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An Eigenvalue Method for Testing Positive
Definiteness of a Multivariate Form

Qin Ni, Liqun Qi, and Fei Wang

Abstract—In this paper, we present an eigenvalue method for
testing positive definiteness of a multivariate form. This problem
plays an important role in the stability study of nonlinear au-
tonomous systems via Lyapunov’s direct method in automatic
control. At first we apply the D’Andrea-Dickenstein version of
the classical Macaulay formulas of the resultant to compute the
symmetric hyperdeterminant of an even order supersymmetric
tensor. By using the supersymmetry property, we give detailed
computation procedures for the Bezoutians and specified ordering
of monomials in this approach. We then use these formulas to
calculate the characteristic polynomial of a fourth order three di-
mensional supersymmetric tensor and give an eigenvalue method
for testing positive definiteness of a quartic form of three variables.
Some numerical results of this method are reported.

Index Terms—Eigenvalue method, positive definiteness, super-
symmetric tensor, symmetric hyperdeterminant.

1. INTRODUCTION

N mth degree homogeneous polynomial form of n vari-
ables f(z), where € R™ can be denoted as

flz) = Z @iy i iy = Ly -
UL yeeny Tm=1
It is called positive definite if
f(z) >0, Vo € R",x # 0.

Clearly, in this case, . must be even.

The positive definiteness of an even-degree homogeneous
polynomial form plays an important role in the stability study of
nonlinear autonomous systems via Lyapunov’s direct method
in automatic control. Stability analysis can be reduced, using
Lyapunov’s method, to extend a positive definite function, such
that its time derivative along the trajectories of the system is
negative. Concretely, for the system & = g(z), if a multivariate
polynomial f () can be found such that f(z) is positive definite
and

T
<%> g(x) <0, YxeR", z#0
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then the system & = g¢(z) is asympototically stable. Hence,
ascertaining whether a multivariate polynomial f(z) is positive
definite for all real x is often crucial to the use of Lyapunov
stability tests. In [2], Anderson and Jury showed that tests for
n-dimensional filters involve tests for positive definiteness of a
set of real polynomials in 7 —1 variables, also see [18]. There are
more examples, such as the multivariate network realizability
theory [9], a test for Lyapunov stability in multivariable filters
[6], a test of existence of periodic oscillations using Bendixon’s
theorem [16], and the output feedback stabilization problems
[1].

Researchers in automatic control studied the conditions of
such positive definiteness intensively [S]-[8], [13], [15], [17],
[21], [28]. An explicit condition in terms of the coefficients for
quartic forms in two variables has been given in [21] (note the
comments in [28]). A sufficient condition for multivariable pos-
itivity or nonnegativity has also been given in [7]. An implemen-
tation of the Gram matrix method for the positive definiteness
of forms of even order is presented in [15] (note also the com-
ments in [13]). For n = 2, the positive definiteness of a homo-
geneous polynomial form can be checked by methods based on
Sturm’s sequences [5], [17]. In [5], the reader may find a discur-
sive documentation of Sturm’s theorem and its generalization,
resultants, theory and applications of tests for positive definite-
ness and other results of relevance in this paper.

For n > 3 and m > 4, this problem is a hard problem in
mathematics. There are a few methods to answer the question,
based in decision algebra [6], [8]. In practice, these methods are
computationally expensive. This problem is also related with
Hilbert’s result on representation as sum of squares of forms
(discussed in Bose’s book [5]). A nonnegative form may not
have a sum of squares representation. In that case, a method for
testing positive definiteness of the form based upon the sum of
squares representation approach cannot find an exact solution of
this problem. In this paper, we seek a different approach based
upon eigenvalues of tensors. Our approach works even the non-
negative form does not have a sum of squares representation.

The mth degree homogeneous polynomial form of n vari-
ables f(x) is equivalent to the tensor product of an mth-order
n-dimensional supersymmetric tensor A and 2™ defined by

celm

The tensor A is called supersymmetric as its entries a;, .. ;,,
are invariant under any permutation of their indexes i1, . . . , iy,
where i; = 1,...,n for j = 1,...,m [19]. The supersym-
metric tensor A is called positive definite if f(z) is positive def-
inite.

Recently, motivated by the study of positive definiteness of
homogeneous polynomial, Qi [24] introduced the concepts of
eigenvalues of a real supersymmetric tensor A. For a vector x €
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C", Qi [24] used z; to denote its components and 2™ to denote
a vector in C™ such that

(«l™); =

for all i. By the tensor product, Az™~? for a vector x € C™
denotes a vector in C™, whose ith component is

n
E : Qi in,..imLin """ Ly
2 orim

12500050

Qi [24] called a number A € C' and a nonzero vector z € C™
an eigenvalue of A and an eigenvector of A associated with the
eigenvalue )\ respectively, if they are solutions of the following
homogeneous polynomial equations:

Azt = \glm—1, 1)

If = is real, then ) is also real. In this case, A and x are called
an H-eigenvalue of A and an H-eigenvector of A associated
with the H-eigenvalue )\, respectively. Otherwise, A is called
an N-eigenvalue of A. In the case m = 2, (1) reduces to the
definition of eigenvalues and corresponding eigenvectors of a
square matrix.

It was proved in [24] that H-eigenvalues exist for a real su-
persymmetric tensor A of even order m, and A is positive defi-
nite if and only if all of its H-eigenvalues are positive. Thus, the
smallest H-eigenvalue of an even-order supersymmetric tensor
A is an indicator of positive definiteness of A. The values of the
eigenvalues of A are directly connected with the computation
of the symmetric hyperdeterminant. In [24], the symmetric
hyperdeterminant of A is defined as the resultant of the system
V f(z) = 0. One may use formulas of the resultant to compute
it [11], [14], [27], but so far there are no explicit formulas of
the resultant for n > 2 in the general case. Classically, there are
Macaulay formulas [22], which express the multivariate resul-
tant as a quotient of two determinants. Recently, D’ Andrea and
Dickenstein [12] gave a new version of the classical Macaulay
formulas, by involving matrices of considerably smaller size,
whose nonzero entries include coefficients of the given poly-
nomials and coefficients of their Bezoutians. However, how to
calculate such coefficients of Bezoutians and how to order the
monomials still need to be specified in the computation. When
the resultant size is very small, these can be determined easily.
In general, these are still implementation tasks ahead.

