 0. Hence A is not a strong Hankel tensor in this case. O
To present a necessary condition for a sixth order three dimensional quasi-truncated

Hankel tensor to be PSD, we first prove the following lemma.

Lemma 1 Consider

f@1, 22) = vox® + 6vy2020 + v,

Then f 1s PSD if and only if vg > 0, vg > 0 and

3
o] < (%) 0. (14)

Proof Suppose that vy > 0, vs > 0 and (14) holds. Then, by the arithmetic-geometric

inequality, one has
p 1

1 1 1
Uoﬁ? + VLo = g’UoilZ'? + gvoﬂf? + gvoﬁ? + E’UQLE? + 57)0%? + ’Ug.iﬁg

1
5 G
6 ((%) x?ovgxg)

Z 6|’01I?$2|.

v

for any (x1,25)" € R2, ie., f(x1,22) is PSD.

SD. It is easy to see that vy > 0 and vg > 0. Assume now

This implies that f(zy, zs)
Suppose that f(xl,xg)
that (14) does not hold, i.e.,

>0
is P

5
01| > (%) v (15)
If g =1v5 =0, let 4 =1 and 29 = —v;. Then f(:tl,xQ) < 0. We get a contradiction. If
1 1 .
vo =0 and vg # 0, let &y = v and x93 = —v{. Again, f(z1,22) < 0. We get a contradiction.

Similarly, if vy # 0 and vg = 0, we may get a contradiction. If vy # 0 and vg # 0, let
T = (51}6)% and zo = —ﬁvg. Then by (15),

~

1
f(.%l,xg) = 61)01}6 - 6|1)1‘<5U6>%Uéj < 0.

We still get a contradiction. This completes the proof. O
We now present a necessary condition for a sixth order three dimensional quasi-truncated
Hankel tensor to be PSD.

Proposition 3 Suppose that (3) holds. If A is a PSD quasi-truncated Hankel tensor, then
(14) and the following inequalities

5
jor] < (22)" g (16)



and
VVou12 2> 1006 (17)
hold. If furthermore

5 5
V1vf = v110§ (18)

then (9) also holds.

Proof Suppose that A is PSD. In (12), let z3 = 0. By Lemma 1, (14) holds. In (12), let
x1 = 0. By an argument similar to Lemma 1, (16) holds. In (12), let 9 = 0. Since A is
PSD, we may easily get (17).

Suppose further that (18) holds. As in [(i) = (iii)] part of the proof of Theorem 2, we
let t > 0 and let X = (71, 72,73)", where 7; = vi, Ty = \/f(vovu)ﬁ, Ty = —UO%. It follows
from (18) that

6v17779 + 6v11 27975 = 0. (19)

This together with (12) implies that
f(X) = voviz + vs(t* — 30t* 4 90t — 20)/vov12 + vov12 > 0.

Proceed as in [(i) = (iii)] part of the proof of Theorem 2, we see that (9) holds in this case.
This completes the proof. O

We may also present a sufficient condition for a sixth order three dimensional quasi-
truncated Hankel tensor to be SOS.

Proposition 4 Let A be a quasi-truncated Hankel tensor. Suppose that vy, vg, v12 > 0. Let
t1,t90 > 0. If

1 10

o] < - — — e (20)
b1 t14/VoV12
1 101)6

(21)

|01 (%)5 + [on] ( > )5 < mvﬁ (22)

1 1
v 2 v 2
(Uo — 101)6 (—0> — ’U1’t100> ('Ulg — 101)6 <£) — ’011’t2012>
V12 Vo
L ([(YT0-s ] 51 ou 5\’
—Vg — |V B — |V
2 6 ! tl?}() 1 tgvlg

v3(60 + 15v/70)° (23)

and

>
- 27

hold, then A is SOS.
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Proof We write f(x) = 3.0_, fi(x), where

