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1 Introduction

In recent years, the study of spectral hypergraph theory via tensors [1-8] has
attracted extensive attention and interest since the work of [1,4,8,9].

Aswasin[9], areal tensor 7 = (t;,,... ;) of order k and dimension n refers to a mul-
tidimensional array (also called hypermatrix) with entries #;, ... ;, suchthatz;, .. ;, € R
foralli; € [n] :={1,---,n}and j € [k]. Given a vector x € R", T x*=1is defined
as an n-dimensional vector such that its ith element is Ziz’._ ipeln] litaigXin  * Xiy
for i € [n]. Let Z be the identity tensor of appropriate dimension, e.g., i;,..;, = 1 if
and only if iy = .-+ = i} € [n], and zero otherwise when the dimension is n. The
following definition was introduced by Qi [9].

Definition 1.1 Let 7 be a k-th order n-dimensional real tensor. For some A € R, if
polynomial system (AZ — T)xk=1 = 0 has a solution x € R™\{0}, then 1 is called an
H-eigenvalue and x an H-eigenvector.

Obviously, H-eigenvalues are real number. By [9,10], we have the number of H-
eigenvalues of a real tensor as finite. By [8], we have that all the tensors considered in
this paper have at least one H-eigenvalue. Hence, we can denote A(7) as the largest
H-eigenvalue of a real tensor 7.

As was in [8], a hypergraph means an undirected simple k-uniform hypergraph G
with vertex set V, which is labeled as [n], and edge set E. By k-uniformity, we mean
that for every edge e € E, the cardinality |e| of e is equal to k. Throughout this paper,
k > 3 and n > k. Moreover, since the trivial hypergraph (i.e., E = &) is of less
interest, we consider only hypergraphs to have at least one edge (i.e., nontrival) in this
paper. The following definition was introduced by Qi [8].

Definition 1.2 Let G = (V, E) be a k-uniform hypergraph. The adjacency tensor of
G is defined as the k-th order n-dimensional tensor .4 whose (i1, - - - , ix)-entry is

@ il ik € E,
Uy Wl = .
0, otherwise.
Let D be a k-th order n-dimensional diagonal tensor with its diagonal element d; ... ;
being d;, the degree of vertex i, for all i € [n]. Then £ := D — A is the Laplacian
tensor of the hypergraph G, and Q := D + A is the signless Laplacian tensor of the
hypergraph G.

Zero is always the smallest H-eigenvalue of £ [8] and we have d < A(L) <
AMQ) < 2d, where d is the maximum degree of G. By [1, Theorem 3.8], we have
d < M(A) < d, where d is the average degree of G.

Recently, Hu et al. [2] introduced the class of cored hypergraphs and power
hypergraphs, and investigated the properties of their Laplacian H-eigenvalues. Power
hypergraphs are cored hypergraphs, but not vice versa. Sunflowers are power hyper-
graphs, while squids are cored hypergraphs, but not power hypergraphs in general.
They showed that the largest Laplacian H-eigenvalue of an even-uniform cored hyper-
graph is equal to its largest signless Laplacian H-eigenvalue and also computed the
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Laplacian H-spectra of sunflowers. Indeed, the results of [1,2,4,5,7,8] raised the inter-
ests to study the Laplacian H-eigenvalues of a k-uniform hypergraph. Actually, there
are still some changing problems which are worthy of being investigated. First, can we
describe the properties of adjacency and signless Laplacian H-eigenvalues of cored
hypergraphs and power hypergraphs in the similar way of [2]? Second, can we calcu-
late all adjacency and signless Laplacian H-eigenvalues for some special k-uniform
hypergraphs, such as sunflowers and squids? Motivated by these questions, we study
adjacency and signless Laplacian H-eigenvalues of the class of cored hypergraphs and
power hypergraphs in this paper.

Using the similar methods as in [2], we first investigate the properties of H-
eigenvectors of adjacency tensor and signless Laplacian tensors for cored hypergraphs.
Especially, we show that the largest adjacency H-eigenvalue of k-uniform squid is in
the interval (1, 2) and we can find it out. We also show that its largest signless Lapla-
cian H-eigenvalue is in the interval (2, 4). By [2, Proposition 3.2], it is clear that the
result in [2, Proposition 3.4] is a corollary of the above conclusion. We next investi-
gate the H-spectra of adjacency and signless Laplacian tensors of power hypergraphs.
Especially, we compute all H-spectra of adjacency and signless Laplacian tensors for
sunflowers.

The rest of this paper is organized as follows. We list some known results of cored
hypergraphs and power hypergraphs in the next section. In Sect. 3, we discuss some
properties of adjacency and signless Laplacian H-eigenvalues of cored hypergraphs.
Especially, we compute the largest adjacency H-eigenvalues and the largest signless
Laplacian H-eigenvalues of squids. In Sect. 4, we investigate some properties of adja-
cency and signless Laplacian H-eigenvalues of odd-uniform power hypergraphs and
even-uniform power hypergraphs. We especially investigate the H-spectra of sunflow-
ers. In Sect. 5, we compute all adjacency and signless Laplacian H-eigenvalues of
sunflowers. Moreover, some numerical results are reported to verify our conclusion.