The following theorem given by Qi [24] reveals an important
relation between the eigenvalues and the symmetric hyperdeter-
minant.

Theorem 1.1: Suppose that m is even. A number A € C is
an eigenvalue of A if and only if it is a root of the following
one-dimensional polynomial in A:

B(A) = det (A — AI)

where [ is unit supersymmetric tensor whose entries are

1, ifii ==
L {0, otherwise. &)

The one-dimensional polynomial ¢ was called the character-
istic polynomial of A.

In this paper, we apply the D’ Andrea—Dickenstein version of
the classical Macaulay formulas of the resultant to compute the
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symmetric hyperdeterminant of an even order supersymmetric
tensor. By using the supersymmetry property, we give detailed
computation procedures for the Bezoutians and specified or-
dering of the monomials in this approach. Furthermore, we im-
plement our formulas to calculate the characteristic polynomial
of a fourth-order three-dimensional supersymmetric tensor. We
propose an eigenvalue method for testing positive definiteness
of a quartic form of three variables.

This paper is organized as follows. We give preliminary
statements about symmetric hyperdeterminants and resul-
tants in Section II. We establish computable formulas of the
symmetric hyperdeterminant of A in Section Il when m is
even. We discuss the detailed computation of the characteristic
polynomial of a fourth order three dimensional supersymmetric
tensor in Section IV. We discuss methods for testing positive
definiteness of A in Section V. In Section VI, we give some
preliminary numerical test results. Some final comments are
made in Section VIL

II. PRELIMINARY STATEMENTS

The following lemma, theorem, and proposition were given
in [24].

Lemma 2.1: The symmetric hyperdeterminant of A, det(A),
is the resultant of

n
n

>

150y tm—1=1

Az = =0

i=1

Qifiy,imo1Lig iy = Lipy_y

and is a homogeneous polynomial of the entries of A, with the
degree d = n(m — 1)" 1.
Theorem 2. 1: The eigenvalues of the supersymmetric tensor
A have the following properties.
a) (Gershgorin-type theorem) The eigenvalues of A lie in the
following n disks:

A= aii| < {laii, i,

Slgy iy, = 1
e, N, (5“2...1'”1 = 0}

,--.,n, where the symbol 6;;,.

..i,,, refers to (2).
b) The number of eigenvalues of A is d = n(m —1)"~! and
the product of all eigenvalues of A is equal to det(A).
c¢) The summation of all the eigenvalues of A is
(m — 1)"~r(A), where tr(A) denotes the trace of
A which is the summation of all diagonal elements of A.
Proposition 2.1: Suppose that B = a(A + bI), where B and
A are supersymmetric tensors, a and b are two real numbers.
Then p is an eigenvalue (H-eigenvalue) of B if and only if

p=a(A+Db)

and A is an eigenvalue (H-eigenvalue) of A. In this case, they
have the same eigenvectors.

So far, there are no explicit formulas of the symmetric hyper-
determinant for a general tensor. We use the resultant theory in
[12] to establish the formula of the symmetric hyperdeterminant
of an even order supersymmetric tensor. It is also easy to extend
this formula to odd order tensors.

Let f1,. .., fn be n homogeneous polynomials in . variables
with degree d, ..., d,, respectively. In order to describe the
results of the resultant theory in [12], we state the definition of
the Bezoutian associated with fq,..., f, in [3]. For each pair
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(7,7) with 1 < 4,5 < n, denote A;;(z,y) for the incremental
quotient

AL](x/y) = (fi(yh e Yj—1,T5, xn)
Ty —Yj
—filyrs Y g1, - T0)-
It is remarked that fi(y1,...,¥j-1,%j,...,T0n) —
fi(yhm>yj-,ﬂ?j+1>~-~,$n)Canbedlvldedby:vJ y;. Hence,

we may express A;;(x,y) as this quotient no matter whether
—y; = 0 or not. Then we define the n x n determinant

A(z,y) = det(Aij(z,9))1<ij<n

Z Ay (z)y”

[vI<tn
= Y Beya®y 3)
[v|+]k]=tn
where t, = Y (di — 1),y = y'--ypry =
(v1y++»9) T 71,..., 7 are nonnegative integers, =
Y14+ Y2+ -+ Yn, 2", k and |k| are defined similarly. The

determinant A(z,y) is a representative of the Bezoutian asso-
ciated with fy,..., f,. It is a homogeneous polynomial in 2n
variables x and y of degree %,,.

Define some sets of monomials as follows:

Su= {27 : 7| = u}
S =A{a" iy =t —dim <di,. .. vie < dica}
E% = {27 € S™ : there exists j # 4 : vj > d;}

where 7 = 1,2,...,n, t is a nonnegative integer and w is an
integer. Define by S* a dual basis of S,,. Note that E*"™ = ()
and S*!' = S, 4, for any nonnegative t. If u is negative, then
Sy is the empty set. Let j,, : S, — S, be the isomorphism
associated with the monomial bases in S,, and denote by £, =
Ju(z7) the elements in the dual basis. We use the convention
that all spaces in this paper have a monomial basis, or a dual
monomial basis, and all these bases have a fixed order (usually
the grade lexicographic order; see Definition 1). Thus, there is
no ambiguity when we define matrices in the monomial bases.
Define two linear maps

’%bl,t :
1/)2,t :

St 1 = Strty = Ay (),

St"l S RRE @St’n - St?(gl7"'7gn) = ZQZfl

and let A; and D, denote the matrices of 1)1 ; and v ; in the
monomial bases, respectively. Denote

Uy: S; oS e--ash
N St @ (Stn—t,l D D Stn—t,n)*
(T, 9) = (b1,6(T1) + 12,4(9), 93,4, (1))

where 95, _,(7T) is the dual of 2 4, +(71'), i.e.,

q/fs,tn—t(T) :

Let M, be the matrix of ¥, in the monomial bases. Denote by F,
the submatrix of M; whose columns are indexed by the mono-
mials in E#1 U --- E»"~1 and whose rows are indexed by the

S:n—t N (S —t, 1 Stn—t n)
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monomial 27 in S; for which there exist two different indexes
1,7 such that v; > d;, v = dj

The following lemma is from [12].