1 1 2
fa(x) = 10vg ((ﬂ) a:“;’ + (E> azg) ,
V12 Vo

5\ °
fa(x) = |vl|tlvox? + 61}11‘?1’2 + |v1] (—) xg,
tlvo

5 \?
fa(x) = |vi1[tavi2a§ + 6vi12520 + |v11] ( ) a8,
lov12

10 —
0 O + 1/ 150 + 15v/70. T0x 2923

v\ 2 o [VT0-8 5\° 5\
- —10ug [ 2 ) — Juyt M s — | [ —) -
fi(x) (Uo Vg (012) |v1] 1Uo) Ty + ( 5V — [vi] v i1 e ) |

1
_ (m — 10vg (%) — |U11|t2v12> 75 — v6(60 + 15V70)z w573,
0

Clearly, fo and f5 are squares. From Lemma 1, we may show that f3 and f; are PSD. Since
each of f3 and f; has only two variables, they are SOS. If (20-23) hold, by the arithmetic-
geometric inequality, fi is PSD. In this case, fi is a PSD diagonal minus tail form. By [7],
f1is SOS. Thus, if (20-23) hold, then f, hence A, is SOS. a

To get more insights for quasi-truncated Hankel tensors, we conduct some numerical tests
for sixth order three dimensional quasi-truncated Hankel tensors. For simplicity purpose,
we let vy = vip and v; = vy;. Note that in this case (18) holds. Thus, by Proposition 3, (9)
holds, i.e., a necessary condition for A to be PSD is that vy > 560 + 704/70. Numerically,
we observe that there is a function ¢(6) > 0, defined for § > 560 + 704/70 such that in this
case, A is PSD if and only if vy > 560 4 70v/70 and |v;| < ¢(vg). In this case, A is also
SOS. In the following, we give a table and a figure to sketch the graph of the function ¢.

We get the value of ¢ by using the toolbox ( Gloptipoly3 and SeDuMi ) to confirm
whether a sixth order three dimensional Hankel tensor is PSD or not and use the toolbox
( YALMIP ) [14] to test whether a sixth order three dimensional Hankel tensor is SOS or
not. We tested ten different values of vy and the corresponding values of ¢ are in Table 1

and Figurel. Note that approximately

560 + 70V 70 = 1145.7.
Hence, no PNS Hankel tensors are found in this case.

11



Table 1: The values of ¢ for different v

Vo

¢

Vo

¢

1146

1.3034

1160

8.4925

1147

2.5853

1170

11.0947

1148

3.4183

1180

13.2144

1149

4.0855

1190

15.0563

1150

4.6585

1200

16.7130

18

16

14

12

10+

0
1140

1150

1160

1170
V0

1180

Figure 1: The value of ¢

12

1200



5 Sixth Order Three Dimensional Anti-Circulant Ten-

SOrs

In this section, we consider sixth order three dimensional Hankel tensors A, satisfying
f(x) = AX®S = f(z1, 29, 23) = f(29, 23, 71) = f(23, 21, T2). (24)
Notably, the all one tensor satisfies (24). Comparing (24) with (5), we find that the entries
of the generating vector of a sixth order three dimensional anti-circulant tensor A satisfy
Vi = Vi+3,

fori =0,---,9. By [6], such a Hankel tensor is called an anti-circulant tensor. Thus, the

generating vector of such a Hankel tensor has the following form
_ T 13
vV = (UOa U1, V2, Vg, V1, V2, Vg, V1, VU2, Vg, U1, V2, /UO) S §R .
There are only three independent entries vy, v; and ve. Now, (5) has the simple form:
f(x) = wvo[af + a5+ 2§ +20(2i23 + 2325 + 2ix3) + 30(xizoxs + 212573 + T1202]) + 907 252]]
+o1 [6(2}72 + 2325 + 2125) + 15(21al + 2325 + a123) + 60(zir37s + T1a32] + 2iT0a)]
+vg [6(z125 + 2225 + 2ixs) + 15(21a3 + 2323 + 23x3) + 60(zizias + ¥iwoxi + 212323).]
(25)
Since we are only concerned about PSD Hankel tensors, we may assume that (3) holds

which, in this case, means vy > 0.