2 Preliminaries

In this section, we list some essential notions of uniform hypergraphs which will
be used in the sequel. Please refer to [8, 11-14] for comprehensive references. In this
paper, unless stated otherwise, a hypergraph means an undirected simple k-uniform
hypergraph G with vertex set V and edge set E. For a subset S C [n], we denote
by Eg the set of edges {e € E|S Ne # &}. For a vertex i € V, we simplify Ey;
as E;. It is the set of edges containing the vertex i, i.e., E; := {e € E|i € e}. The
cardinality | E;| of the set E; is defined as the degree of the vertex i, which is denoted
by d;. Two different vertices i and j are connected to each other (or the pair i and j
is connected), if there is a sequence of edges (e1, --- , e;;) such thati € ey, j € ey,
and e, Ne,y1 # @ forall » € [m — 1]. A hypergraph is called connected, if every
pair of different vertices of G is connected. In the sequel, unless stated otherwise, all
the notations introduced above are reserved for the specific meanings. For the sake
of simplicity, we mainly consider connected hypergraphs in the subsequent analysis.
By the techniques in [8, 14], the conclusion on connected hypergraphs can be easily
generalized to general hypergraphs.
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In the following, we recall the definitions of cored hypergraphs and power hyper-
graphs introduced in [2]. We also list the definitions of sunflowers and squids
respectively introduced in [2,15].

Definition 2.1 Let G = (V, E) be a k-uniform hypergraph. If for every edge e € E,
there is a vertex i, € e such that the degree of the vertex i, is one, then G is a cored
hypergraph. A vertex with degree one is a cored vertex, and a vertex with degree larger
than one is an intersectional vertex.

Definition 2.2 Let G = (V, E) be a k-uniform nontrivial hypergraph. If there is a
disjoint partition of the vertex set Vas V = VopU Vi U---UV; such that |Vp| = 1 and
Vil=---= Vgl =k —1,and E = {Vy U V;|i € [d]}, then G is called a sunflower.
The degree d of the vertex in Vj, which is called the heart, is the size of the sunflower.
The edges of G are leaves, and the vertices other than the heart are vertices of leaves.

Definition 2.3 Let G = (V, E) be a 2-uniform graph. For any k > 3, the kth power of
G, G* := (V¥ E¥) is defined as the k-uniform hypergraph with the set of edges EX :=

{eU{ic,1, -+ ,iek—2} | € € E}, and the set of vertices vk .= VUlic1, -+ ,iek—2,€ €
E}.

Definition 2.4 Let G = (V, E) be a k-uniform hypergraph. If we can number the
vertex set V.as V = {i11, - , i1 ks "+, ik=1.1, ", ik—1.k, Ik} such that the set of
edges E = {{i1,;1, -+ irkls 5 {lk—1.1 - s ie—1.kb (i1, -+ 5 ik—1,1, ik }}, then G
is a squid.

Itis easy to see that the class of power hypergraphs is a subclass of cored hypergraphs
and not all cored hypergraphs are power hypergraphs. It can be seen that the class of
sunflowers is a subclass of power hypergraphs. It is also easy to see that the class of
squids is a subclass of cored hypergraphs but is not contained in the class of power
hypergraphs. Recently, the properties of their Laplacian H-spectra were investigated
by Hu et al. [2]. For completeness, we list here some results given in [2], which will
be used in the sequel.

The following result was given in [2, Proposition 3.4].

Proposition 2.5 Let k be even and G = (V, E) be a k-uniform squid. Let L be the

1
Laplacian tensor of G. Then L(L) = L(Q) is the unique root of (u —2) — (_ul—l YE-T —
(ﬁ)k—1 = 0 in the interval (2, 4).

The following proposition was proposed in [2, Proposition 3.5], but its proof is not
completed. Here, we complete the proof.

Proposition 2.6 Let k be odd and G = (V, E) be a k-uniform squid. Let L be the
Laplacian tensor of G. Then A(L) = 2.