Lemma 2.2: For any ¢t > 0, det(My), det(Fy),
det(E;, ;) are nonzero polynomials but that they might
vanish for a given choice of coefficients for fi,..., f,. Let
Resq,...a,(f1,--., fn) be the resultant of fi,..., f,. Then

det(Mt)

R v fn) =
L L Y FOA T (O
A D
where M; = {DTt Ot} and Ay = (Bry ) jn=t, 7| =t —t-
bt

M, is a square matrix of size p(t),
t+n-—1 th —t4+n—1
0= (1253 (25

n—1
where Hy(t) can be computed by the following formula:

H?:l(l_ydi) _ = Ha (!
(L—y)m ; o)y

When ¢t = [t,,/2], the size of p(t) is minimal.

By using this lemma, we can establish a formula of the
symmetric hyperdeterminant of an even-order supersymmetric
tensor.

III. THE SYMMETRIC HYPERDETERMINANT OF AN EVEN
ORDER SUPERSYMMETRIC TENSOR

Assume that m > 2 is an even number and n is a positive
integer. Denote €2y, ,, by

Qi = {(G1d2---1x) 191 <o < -+ <y,

Z'l,iz,...,ik € {12n}}
for k = 1,2,...,m. Let (4142---ix) € i, denote by
0y iy--i, the number of all combinations with repetitions of
(149 - - - ik ). Then after combining like monomials, we have
flz) = Az™

= § E E Qiyineevipy Qi iy Lig Liy * " Liyyy
i1=1142=11 G =T —1
= E : Qiyig-evip Qiyine iy Lig Lig * " Ly -
(i192%m ) EQm n
Let
m—1 .
fi(z) =(A2™™");, 1=1,2,...,n. “)
Then
Z Z i
fl($> = [ R P £ SV R PR Sy
i1=1 T — 1=l —2
_ Z i
- 1O PN P (O SV SR PR S
(i1 im—1)EQm—1,n
Q)
where s = 1,2,...,n, and am2 o, = Giiyigi,,_, - Hence,

f17f27"'

, fn are homogeneous polynomials in n variables
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with degree m — 1, i.e.,

dlz...:dn:m—l,tn:n(m—Q)

and they include

m+n—2
Up = < "1 ) (6)
monomials. From Lemma 2.2, we obtain the following propo-
sition.

Proposition 3.1: Let A be an mth-order supersymmetric
tensor, mm be an even number and m > 2, and f1, fo,..., fn be
defined by (4). Then the symmetric hyperdeterminant of A is
computed by the following formula:

det(Mt)

det(A) det(Ey)det(Ey, )"

=Res(f1,...,fn) =%

When ¢t = t,,/2, the size of M; is minimal and

det(Mt/ )

det 1
(4) = (det(Ey )2

where ), = t,,/2.

Proof: Because m is an even number, ¢,, is also an even
number. Hence, [t,,/2] = ¢, /2. The proposition follows from
Lemmas 2.1 and 2.2. &

At first, we discuss the computation of Atﬁ in My (see
Lemma 2.2). At; is a matrix whose entries are Bezoutians. In

order to compute the Bezoutian associated with f1, fo, ..., fa,
we define
Gij(K) = filyrs o Yi—1, K Tjg1, - Tn)
and have the following lemma.
Lemma 3.1: Let
Tj—Yj
Then
m—1
-1 —2 1
Aij = {(ﬂﬂf +yiah Ty e T
p=1
Z ail"'imf1afq---i,m,]yh e
(i1 im-1)EQYY |
YirLipypir """ xi'm—l} (®)
forj =1,2,...,n, where Qm 1.n 18 a subset of 2y, 1 , and

its entries include pi's,p=1....,m— 1.
Proof: From (5) and (7), it follows that

1 .
A= § i . i
ij a7/1"'7/m710’1',1---1'
.ZL‘]' — Y5

v, i —1
J (1192 tm—1)€EQm—_1,n

{yi1 i iy Ly T Yy

Yi;Tijpq 0 Lipyy }
As  remarked before, fi(yi,...,Yj-1,%j . Tn)  —
fity1, -,y Tjt+1,...,@,) can be divided by z; — y,.
Hence, we may express A;;(z,y) as this quotient no matter
whether z; — y; = 0 or not. If (i1 im_1) € Qm_1n
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does not include j, then the terms with this index in ¢;;(z;)
and ¢;;(y;) are identical, and they are canceled in (7). If
(i1 im-1) € QP n» then from

2t —
271 wa_1+ijf_2+-~-+y§-’_ wj-l-yp 1
Tj—Yj

it follows (8). The proof is complete. &

From Lemma 3.1, it is seen that the n components in the jth
column of (A;;(2,y))nxn have the same monomials and have
only different coefficients in monomials, v, ae According to
the properties of determinants, we conclude that each element
in det(A;j(x,y))nxn is a product of a constant, an n X n de-
terminant and a monomial 2"y with |k| 4+ |y| = ¢,. Define an
n X n determinant

1 1 1
“31 “gz T “gn
a a ... a
60 6- 6,
a(91,027....0n) 1 2 k
n n n
ag, Qg ag,,

where agj = ap; € Q.. We have the following lemma.
Lemma 3.2: g, g, -+ g, a(b1,02,...,0,) is the coeffi-
cient of a monomial in the determinant, det(A;;(z,y))nxn-
Proof: Let ay, aé p; be an entry in Ayj(z,y) where
pj is a monomial, j = 1,2,..., . It follows that from (8)
that ay, ae p; is also an entry in Au(a: Y),1 = 2,3,...,n