Let us write
f(x) = vofo(x) + v1 f1(x) + vafa(x),
where fq, fi and f, are given by
Jo(x)
filx) = 6(:1:?:62 + :v‘;:cg + mlxg) + 15(:@95% + x%xé + x%x%) + 60(95?3:%:63 + xlmg’x% + x%xgzrg), (27)
=6

fa(x)

28+ 25 4+ 28 + 20(a323 + 2323 + 23a3) 4+ 30(x]woxs + w1213 + 2y 202s) + 90272323, (26)

(z125 + w9z} + 2x3) + 15(2i23 + x32d + 2323) + 60(x3adx3 + wiaexl + xiaxdad). (28)

Next, we provide a characterization for a sixth order three dimensional anti-circulant
tensor A to be PSD.

Theorem 3 Suppose that A is a sixth order three dimensional anti-circulant tensor. Then
A is PSD if and only vg = v1 = v > 0. In this case,

F(x) = vo(w1 + @2 + 23)°. (29)

This implies that A is SOS if only if it is PSD.
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Proof Suppose that A is PSD. Then f(1,—1,0) > 0 and f(1,1,-2) > 0. From (25), we
derive that v; +vy > 2vg and vy +ve < 20y respectively. So, v1 +ve = 2vg. Let v; = vo(1+ )
with a € ®. Then vy = vy(1 — a) and

f(x) = vo(21 + 22 + 3)° + vor( f1(x) — fa(x)),

where f; and f, are defined as in (27) and (28) respectively. From this and f(1,2,—3) > 0,
we have a > 0. From this and f(1,—3,2) > 0, we have a < 0. Thus a = 0 and (29) follows.
O

Thus, there are no sixth order three dimensional PNS anti-circulant tensors.

6 Sixth Order Three Dimensional Alternatively Anti-

Circulant Tensors

In this section, we consider sixth order three dimensional Hankel tensors A, whose generating
vector has the form v = (vg, vy, vo, v1, Vg, V1, Vo, V1, Vo, V1, Vo, V1, Vg) . We call such a Hankel
tensor an alternatively anti-circulant tensor. Since we are only concerned about PSD

Hankel tensors, we may assume that (3) holds, i.e., vo > 0. Now, (5) and (6) have the simple

form

f(x) = wo[af +af+ 2§ + 6(zlzs + z123) + 15(2ial + afal + aiad + v3a] + afal + 23a))
+20z 75 + 3017523 + 60(2fr3ws + ziasa]) + 90ziw5as]
+oy [6(z]2s + 125 + 2573 + 2273) + 20(2wy + 2373) + 30(2]Taws + 12077
+60(zi25Ts + 23 T0w] + Ti2ias + wiwarl)] (30)

and

g(y) = volyi +ys+v5 +ui+vs+us+v3)

+2v0(y1y3 + Y1Y5 + Y2u3 + y1y7 + Y2Ys + Y3ys + Y3yr + yaye + ysyr7)
+201(y1y2 + Y1y4 + y2y3 + Y1Ye + Y2ys + Ysya + Y2y + YsYs + Yays + yayr + YsYe + Yeyr)-
(31)

We have the following theorem which provides a characterization for a sixth order three

dimensional alternatively anti-circulant tensor A to be PSD.

Theorem 4 Suppose that A is a sixth order three dimensional alternatively anti-circulant
tensor defined above. Then A is PSD if and only if |v1| < vg. In this case, A is a strong
Hankel tensor, and thus an SOS Hankel tensor.
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Proof Suppose that A is PSD. From f(1,1,0) > 0 and (30), we have vy + v; > 0. From
f(1,—1,0) > 0 and (30), we have vy — vy > 0. This implies that vy > |v;|. On the other
hand, suppose that vy > |v;]. We may write v; = vg(2t — 1), where ¢t € [0,1]. Write
f(x) = vo fo(x) + vy f1(x) where

folx) = x(f + xg + xg + 6($‘;’x3 + a:lxg) + 15(x111$§ + x%azg + x%x% + x%x% + x%xé + z%xé)

+20z3 25 + 301 w973 + 60(xir57s + T12573) + 9023 050

and

fi(x) = 6(xixy + 292 + 2573 + 207)) + 20(iah + 2323) + 30(x] 3973 + T1T0T3)

2,3 3. 2 3.2, .2 3
+60(z72503 + 27T2x5 + T125T5 + X7T225).