Proof Suppose that V := {if 1, -+, i1k, - ,ik=1,1, -, ik—1k, ik} such that the
setofedgesis E = {{i1,1, -, inah - s lie—1,05 - s dke—nih {i 1, -+ s dk—11, ik
Let w € R" be an H-eigenvector of £ corresponding to A(L£). Then we have

(ML) — l)wf;sl =-wi;1 | wije. Vielk—1lsef2,- k).
te{2,- k}\{s}
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Thus,
ML) — 1)wl]'<,-,s =-oi1 [ oy
' tef2,- k)
Hence, a)ij,z — . = wij,k =:zj for all] (S [k — 1], since )\(E) = 2

Let x := w;, and y; := i1 forall j € [k — 1].
()Ifz; #0forall j € [k — 1], then we have y; = (1 — A(L))z;. Moreover,

@0 -2y ' =—x ] w»m-z*" Vielk-1L
selk—1\[j)

Consequently,

ML) -1 =2 g = [T v Vielk—11
selk—=11\{j}

Then,
k— k
[(A(L) =21 — AL " +11z;* = —zjx H Fs =T 1—x() H -
selk—11\{j} elk—1]
So,

[O(L) =21 = ALY + (1 = ALz = —x [] v Vielk—11.
selk—1]

Now, 1tfollowsfr0mthefactk(£) 2that (A(L)—2)(1 — A(E))k+(1 A(ﬁ)) < 0.S0

== =g1=2zfx[[jcu_yy =0thenzy =20 =--- = 71 =0,
which is a contradiction. Sozi=220="=2k-1#0. Andy; = yp = --- =
yk—1 =: y # 0. By Definition 1.1, we have 0 < (A(L) — Dx*~1 = —y¥=1 <0, then
x =y = 0. Thus, this situation can never happen.
Qlfzy=-=zp=0andzp11 #0,--- ,zx—1 #0, 1 < p<k -2
k—1 __ k—2 .
ML) = Dz;"7 = —yjz;7 77, Vjelk—1N\Ipl (2.1)
L) -2y == ] ¥ Vielpl 2.2)
selk—11\(j}
ML) =2yt ==x [] -z Vielk—1NplL @23
selk—=11\{}}
(ML) — =— [T »- 24)
selk—1]

Case 1 If x = 0and A > 2,by (2.2) weknow y; = 0,V € [p], and by (2.3), we have
(ML) =2y ==z, Vjelk—1\pl.
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Here (A(L) — 2)yjk_1 > 0 and —zjk_l < 0. Thus, this situation can never happen.
Case 2If x # 0, pisevenand A > 2, then we have y; = --- =y, =: y,1 by (2.2).
By (2.3), we have

[(A(L) = 2)(1 = AL + A = a(@NIzf* = —x [] . Vielk—1N\pl
selk—1]

So,zpt1 = =zk—1and yp41 = - -+ = yr—1 =: Yx2. By (2.4), we have
(ML) — DxF = =y Py

Since p is even, y,? < 0 and y,oF~177 < 0. This implies —y,;”y,o*"177 < 0,
which is a construction with the fact (A\(£) — Dx*~1 > 0.
Case 3If x # 0, pis odd and A > 2, then by (2.2) and (2.4), we have

(L) = 2)y;F = (L) — DxK, V) elpl.

Thus, x and y;, Vj € [p]are the same sign. By (2.3), we have (A(£) — 2)yjk_1 >0
and —zjk_l < 0. So,

Xsepe—1n\(j}ys = xyiPye ¥ <0,

Because p is odd, k — p — 2 is even and y_1¥"?~2 > 0, x and y; are not the same
sign. This is a contradiction. Consequently, A(L) = 2.
In the sequel, we investigate the adjacency tensor and signless Laplacian tensor of

sunflower and squid in the similar way of [2].

3 Spectral Structures of Cored Hypergraphs and Squids

Some facts about the H-eigenvalues and H-eigenvectors of the adjacency tensors
and signless Laplacian tensors of cored hypergraphs are established in this section.
Especially, we calculate the largest adjacency H-eigenvalue and the largest signless
Laplacian H-eigenvalue of a k-uniform squid.

The following lemma shows some structure exhibited by the H-eigenvectors of
cored hypergraphs.

Lemma 3.1 Let G = (V, E) be a k-uniform cored hypergraph and x € R" be an
H-eigenvector of its adjacency tensor A corresponding to an H-eigenvalue ). # 0. If
there are two core vertices i, j in an edge e € E, then |x;| = |x|. Moreover, x; = x;
when k is an odd number.

Proof By the definition of H-eigenvalues and the fact that i and j are core vertices, we
have

T =AY =x ] xe AT =AY = [T xe

see\f{i,j} see\li,j}
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Hence,
axk = )\xf.

1

Since A # 0, we have that |x;| = |x;|. Moreover, when k is odd, we see that x; = x;.

Using the similar proof of the above lemma, we have the following lemma.

Lemma 3.2 Let G = (V, E) be a k-uniform cored hypergraph and x € R" be an
H-eigenvector of its signless Laplacian tensor Q corresponding to an H-eigenvalue
A # 1. Ifthereare two cored verticesi, jinanedgee € E, then|x;| = |x;|. Moreover,
x; = x;j when k is an odd number.

By the above lemmas, we calculate the largest H-eigenvalues of the signless Lapla-
cian tensor and the adjacency tensor of a k-uniform squid.

Proposition 3.3 Let G = (V, E) be a k-uniform squid. Let A be the adjacency tensor
1
of G. Then A(A) is the unique root of i — (&)m — (ﬁ)k—1 = 0 in the interval (1, 2).