7 = 1, 2, ...,n. Hence, the coefficient of pips---p, in
det(Aij(z,y))nxn is

ap, g, g, a(by,02,...,0,).
The proof is complete. &

According to Lemma 2.2, we have that

Av, = (Briny ) sl =lv; 1=t

where 3, is the coefficient of 247 in det(Ai;(z,y)nxn)-
In order to determine the permutation of elements of At%, we
need to choose the proper order of monomials, and recall the
definition of the lex (lexicographic) order and the grlex (graded
lexicographic) order of monomials [10], where Z is the set of
integers and Z> is the set of nonnegative integers.
Definition 1: Lets = (K1, K2, -, 5n), Y = (71,725 -+ - Vn)
and K,y € Z%,. We say kK >1ex 7, if in the vector difference
Kk — € Z™ the leftmost nonzero entry is positive. We will
write 2% >iex Y7 if £ S1ex 7. We say £ >gpiex 7, if [6] > |7,

or |[k| = |7] and K >iex 7. We will write 2% >gp1e 37 if
K >grlex Y-
We let
m—1
t,+n—1
v”:< n—1 >’ ), 1n = U anpm

p=1

and divide the monomials of Aj;(z,y) into m — 1 sets
Cj1s-- -5 Cjm—1 by

Cj1 = {«’171 @iyt (i ime2) € n}

Cj2 = {yill’iz iyt (i1fia i) € D,y n}

Cim-1= {yi1 Wit (i1 imoo]) € Qm 1 n}
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for j = 1,2,...,n [see (8)]. Here c;; includes all monomials
of m — 1 — ¢ z-variables and 7 — ly-variables in A;;, ¢ =
1,....,m—1.

Define

A= {0111 X
such that |k
where p; € ¢ji,,j=1,...,n}

l,e{l,....m—1}
= |y| =t forall z"y" = p; - - py,

- X Cnl, :ll,...7

and denote

Ay, = (dij)v, xv.,
where d;; = B+, [see )], 4,5 = 1,2,..., 00,1, .., Ko,,
and vi,...,7,, are ordered by the grlex order. We present an

algorithm for computing Ay, as follows.
Algorithm 3.1:
Step 1) Initialization. Setd;; = 0,7,5 = 1,2,...,
Aand k = 0.
Step 2) Check termination. If A;, = (), then stop. Otherwise
choose c17, X cap, X -+ X ¢y, from Ag.
Step 3) For each combination pips -+ py, in c1y; X ca1, X
- X cn1,,, assume that the coefficient of p; in cg,
is g, aéls with§;, € Q1 n,s=1,2,...,n.
i) Determine x; and ; such that

’Un.A() =

YT = pipy - pp.

ii) Let d” = dij + Qg v Qg (911 ..... 01 )
Step 4) Let Ak+1 = A \ {Cll1 X Copy X -0+ X Cnln}~ Set
k =k + 1 and go to Step 2).
Now, we discuss the computation of Dy and Eyr . Dy is the
matrix of the map 5 1/ in the monomial basis
Popr 2 ST H @S — Sy
and Et/ is a submatrix of Dt/
Ift/, —m+1 < 0, then Stnl .. St are empty sets and
My, does not include Dy . If t,—m + 1 = 0, then there is only

a constant 1 in each base of St" 8™ vy =y, and Dy
1S U, X m matrix
1
[67:H aal g, ael g, ael
1 2 n
Dt/ _ g, a92 g, (IGZ g, a92 ) (9)
1 2
ag, Gy, Qg G5 v Qg GG

Lemma 3.3: Letw; = |S™|i =1,2,... n. Then
Dtﬁl = [DtlgsztQ(ﬁ" ?’i|
where D}, is the v,, X w; matrix of the mapping

$i 2 St — Sy gi— gifi.

Moreover, D;, is a sparse matrix, there are u,, identical nonzero
entries

g, a91 » (fy (102 yeees g, Qg

in each of its columns.
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Proof: Assume that all monomials in S*n by the grlex
order are p1,p2; . .., Pw,;, and that all monomials in Sy by the
grlex order are p,p5,...,p . Let Dj be the matrix of ;.
Then !

(p1fisp2fis- - (10

7pwifi> = (p/17p/27 e 7pi;n)

which implies that Dt, is a v, X w; matrix.
It is seen from (5) and (6) that there are w, terms

in each p;f;,7 = 1,...,w; and the wu, coefficients of
pifi,j = 1,...,w; are the same. This means that in each
column of D}, there are w,, identical nonzero entries. &

According to Lemma 2.2, we know that Ey is a submatrix
Dt/ whose columns are indexed by the monomials in Etwly

Etn2y...UEtan—1 , and whose rows are indexed by the mono-
mials in Ttil where

Tt;2 = {‘T’Y : |7| = t%vaz,jﬂ #J,’Yz >m— 17'7]' >m — 1}
For convenience, we denote

1 2 -1
Etgl - [Etiz 5 Et/l’ e 7E;I/;1

where the columns of E!, are indexed by the monomials in
Etnt =

(11

then Ey is indexed by an empty set, and according to the con-
vention we define det(£; ) = 1.

In order to determine the exact position of the nonzero entries
of Dy and exact indexes of row and column of Ey: , we need to
discuss the monomial ordering in St and other sets. For the
grlex order, we define the functions rank and unrank on some
set, P, which consist of monomials. The concept of these func-
tions refers to [20].

Let P be a set of finitely many monomials, |P| = N, and
define

rank: P — {1,2,...,N}
unrank: {1,2,... . N} = P
where rank is a ranking function defined on P in the grlex order,
and unrank is the inverse function of the function rank.