It can be verfied that fo(x) + f1(x) = (21 + 22 + 23)% and fo(x) — f1(x) = (v1 — 23 + x3)°
for all x = (21,12, 23)" € R, It then follows from (30) that

f(x) =vofo(x) +vifi(x) = wvofo(x)+ (2t — 1)vo fi(x)
= too(fo(x) + [1(x)) + (1 = H)vo(fo(x) = f1(x))
= tvo(l‘l —I— T2 + I3)6 —|— (1 — t)U()(I'l — T2 —|— [E3)6.

Similarly, we have

g(y) =tvo(yr +y2 + Y3 + Ya + ys + Yo + y7)° + (1 — )vo(yr — Y2 + Y3 — Ya + Ys — Ys + y7)*.

The conclusions now follow from the definitions of PSD, SOS and strong Hankel tensors.
O

Thus, there are no sixth order three dimensional PNS alternatively anti-circulant ten-
sors. We also note that the above theorem can be easily extended to general even order

alternatively anti-circulant tensors.

7 Numerical Tests and A Conjecture

In this section, we conduct numerical experiments to search sixth order three dimensional
PNS Hankel tensors. We first explain how to generate a positive semi-definite Hankel tensor
A, with a parameter « randomly, and determine a value «q such that A, is PSD if and only
if > ap .

We first generate a vector v € '3 randomly. We form a Hankel tensor Ay by using v as

its generating vector. Then, we consider a parameterized tensor A, = Ag+§(H +H) where
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a € R, H is the sixth order three dimensional Hilbert tensor and H is the Hankel tensor
generating by v = (%, %, -, 1)T € R, As H is a positive definite Hankel tensor, H is
also positive definite Hankel tensor by Theorem 1. So, A, is also a Hankel tensor and A, is
positive definite if « is large enough. We then find g to be the smallest number « such that
A, is positive semi-definite. Here, g can be negative if A is positive definite. Now we test
if A, is SOS or not. If A,, is not SOS, then we find a sixth order three dimensional PNS
Hankel tensor. If A,, is SOS, then we see that A4, is also an SOS Hankel tensor if o > v,
as

B P —

2

and *5*(H + H) is also an SOS Hankel tensor. Thus, if A,, is SOS, then there is no a
with o > g such that A, is a PNS Hankel tensor.

We use 3 (H + #) as the reference positive definite Hankel tensor instead of using 4, as

(H+H)

the entries of the generating vector of %(H + 7:[) is distributed somewhat evenly. This makes
our numerical tests more efficient in terms of finding A,,.

Due to numerical inaccuracy, instead of finding oy, we find «; such that oy > ay and
ay — o < €, where € is a given very small positive number. Then we test if A,, is SOS or
not.

Here, we use the toolbox ( Gloptipoly3 and SeDuMi ) to confirm whether a sixth order
three dimensional Hankel tensor is PSD or not and use the toolbox ( YALMIP ) to test
whether a sixth order three dimensional Hankel tensor is SOS or not. All codes were written
by MATLAB 2014a and run on a Lenovo desktop computer with Core processor 2.83 GHz

and 4 GB memory. We have not found any PNS Hankel tensor in six thousand tests.

Taking into account of the four special classes we examined and our numerical experi-

ment, we now make the following conjecture:
There are no sixth order three dimensional PNS Hankel tensors.

If this conjecture turns out to be true, then determining a given sixth order three dimensional

Hankel tensor is PSD or not can be solved by a semi-definite linear programming problem.

Acknowledgment We are thankful to Man-Duen Choi and Bruce Reznick for the dis-

cussion on this problem.
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