Proof Suppose that V := {iy 1, , i1k, -, ik—1.1> " , ik—1.k, ik} such that the set

ofedgesis E = {{i1,1, - i1k}, - k=11, s ik—1kh g, - 5 ie—1.15 i)
By [7, Lemma 3.1], [16, Theorem 4], and [17, Theorem 3.20], if we can find

a positive H-eigenvector x € R”" of A corresponding to an H-eigenvalue p, then

uw=r(A).

Letx;, = o, i, = 1, and Xijg = =Xij =y > O forall j € [k — 1]. Suppose
that x is an H-eigenvector of .4 corresponding to the H-eigenvalue © = A(A). By
Definition 1.1, we have

k—1 1 k—1 1 k=2

p=a+y"" and uyt =y

By [1, Theorem 3.8], we have i > 1. Thus, the first and the third equalities imply that

k
N2
OO
1" 1"

ak—l = y. Hence,
Let f(u) = u—(ﬁ)klfl — (k1. Wehave f(1) = —1 < 0and f(2) = 2—(hyFT—
ﬁ > 0. So, f(u) = 0 does have a root in the interval (1, 2). Since .4 has a unique

1
positive H-eigenvector, the equation 1 — (+)&=T — (ﬁ)k ~1 = 0 has a unique positive
solution which is in interval (1, 2). Hence, the result follows.
Similarly, we can show the following proposition.

Proposition 3.4 Let G = (V, E) be a k-uniform squid. Let Q be the signless Lapla-
1

cian tensor of G. Then A(Q) is the unique root of (i —2) — (ﬁ)m — (ﬁ)k—1 =0

in the interval (2, 4).

Clearly, by Hu et al. [2, Proposition 3.2] and the above proposition, Proposition
2.5, 1i.e., [2, Proposition 3.4] is a direct corollary of Proposition 3.4.
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4 Spectral Structures of Power Hypergraphs and Sunflowers

Some facts about the H-eigenvalues and H-eigenvectors of the adjacency tensors
and signless Laplacian tensors of power hypergraphs are given in this section. Note
that the Laplacian H-spectra of even-uniform power hypergraphs are not given in
[2]. Here, we establish detailed H-spectra of such class. Moreover, we investigate the
largest adjacency H-eigenvalue and the largest signless Laplacian H-eigenvalues of a
k-uniform sunflower.

The following two lemmas are given for odd-uniform power hypergraphs.

Lemma 4.1 Let k be odd and G = (V, E) be a k-uniform power hypergraph and x €
R”" be an H-eigenvector of its adjacency tensor A corresponding to an H-eigenvalue
A # 0. Let e € E be an arbitrary but fixed edge.

(1) If e has only one intersectional vertex i, and xs # 0 for some cored vertex s € e,
then Axg = x;.

(1) Ife has twointersectional vertices i and j, and x; # O for some cored vertex s € e,
then x? = XiXj.

Proof For (i), by Definition 1.1 and Lemma 3.1, we have

k=2

k=1 _ )
AXg T =X X

Thus, x; = Ax;. For (ii), by Definition 1.1 and Lemma 3.1, we have

k=1 _ k=3
AXg T = Xg XX

Thus, x;x; = Ax2.
Similarly, we show the following lemma.

Lemma 4.2 Let k be odd and G = (V, E) be a k-uniform power hypergraph and
x € R" be an H-eigenvector of its signless Laplacian tensor Q corresponding to an
H-eigenvalue A # 1. Let e € E be an arbitrary but fixed edge.

(1) If e has only one intersectional vertex i, and xg # O for some cored vertex s € e,
then (. — 1)x; = x;.

(ii) Ife has two intersectional vertices i and j, and xg # O for some cored vertex s € e,
then (A — l)xs2 = XiXj.

The following results are given for even-uniform power hypergraphs.

Lemma 4.3 Let k be evenand G = (V, E) be a k-uniform power hypergraph and x €
R”" be an H-eigenvector of its adjacency tensor A corresponding to an H-eigenvalue
A # 0. Let e € E be an arbitrary but fixed edge and e’ be the set of its intersectional
vertices. Let a be the cardinality of the set {i € e\e'| x; < 0}.

(1) If e has only one intersectional vertex i, and x5 # 0 for some cored vertex s € e,

then )x; > 0 when o is even and 1x; < 0 when « is odd. Here, x; = 3- or —3.
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(ii) Ife has two intersectional vertices i and j, and x5 # O for some cored vertex s € e,
X,‘Xj

then Ax;xj > O when o is even and Ax;x; < 0 when o is odd. Here, xg = %,/ =

_XiXj
or =+

Proof Let x4 = |x4|. By Definition 1.1, we have

=Hx,. 4.1)

tee

For (i), if « is even, then we have (4.1)& Ax+ = xﬂ‘r lxl < Axy = x;. If o is odd,
we have (4.1)& Axi = —x+ xl > Ax+ = —X;.
For (ii), if « is even, then (4.1)< Ax+ = xfr 2x,xj & Ax+ = x;x;. If o is odd,

we have (4.1)& axk = —xi lex, & Ax2 = —x;x;. Thus, we obtain the desired

results.