In the following lemma, we give a formula for calculating the
rank of a term of Stif

Lemma 3.4: Letaterm in Sy be expressed by

withy +y2 + -+ =1,,1 <k <k <
n,7v1 > 1,...,7; > 1. Then the rank of this term is

)
“)|

<k

i <

Y2 Vi
rank (azk Ty, Ty )

:1+jz:1[<n—ki+f

=0

=kt — (4
n — kit1

—(n+-
n—k;

where ky = 1.
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Proof: We partition the change from the first term a:i to
this term as follows:

’ 7

t, t, Y1t V1,2, =YLz
Il?l —>.Cl?k —>$k1$k —>Il?kl.’13k2£l?k3 A
Y72 b=t tyi—2) Vi Y
7 Ty T, xkj,l T T Ty T

In the first stage (i.e., ¢ = 0),

rank (m%) —rank (xtfl)
=rank (:1:321) — rank (:ctlil) — [rank (xfﬁl) — rank (xgi)}

_(n—-1+1, n—ky+t
_< n—1 )‘( n—k ) (12)
For the (i + 1)th stage,
72 Vit — (Y1 i)
rank (o] a7 ...wkpka ; )
—rank (xkla;Z§ a;k —(vit e 1))
is decomposed into two differences
rank (:L‘k xzz R x;/jwfil—(”ll-l-----l-%))
—rank (mk xkg lek (71+---+%71+%))
and
rank (‘Tk xk2 - xzjxf{1—(”/1+---+%))
i o b — (Yt tyi)
—rank (‘Tk xk‘z xz z 1 ) '
It is not difficult to obtain
it —(yite i)
sk (a7, -2 )
— rank (;r,’k Q;ZZ e $Zn_(71+-"+7i71))
= n_ki+tn_('71+"'+’yi)
n — ki
- vq / —_ ... .
- (“ kit + 1t k("Yl + +%)> 13
n — Kit1

This lemma follows from (12), (13), and rank(a:;:l) =1 ¢
Now we give an algorithm for determining the unrank func-
tion of the monomials in Sm 1, St .4 = 1,2,...,n, the in-
dexes of columns in Et, 1 = 1,2,...,n — 1, the indexes of
rows of Ey , and an array which stores the position of nonzero
entries in Dt;
Algorithm 3.2:
Step 1) Determine the unrank function of all monomial in
Sm—1 which are stored in unrank ( - ). Let k& = 0. For
7;1 = 1727...77“’1;2 = i17i1+17...7n;"'7im,1 =
im_Z,z'm_z, ...,n;do k = k + 1, unrank(k) =
Ty Ty * " - Ty,
Step 2) Determlne the unrank function of all mono-
mial in S™* which are stored in unrank (i,-),
i = 1,2,...,n, the indexes of columns of Et»:
storedin C(7,-),7 = 1,2,...,n—1, and the indexes
of the rows of E;, stored in R(-).

1101

2.1)Setk; =0,k =0,....k, =0;71 = 0,72 =

0,...,jn—1 = 0;and n, = 0.

22)Foriy = 1,2,-,n;40 = 41,41+ 1,...,m; -

it€1 = it”!l_l,it’,n,_l + 1,. NN do
pOIYthx’iz ) 'Z'Ltl _x'lnx;) mZn;

1) k1 = k1 + 1, unrank(1, k1) = poly.

i) if there exists ;" in poly such that p > 2,
Yp > m—1,then j; = j1+1,C(1,51) =
k1;

i) if there exists y,, and 7,,,p1 # p2 such
that v, > m — 1, 7,, > m — 1, then
ny =n. + 1,R(n,) = ky.

2) Forl =1,2,...,n—2,do
ifyn <m-—1,...,v <m~—1, then

) kip1 = ki1 + 1, unrank(l + 1, kiqq) =
poly;

i) If there exists x,” in poly such that p >
l+2,v >m—1,then ji41 = jiy1 +
LCO(+1,5141) = kiy1.

My <m—1,...,7%-1 <m—1,thenk, =
kn 4+ 1,unrank(n, k,,) = poly.

Step 3) Determine the array B € R™*"m X"~ where w,, =
max{w; : 1 < i < n}.Fori=1,2,...,n;j =
1,2,...,w;;k=1,2,...,u,, do

1) poly = unrank(z, j)unrank(k);

ii) B(i,j,k) = rank (poly), where the compu-
tation of rank is determined by the formula in
Lemma 3.4.

In the following proposition we give an approach for deter-
mining Dt: and Et/ .

Proposmon 3.2: The matrix Dy is determined by Lemma
3.3 and the array B generated by Algorithm 3.2. In each
Dl , = 1,2,...,n, there are u,, identical nonzero entries,
aglnagl./a% a§27 ces g, aéun in each of its columns. While
the positions of u,, nonzero entries in the jth column of D’ti,
are B(i, j,1), B(i,5,2),- ., B(i,jyun),j = 1,2, ,wi.

The matrix E; is determined by Dy , the array R and C'
Eff, is a submatrix oth, ,t=1,2,...,n—1,and

R(1)

i _pi R(|Ty, 1)
BT O, 1) C(i,|E%) )

Proof: From Step 1) of Algorithm 3.2, unrank (1), un-
rank(2), . . ., unrank(u,, ) are all monomials in S,,, _1 by the grlex
order, and they are all monomials in any f;, ¢ = 1,2,...,n.
unrank (4,7) stores the jth monomial in Stusi. According
to Lemma 3.3 and Step 3) of Algorithm 3.2, it follows that
B(i,j,k), k = 1,2,...,u, are the rank of all monomials of
gjfi in Sy by grlex order. From (10) it is seen that B(i, j, k),
k= 1,2,...,u, are the position of w,, nonzero entries in
the jth column of D;’%. From Algorithm 3.2, the indexes of
columns of E' are stored in C(7,-),i = 1,2,...,n — 1, and
the indexes of the rows of Ey are stored in R(-). Thus, we
obtain the form of E;, in this lemma. &

Hence, the symmetric hyperdeterminant of an even order su-
persymmetric tensor is completely determined by Proposition
3.2, Algorithms 3.1 and 3.2.

P

, (g

R(2)
(i, 2)
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IV. THE CHARACTERISTIC POLYNOMIAL OF A FOURTH ORDER
THREE-DIMENSIONAL SUPERSYMMETRIC TENSOR

In this section, we consider the detailed computation of the
characteristic polynomial of a fourth-order three-dimensional
supersymmetric tensor. Let . = 4 and n = 3. By the definition
of eigenvalues, an eigenvalue A together with its eigenvector x
satisfies the following homogeneous polynomial equation:

fl(xa)‘)
falz,A) | = Ax® = Ml = (A-ADz® =0, (14)
fg(:l?,)\)
Let A= A — M. Then
— ai11‘21‘31‘4—)\, ifi1:i2:i3:i4
Girizigin = {ailiQim, otherwise. (15

In order to give the expressions of fi(z,A), fa(z,)) and
fa(z, A), we denote

— 3 ,.2 2 2 2 .3 .2 2 3
z = (.Z‘l,$1$2,$1l‘3,$1l‘2,$1$2$3,$’1l‘3,$’2,$2l‘3,$2l‘3,$3)

where the monomials with degree 3 are ordered by the grlex
order. Let 01,6, ..., 619 be the subscripts of these monomials
by the grlex order. Then

= (111,112,112, 122,123, 133,222, 223, 233, 333).

According to the definition, we know that ap, = .4, de-
notes the number of all permutations of (i142%3) from which it
follows that

(a917a927"'7a910) = (1737373767371737371)'

Denote
=1 =1 =1
(}31 C_ng e (}310
B=\ag a, - a5, (16)
as a3 . g3
61 62 610
—i =
where ag, = Gig, and
D= diag(a017a027"'7a010)' (17)

Then from (14), we have

fl(LlZ,/\)
f2(1"7 /\)
f3($7 /\)

From Lemma 3.1, we obtain

= (A— M)z = Az® = BDz".

An(z,y)
= g, (o7 + w151 +97) + 3 (g, (w122 + y122)

+ag, (1173 + y13) + (a5, 23 + 2ap, mow3 + ag,x3))
Ap(z,y)
=, (03 +wo12 + 13) +3 (@b, (172 + 192)

g, (w2m3 + yows) + (5,47 + 24,3175 + 0, 53))
Ai(z,y)
= ag,, (23 + z3ys + y3) + 3(ay, (173 + y1y3)

+ap, (yows + y2ys) + (ap,y7 + 2ap,y1y2 + ap,y3)
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for ¢ = 1, 2, 3. Define the 3 x 3 determinant

A(z,y) = det(Aij(z,9))i<ijes = D Beya™y.
|5l +11=6

Let Az = (0, )10x10 Where By, , 4,7 = 1,2,...,10 are the
coefficients of z":y7 with |k;| = 3 and |;| = 3. Then the
grlex orders of x and y are
(3,0,0),(2,1,0),(2,0,1),(1,2,0),(1,1,1),

(1,0,2),(0,3,0),(0,2,1),(0,1,2),(0,0,3).

?

Denote
10x10 — -
Agz(di]’)eéﬁ 7dij:ﬁm'yj7 i,7=1,2,...,10
and
-1 -1 -1
ap,,  Qg,, Qg
.. —2 — —92
livizis] = | @, @5, Gp,,
=3 = =3
ap,, Qg g,

Using Algorithm 3.1, we obtain the following 100 elements
where some determinants are combined, zero determinants are
deleted, and the subscripts are permuted in the grlex order ac-
cording to the properties of determinants.

dyy = 0,dyy = —9[134], ds; = 9[126] — 18[135],
dyy = —27[234] — 3[137], dsy = 9[146] — 9[138] — 54[235],
3[12, 10] + 18[156] — 9[139] — 27[236],
—9[237], dsy = —3[167] — 27]238]

dgy = —27[239] + 3[14, 10] — 9[168],
dy01 = 6[15,10] — 9[23,10] — 9[169], dy = 0,

dyy = —3[137] + 18[145], dsy = 9[146] — 9[138] + 9[129],
—9[237] — 6[157] + 54[245],

dsy = —3[167] + 27[246] — 27[238] + 9[149] — 18[158]

+ 54[345],

dgy = 3[14, 10] — 9[168] 4 27[346] — 27[239],

d7y = —18[257] + 9[347],

dgy = 3[179] — 9[276] — 54[258] + 27[348)],

dgy = 9[24,10] — 27[268] 4 [17,10] + 9[189] + 27[349]

— 54]259],

d10.2 = 3[18,10] + 9[34, 10] — 27[269], dy5 = 0,

das = 9[146], ds3 = 3[12,10] + 18[156],

dy3 = —3[167] + 27[246],

dss = 3[14, 10] — 9[168] 4 54[256] 4 27[346],

dgs = 6[15, 10] — 9[169] — 9[23, 10] + 54[356],

d73 = —9[267], dgs = [17,10] — 27[268] — 9[367],

dos = —27[269] + 3[18,10] + 9[34, 10] — 27[368],
d1o,3 = 3[19,10] + 18[35,10] — 27[369] — 9[26, 10],

dyy = 0,dyy = —6[157] + 9[148], dsy = —3[167] + 9[149],

dyy = 27[248] + 3[178] — 18[257],

dsy = 27[348] — 18[357] + 27]249] — 9[267] + 3[179],

dgy = [17,10] — 9[367] + 27[349], d7y = 9[278] — 18[457],

dgy = 9[279] + 9[378] — 9[467] — 54[458],

S
=~ ()
22
1
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doy = 3[27,10] + 9[379] — 54[459] — 27[468],
d1o,4 = 3[37,10] — 27[469], dy5 = 0,

dys = —3[167] + 9[149], ds5 = 3[14, 10]

dys = 3[179] — 9]267] + 27[249],

dss = [17,10] + 9[24, 10] — 27[268] — 9[367] + 9[189]
+ 54[259] + 27[349],
dgs = 3[18, 10] + 9[34, 10] — 27[368] + 54[359],
d7s = 9[279] — 9[467],
dgs = 3[27,10] + 27[289] 4 9[379] — 27[468] — 18[567],
dos = 9[28, 10] — 1845, 10] — 54[568] + 3[37, 10]
+ 27[389] — 27[469)],
d10,5 = 9[38,10] — 9[46, 10] — 54[569], dy¢ = 0,
dag = 3[14,10], dsg = 6[15, 10], dys = [17,10] + 9[24, 10],
dse = 3[18, 10] + 18[25, 10] + 9[34, 10],