Lemma 4.4 Let kbe evenand G = (V, E) be a k-uniform power hypergraph and x €
R”" be an H-eigenvector of its Laplacian tensor L corresponding to an H-eigenvalue
A # 1. Let e € E be an arbitrary but fixed edge and ¢’ be the set of its intersectional
vertices. Let a be the cardinality of the set {i € e\e'| x; < 0}.

(1) If e has only one intersectional vertex i, and x5 # 0 for some cored vertex s € e,
then (1 — X)x; > 0 when o is even and (1 — M)x; < 0 when o is odd. Here,
_ X Xi
Xy = 125 or 7.
(1) Ife has two intersectional vertices i and j, and xg # 0 for some cored vertex s € e,
then (1 — AM)x;xj > 0 when a is even and (1 — M)x;x; < 0 when « is odd. Here,

XiX XiXj
Xy = /3 o £ 3

Proof Let x4 = |x4|. By Definition 1.1, we have

= Dxf =[] 4.2)

tee

For (i), if « is even, then we have (4.2)< (1 — )»))CJr = xJr v & (1 —AM)xy = x;.
If « is odd, we have (4.2)< (1 — )L)xJr = —x+ xl S (1 =Mxy =

For (ii), if « is even, then (4.2)< (1 — )\))CJr = xi 2x,)c‘, & (1 — A)x+ = XiXj.
If « is odd, we have (4.2)< (1 — A)xi = —xi_inxj & (1 - A)x_%_ = —x;x;. Thus,
we obtain the desired results.

The proof for the following lemma is similar.
Lemma 4.5 Let k be even and G = (V, E) be a k-uniform power hypergraph and
x € R" be an H-eigenvector of its signless Laplacian tensor Q corresponding to an

H-eigenvalue A # 1. Let e € E be an arbitrary but fixed edge and €' be the set of its
intersectional vertices. Let o be the cardinality of the set {i € e\e'| x; < 0}.
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(1) If e has only one intersectional vertex i, and xs # 0 for some cored vertex s € e,
then (A — 1)x; > 0 when o is even and (A — 1)x; < 0 when « is odd. Here,
Xy = AXT'1 or l)i_l)\

(1) Ife has two intersectional vertices i and j, and xg # 0 for some cored vertex s € e,
then (. — D)x;xj > 0 when « is even and (A — 1)x;x; < 0 when « is odd. Here,

— XiX;
Xy ==%x,/5-7orx

x,-xj-
1-1°

Sunflower is a special class of power hypergraphs. Now, we pay attention to establish
H-spectra for sunflowers. Let G = (V, E) be a k-uniform sunflower with k£ > 3 and
the sized > 2, where V = [n], E = {e,--- ,eq}, and d; = d (i.e., the vertex 1 is
the heart). Let e(j) denote the unique edge containing the vertex j for j > 2.

Lemma 4.6 Let G, k, and d be as above. Suppose that (1, x) is an H-eigenpair of its
adjacency tensor A with A # 0. Then, x| # 0. Moreover, if i, j > 2 and x;, x; are
both nonzero, then x; = xj when k is odd, and |x;| = |x ;| when k is even.

Proof 1f x; = 0, we have
Mf*l =0, Vje{2,3,--,n}

which, together with A # 0, implies x; = 0, Vj € {2,3,---,n}. This is a contra-
diction with the fact that x is an H-eigenvector. So, x; 7~ 0.

We next show the second conclusion in the following two cases.

Case 1 kisodd. If j > 2 and x; # 0, by Lemma 4.1, we have x; = Ax;. Similarly,
fori > 2 and x; # 0, we also have x; = Ax;. Thus, x; = x;.

Case2kiseven.If j > 2and x; # 0,by Lemma 4.3, we have |x|| = |Ax|. Similarly,
fori > 2 and x; # 0, we also have |x1| = |Ax;]. Thus, |x;]| = [|x;].

Lemma 4.7 Let G, k, d, and A be as above. Then we have:

(1) If x1 # 0, (A, x) is an H-eigenpair of A with A = 0 if and only lstEe(j)\{j} Xy =
0,vjef{2,---,n}

2) If;cl = 0, (A,x) is an H-eigenpair of A with A = 0 if and only if
2imi Hsee;\{l}xS =0.

Proof Necessity: It is easy to see that the eigenvalue equations (A\Z — A)x*~1 =0
are equivalent to the following two relations:

d
0=> ][ = 4.3)
i=1 see;\{1}

and
[ x==0 vie{. - .n}. (4.4)
see(D\U)
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Case 1 If x1 # 0, by (4.4) we know that at least two vertices except for 1-vertex in
every edge is equal to zero. So we must have >°¢_| [Lscen 1y %s = 0.

Case 2 If x; = 0, we must have ]_[See(j)\{/} xs=0, Vje{2,---,n}
Sufficiency: It is easy to verify these results by above conclusions and x # 0.

Similarly, we have the following lemma for the signless Laplacian tensor of a k-
uniform sunflower.

Lemma 4.8 Let G, k, and d be as above. Suppose that (A, x) is an H-eigenpair of the
signless Laplacian tensor Q with . # 1. Then, x1 # 0. Moreover, if i, j > 2 and
X, Xj are both nonzero, then x; = xj when k is odd, and |x;| = |x ;| when k is even.

Lemma 4.9 Let G, k, d, and Q be as above. Then (A, x) is an H-eigenpair of Q with
A = 1 ifand only if we have x; = 0 and 3"%_, [Ticepyxs = 0.

The following theorem gives the largest adjacency H-eigenvalue of a k-uniform
sunflower.

Theorem 4.10 Let G = (V, E) be a k-uniform sunflower of size d > 2. Let A be the
adjacency tensor of G. Then M(A) = d .

Proof By [7, Lemma 3.1], [16, Theorem 4], and [17, Theorem 3.20], if we can find a
positive H-eigenvector x of A corresponding to an H-eigenvalue w, then u = A(A).
Hence, we may assume that x with x; =« > Oand x; = 1for j € {2,--- ,n}is an
H-eigenvector of A corresponding to A(.A). By Definition 1.1, we have

AA o =d, AA) =a.

Hence,

A =d.
From the proof of the above theorem, we immediately obtain the following result.

Corollary 4.11 Let G = (V, E) be a sunflower of sized > 2. If x € R" is an H-
eigenvector of its adjacency tensor A corresponding to L(A), then sup(x) = [n].
Hence, there is an H-eigenvector z € R" of A corresponding to A(A) satisfying that
z; is a constant for all vertices other than the heart.

The following result shows the largest signless Laplacian H-eigenvalue of
sunflowers.

Theorem 4.12 Let G = (V, E) be a k-uniform hyperstar of size d > 2 and Q
be its signless Laplacian tensor. Then A(Q) is the unique real root of the equations

(L — DY —d) —d = 0 in the interval (d,d + 1).

Proof By [7, Lemma 3.1], [16, Theorem 4], [17, Theorem 3.20] and (see also [14,
Lemmas 2.2 and 2.3]), if we can find a positive H-eigenvector x € R" of Q corre-
sponding to an H-eigenvalue p, then u = A(Q).
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Letx; =a >0,x; =1,/ €{2,---,n}. Suppose that x is an H-eigenvector of Q
corresponding to the H-eigenvalue ;1 = A(Q). By Definition 1.1, we have

w—d)yo*'=d, (u-1) =«

Hence,
n—d)(u—-1"—da=o.

Let f(u) = (u—d)(u— D¥1 —d. We have £ (n) = (u— D} 2(uk —dk +d — 1).
Soif u > d, f(w) is monotone increasing. Clearly, f(d) = —d < Oand f(d+ 1) =
d*='—d > 0. Thus, f(u) = 0does have a unique root in the interval (d, d 4+ 1). The
desired result follows.

We immediately get the following result.

Corollary 4.13 Let G| = (Vq, Ey) and G, = (Va, E3) be two sunflowers of size dy
and dy > 2, respectively. Let Q1 and Qy be the signless Laplacian tensors of G| and
G, respectively. If di > dy, then L.(Q1) > A(Q2).

By [2, Proposition 3.2], we also have the following corollary.

Corollary 4.14 Let k be even and Gy = (V1, E1) and G, = (Va, Ez) be two
sunflowers of size dy and dr > 2, respectively. Let L1, Q1 and Ly, Q be the Lapla-
cian and signless Laplacian tensors of G| and G, respectively. If di > da, then
ML = A(Q1) > ML2) = M(Q2).

5 H-spectra of Sunflowers

In this section, we compute all the adjacency H-eigenvalues and all the signless
Laplacian H-eigenvalues of sunflowers. From Lemma 4.6 we can obtain the set of all
distinct H-eigenvalues and all corresponding H-eigenvectors of the adjacency tensor
A of the sunflower G (except for the eigenvalue 0) in the following Proposition 5.1
(for the case when k is odd) and Proposition 5.2 (for the case when & is even). The
set of all eigenvectors corresponding to the eigenvalue 0 will be given in Proposition
5.3. From Lemma 4.8 we can construct the set of all distinct H-eigenvalues and all
corresponding H-eigenvectors of the signless Laplacian tensor Q of the hyperstar G
(except for the eigenvalue 1) in the following Proposition 5.4 (for the case when k
is odd) and Proposition 5.5 (for the case when k is even). The set of all eigenvectors
corresponding to the eigenvalue 1 will be given in Proposition 5.6. Their proofs are
similar to those of Propositions 5.1, 5.2, and 5.3 in [2], so we omit them here.