dss = 9[28, 10] + 3[37, 10],
dos = 9[29, 10] + 9[38, 10] — 9[46, 10],
dio.6 = 9[39, 10] — 18[56, 10], dy7 = 0, da7 = 3[178],
dsr = 3[179], dar = 9[278], ds7 = 9[279] + 9[378],
dr = 9[379], dvr = 9[4T8], d7 = 9[479] + 18[578)],
dyr = 18[579] + 9[678], d1o.7 = 9[679], d1s = 0,
dos = 3[179], d3s = [17, 10] + 9[189], dys = 9[279)],
dss = 27[289] + 9[379] + 3[27, 10], dgs = 3[37, 10]
+ 27[389)],
drs = 9[479], dss = 3[47,10] + 27[489] + 18[579),
dos = 6[57, 10] + 54[589] + 9[679], d10.5 = 3[67, 10]
+ 27[689],
dig = 0, dgg = [17,10], dzo = 3[18, 10], dgo = 3[27, 10],
dso = 9[28,10] + 3[37, 10], dgo = 9[38, 10],
dro = 347, 10],
dso = 9[48, 10] + 6[57, 10], dgg = 18[58, 10] + 3[67, 10],
d1o,9 = 9[68,10],d1,10 = d2,10 = - - - = d10,10 = 0.

[
[
[
dgs = 3[19,10] 4 18]35, 10], d7g = 3[27, 10],
[
[
[
[

(18)

In this case, t;, = 3, m = 4,1i.e.,t,, —m + 1 = 0. From (9),
we have

=1 =2 =3
g, a?l g, agl g, af‘;’l
g, a g, a g, a
D= | ettt | ppe
=1 =2 =3
QgaQg,, QB 0g,, X610,

where B and D are defined in (16) and (17). In addition, the
condition (11) is satisfied which implies det(E3) = 1.

Hence from Proposition 3.1 we obtain the characteristic poly-
nomial of a fourth-order 3-D tensor

B(\) = det(A — AI) = det(Ms(\))

Ag DBT}

M3(A) = (mij)iax1z = [BD 0 (19)

where the 100 elements in Az are computed by (18), B and D
refer to (16) and (17).

— 9[168] + 18[159],
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V. TESTING POSITIVE DEFINITENESS OF A FOURTH-ORDER
THREE-DIMENSIONAL SUPERSYMMETRIC TENSOR

Let
d
A=) a)
=0

where d = n(m — 1)("~1), be the characteristic polynomial
of an mth-order n-dimensional supersymmetric tensor A. From
Theorem 2.1, we have

aq = (—1)d7
= det(4) =

aar = (=1 (m

¢(0).

When m = 4 and n = 3, d = 27. By directly computing, we
have

1)"Ltr(A)

aq 2 = G2
= 36a111301333 — 8lai111a3333 + 360111201222
+ 36a222302333 — 8lageosaszszs — 8lajiiiazage
—36a3,,; + 54af;9,

2 2
— 36a3333 — 36a3999

+ 54@%233 + 54@%133.

However, other coefficients of ¢(A) are hard to be computed
directly.
We choose 24 equidistant points

2(i — 1)
A =s(1— 20
s(1- =) 0)
1 =1,2,...,24, where s is a positive number, and have
a1 +)\}a2 + ...+ A?4a24
= (p(A) = (=A77 + APax
+ A5 + ao)) /i (21
fore =1,2,...,24.Itis seen that this is a Vandermonde system

of linear equations. We use the Bjorck—Pereyra [4] algorithm to
solve this system, and get ay, ..., aq4.

For improving accurateness of computation, we may scale the
characteristic polynomial. Proposition 2.1 implies that we can
get all eigenvalues of A by computing all roots of the character-
istic polynomial of B, denoted by ¢(u) = det(B — ul).

From Theorem 2.1 it follows that all nonpositive real roots of
¢(A) lie in [L1,0] where

= min{aii...i - Z{|aii2'"im . ig, ey

im = 17 e,y §ii2---im = 0}.

If Ly < —1,then B = ;75 A and (p) = det(B — pl). If
Ly > —1,lety = ¢. Let L = max{Ly,—1}. Then ¢ has a
nonpositive roots if and only if 1) has a nonpositive root, and
all nonpositive real roots of 1 (1) lie in [L, 0]. In order to find if
1(A) has a nonpositive real root, we recall Sturm’s theorem [5].

Theorem 5.1: Let (\) be a nonconstant polynomial with
real coefficients and let ¢; and c¢», with ¢; < c¢a, be two real num-
bers such that ¢)(¢1) -1 (ca) # 0.If the sequence g, 1, . . ., Py
is defined by the conditions

dyp

o =1, Y1 = d)\ﬂ/h+1 —1;—1 mod 1);
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where ¢ = 1,2,...,r and .41 = 0. The sequence
o, ¥1,...,%, is called a sequence of Sturm. Denote

of 1) on the interval (cy, ¢5) is equal to v(ey) — v(e2).

For example, if 1/(\) = A2, then we have v(—1) — v(1) =
1, i.e., ¥ has one distinct root in (—1, 1), though this root is a
double root.

According to the conclusion in [24], if ¢(\) has at least
a nonpositive real root with odd multiplicity, then A is not
positive definite. Let V' be the set of nonpositive real roots
of 1, which have even multiplicities. Since aq = (—1),
limapha—moo Y(a) = o0, ie., YP(a) > 0if @« < L, and
P(L) > 0.If () < 0 for any « € (L,0], then 1)(\) has
at least a nonpositive real root with odd multiplicity. This
implies that A is not positive definite. If ¥)(«) = 0 for any
a € [L,0], then « is a root of ¥, we may find a k > 1 such
that y*~D(a) = 0 and ¢y *)(a) # 0. This implies that the
multiplicity of « is k. If k& is odd or dz(k)ga) < 0, then A
is not positive definite. If k is even and ¢(*)(a)) > 0, then
() = n(A) (A —a)*. We may record « in V and use 7 instead
of 1) to check other nonpositive roots of .