Proposition 5.1 Let G = (V, E) be a k-uniform sunflower with odd k > 3 and the
sized > 2, where V = [n], E = {e1, e, -+ ,eq}, and dy = d (i.e., the vertex 1 is the
heart). Let A be the adjacency tensor of G. Let

friy=2k—r, r=0,1,---.d.

Then we have:
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(1) A # 0 is an H-eigenvalue of A if and only if it is a real root of the polynomial
fr) for somer € {0, 1, --- ,d}.

(i) If » # 0 is a root of the polynomial f.()\), then we can construct all the H-
eigenvectors of A corresponding to ) (up to a constant multiple) by going through
the following procedure:

Step 1. Take x| = A.

Step 2. Choose any r edges of G. Take the x-values of all the pendant vertices of
these r edges to be 1.

Step 3. Take the x-values of all the other vertices of G to be zero.

Proposition 5.2 Let G = (V, E) be a k-uniform sunflower with even k > 4 and the
sized > 2, where V = [n], E = {ey, ez, -+ ,eq}, and dy = d (i.e., the vertex 1 is the
heart). Let A be the adjacency tensor of G. Let

friy=2k—r, r=0,1,---.d.

Then we have

(1) A # 0 is an H-eigenvalue of A if and only if it is a real root of the polynomial
fr) for somer € {0, 1,--- ,d}.

@ii) If A #£ 0 is a root of the polynomial f,(L), then we can construct all the H-
eigenvectors of A corresponding to ) (up to a constant multiple) by going through
the following procedure:

Step 1. Take x1 = A.

Step 2. Choose any r edges of G. Take the x-values of all the pendant vertices of
these r edges to be 1, where the number of —1 value in each edge is even.

Step 3. Take the x-values of all the other vertices of G to be zero.

Proposition 5.3 Let G = (V, E) be a k-uniform sunflower with k > 4 and the size
d > 2, where V. = [n], E = {e1,e2, -+ ,eq}, and dy = d (i.e., the vertex 1 is the
heart). Let A be the adjacency tensor of G. Then we have

(1) If x1 # 0, a nonzero vector x is an eigenvector corresponding to eigenvalue 0
if and only if the x-values of all the pendant vertices of G satisfy the following
relation:

[ x=0 vie@-.n.
see(H\{j}

(i) If x1 = 0, a nonzero vector x is an eigenvector corresponding to eigenvalue 0
if and only if the x-values of all the pendant vertices of G satisfy the following

relation:
d

Z H x; = 0.

i=1 see;\{1}

Proposition 5.4 Let G = (V, E) be a k-uniform sunflower with odd k > 3 and the
sized =2, where V = [n], E = {e1,e2,--- ,eq}, and dy = d(i.e., the vertex 1 is the
heart). Let Q be the signless Laplacian tensor of G. Let
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) =0—-d)O—DF —r r=0,1,---,d).

Then we have

(1) & # 1is an H-eigenvalue of Q if and only if it is a real root of the polynomial
fr) for somer € {0, 1, --- ,d}.

@) If . # 1 is a root of the polynomial f,()), then we can construct all the H-
eigenvectors of Q corresponding to A (up to a constant multiple) by going through
the following procedure:

Stepl. Take x1 = A — 1.

Step2. Choose any r edges of G. Take the x-values of all the pendant vertices of
these r edges to be 1.

Step3. Take the x-values of all the other vertices of G to be zero.

Proposition 5.5 Let G = (V, E) be a k-uniform sunflower with even k > 4 and the
sized =2, where V = [n], E = {e1,e2,--- ,eq}, and dy = d(i.e., the vertex 1 is the
heart). Let Q be the signless Laplacian tensor of G. Let

i) =0h=-d—=DF"—r r=0,1,--,d.

Then we have

(1) A # 1is an H-eigenvalue of Q if and only if it is a real root of the polynomial
fr) for somer € {0, 1,---,d}.

(ii) If A # 1 is a root of the polynomial f,(A), then we can construct all the H-
eigenvectors of Q corresponding to A (up to a constant multiple) by going through
the following procedure:

Stepl. Take x1 = A — 1.

Step2. Choose any r edges of G. Take the x-values of all the pendant vertices of
these r edges to be 1, where the number of —1 value in each edge is even.
Step3. Take the x-values of all the other vertices of G to be zero.

Proposition 5.6 Let G = (V, E) be a k-uniform sunflower with k > 4 and the size
d > 2, where V. = [n], E = {e1,e2,--- ,eq}, and di = d (i.e., the vertex 1 is the
heart). Let Q be the signless Laplacian tensor of G. Then a nonzero vector x is an
eigenvector corresponding to eigenvalue 1 if and only if x1 = 0 and the x-values of
all the pendant vertices of G satisfy the following relation:

d
Z H xg = 0.
i=1 see;\{1}

From the above propositions, we know that it is essential to solve the equation
fr(A) = Oin order to compute all H-eigenvalues. The following theorems fix the roots

of £, (L).
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Theorem 5.7 Letkbeoddand G = (V, E) be a k-uniform sunflower of sized > 2. Let
L be its Laplacian tensor. Consider the real roots of f, (1) := (A—d)(1 —)L)k_l +r(r e
{0, 1, ---,d}), we have the following statements.

Case 1 If r = 0, then f, (L) has two real roots. 1 is a k — 1 multiples root and d is a
single root.

Case 2 If 0 < r < d, then there are three cases.

0 Ifa—-da - %)’“1 + kr > 0, f-(A) has only one real root and it falls
in [0, 1). In this case, 0 is the root if and only if r = d.
) If(1—-dy— (k_lkﬂ)k*] +kr =0, f-(X) has two real roots, one falls in [0, 1)
and the other is . = % In this case, 0 is the root if and only if r = d.
(i) If (1 — d)(1 — $=DEEN=1 4 g < 0, £, (1) has three real roots. The first falls
in [0, 1), the second falls in (1, W) and the third falls in (W, d). In
this case, 0 is the root if and only if r = d.

Proof We have
fI) = (1= D2 [=kr 4 (k — Dd + 11.
Let f/(x) = 0, then

-1 1 - 1D2+1 1
=(k )d + >(k )2+ _a_ 1o

A >
k k k

Hence, f/(A) > Owhen A < 1, f/(A) < Owhenl < A < % and f/(A) > 0
when A > W. We also have

[0 =—d+r. fr()=r

(k—1Dd+1) 1 (k — Dd + 1!
Ir (T) = %(1 —d) (1_7) + kr.

Hence, the desired results hold.

Theorem 5.8 Let k be even and G = (V, E) be a k-uniform sunflower of size d > 2.
Let L be the Laplacian tensor of G. Consider the real roots of f, (L) :== (A —d)(1 —
)»)kf] +r @ e{0,1,---,d}), we obtain the following conclusions:

Case 1 If r = 0, then f, (L) has two real roots. 1 is a k — 1 multiples root and d is a
single root.

Case 2 If 0 < r < d, then f,(X) has two real roots. One falls in (0, 1) and the other
isin (d,d + 1). In this case, O is its root if and only if r = d.

Proof By straightforward computation, we have
i) = (1= D)2 [—kA 4+ (k — Dd + 11.
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Let f/(A) = 0, then we get

k—1 -
( )d+1>(k 24l b
k k k

So, f/(x) > 0 when A < (k_lkﬂ and f/(A) < O when A > (k_lkﬂ. We have

£r(0)=—d+r, f(1)=r, fr(d) =r,and f,(d + 1) = (=d)*"! +r < 0. Hence,
the proof is complete.

Theorem 5.9 Let k be odd and G = (V, E) be a k-uniform sunflower of size d > 2.
Let Q be its signless Laplacian tensor. Consider the real roots of f,(\) := (A—d)(A—
1)]‘*1 —r(ref0,1,---,d}), we obtain the following results.

Case 1 If r =0, then f,(A) has two real roots. 1 is a k — 1 multiples root and d is a
single root.

Case 2 If 0 < r < d, then f.()\) has only one real root and it falls in (d,d + 1).

Proof By straightforward computation, we have
fl) =G = DF2lkn — (k= 1)d — 11.

Let f/(A) = 0, then we get

k—1d+1 k—12+1 1
A:( ]3—'_ 2( )2+ =2—->1

k k
’ / (k—1)d+1 ’
So, f;(A) > Owhen A < I, f/(A) < Owhenl < A < T,and fr(x) >0

when & > $=DEEL We have £,(0) = —d —r < 0, f,(1) = —r, f,(d) = —r, and
fr(d+1)=d*" —r > 0. These facts imply that the desired results hold.

By Theorem 5.9 and [2, Proposition 3.2], we immediately get the following theorem:

Theorem 5.10 Let k be even and G = (V, E) be a k-uniform sunflower of size
d > 2. Let Q be the signless Laplacian tensor of G. Consider the real roots of
) =R —-d)y(r — 1)]‘_1 —r(ref0,1,---,d}), we have the following results:

Case 1 If r = 0, then f,(A) has two real roots. 1 is a k — 1 multiples root and d is a
single root.

Case 2 If 0 < r < d, then f.(X) has two real roots. One falls in (0, 1) and the other
isin (d,d + 1). In this case, O is its root if and only if r = d.

We now give some numerical experiments to show the conclusions given in the
above theorems. We apply the bisection method to solve the real root of above poly-
nomials. When d is fixed, we investigate the changing trend of Laplacian and signless
Laplacian H-spectra of sunflower as k increasing.

Through a lot of experiments, we find some good rules for above problems. The
numerical results are reported in Fig. 1, which show that H-Eigenvalues of sunflowers
will tend to 0, 2, and d when k is increasing and d is fixed.
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Fig. 1 Distribution of H-spectra of sunflower when d is fixed and & is changed
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