We now set V' = (). Then we check 4)(0) and ¢)(L). If )(0) <
0, or 0 or L is an odd-multiple root of 1), then A is not positive
definite. Otherwise, if O or L is an even-multiple root of v, then
we may record it to V' and replace ) by 1 as described above. If
7(0) < 0, then ¢ has an odd-multiple nonpositive root and A is
not positive definite. In the remaining case, both 7(0) and n(L)
are positive.

Then we may use the Sturm sequence of n(A) or ¥ (\) if
V = (), to know whether n(\) or 1/(\) has nonpositive real roots
in [L, 0] or not. If 4)(\) has no nonpositive real roots, then A is
positive definite. Otherwise we check the value of () or 1(\)
at the midpoint of [L, 0] and use the Sturm sequence if neces-
sary. We may repeat this process until either we find that A is
not positive definite because 1) has an odd-multiple nonpositive
root, or we have used the Sturm sequence to separate all dis-
tinct nonpositive roots of 1. For a nonpositive root of ¢) which
has been separated in an interval (c¢y, ¢2), 9 or its reduced poly-
nomial is positive at both ¢; and ¢y by the above procedures.
Then we may easily conclude that ¢ has an even-multiple root
in (c1, ¢2). This also implies that (di/d\) has an odd-multiple
root in this interval. Then we may apply the bisection method to
(dv/dX) or the derivative function of the reduced polynomial
of 1, to find an approximate value of this root if necessary.

If ¢ has nonpositive roots and all the nonpositive roots of ¢(\)
are of even multiplicity, then we call this case the hard case. In
this case we have to find if there exist real eigenvectors of A,
associated with these nonpositive roots in order to determine
the positive definiteness of A.

Let ) be a nonpositive real root of ¢(11). Then the eigenvector
associated with A can be determined by the following equations:

f1<l’7%\)
fo(z,N) | =0 (22)
f3($7)‘)

ri+as+a3-1=0 (23)

for n = 3, m = 4. Because f; [see (5)] are homogeneous func-
tions in 3 variables with degree 3, : = 1,2, 3, we can obtain two
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systems of polynomial equations

fi(z1,22,0,0) =0, i=1,2,3 (24)
i3 —1=0 (25)

and
filti,t2,1,0) =0,i=1,2,3 (26)
(tf+t54+1)z3—1=0 (27)

which are equivalent to (22)—(23). It is remarked that (24)—(25)
is directly solved by eliminating z». While (26)—(27) can be
solved by the Levenberg-Marquardt algorithm for solving non-
linear least squares problems. If we find a real eigenvector asso-
ciated with a nonpositive real eigenvalue, then A is not positive
definite.

Now we present an algorithm to test positive definiteness of a
multivariate form in detail. In this algorithm, we use U to denote
a set of intervals, each of which has more than one nonpositive
distinct roots of ¢, and W to denote a set of intervals, each of
which has one nonpositive even-multiple distinct root of ¢.

Algorithm 5.1: (An eigenvalue method for testing positive
definiteness of a multivariate form)

Step 0) If aj;...; < 0forsomei € {1,2,...,n}, Aisnot
positive definite. Compute the lower bound of real
eigenvalues, L; by the formula (21). If L; > 0,
then A is positive definite, stop. If L; < —1, then
set A = (1/|L1|)A. Let L = max{—-1,L;},V =
P, U =0 and W = 0.

Compute the matrices My () and Ey (x) by

Proposition 3.2, Algorithms 3.1 and 3.2, where
det(My (X))

(det(Er, (1)))?

Step 1)

det(A— M) ==+

(see Proposition 3.1). When m = 4 and n = 3,
tl =3, (Ms(\)) is defined in (19).

Step2) Compute all coefficients in the characteristic
polynomial of A, ¢(\) = det(A — AI), by the
Bjorck—Pereyra algorithm. When m = 4 and

n = 3, (A) = det(M3(N)) [see (19)].

If $(0) < 0, then A is not positive definite. If
#(0) = 0 or ¢(L) = 0, check its multiplicity. If
0 or L is an odd-multiple root of ¢, then A is not
positive definite. Stop in these two cases. If 0 or
L is an even-multiple root of ¢, record it to V' and
replace ¢ by a reduced polynomial 7 which was
described before. If the reduced polynomial ¢ is
negative at 0, A is not positive definite, stop.

Step 3)

Step4)  Compute the Sturm sequence of ¢(\) according
to Theorem 5.1. Use this sequence to check the
number of distinct roots of ¢(\) in (L, 0). If this
number is zero and V' = (), then A is positive
definite and stop. If this number is 1, put (L, 0)
to W . If this number is bigger than 1, put (L, 0) to

U.
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Step5) If U # (), take an interval (¢, co) from U. Let

cg = S22 0If ¢(es) < 0, then A is not posi-
tive definite, stop. If ¢(c3) = 0, find k such that
=D (e3) = 0 and 9*)(c3) # 0. If k is odd or
1/1("') (¢3) < 0, then A is not positive definite, stop.
If k is even and 9(*)(c3) > 0, record c3 to V and
replace ¢ by a reduced polynomial 7 as described
before and compute the Sturm sequence for the re-
duced polynomial ¢. Use the Sturm sequence to
determine the numbers of distinct roots of ¢ in
(c1,c3) and (c3, c2) respectively. Put (¢q, ¢3) and
(c3,c2) to U or W or discard one of them, de-
pending these two numbers are bigger than one,
exactly one, or zero. Repeat this step until either
we find that A is not positive definite or U = ().

If V # (), take a number, say A, from V. Then )\’
is a nonpositive even-multiple root of ¢. We may
find if A has a real eigenvector associated with \’
or not. When m = 4 and n = 3, for ), solve
the system (22)—(23). If there is a real solution
in (22)—(23), then A is not positive definite, stop.
Repeat this step until either we find that A is not
positive definite or V' = .

Step 6)

Step7) If W # 0, take an interval, say (cy,cz), from
W. Apply the bisection method to (d¢/d)\) on
(1, c2) to find an approximate root \’ of ¢. Then
is the approximate value of an nonpositive even-
multiple root of ¢. We may find if A has a real
eigenvector associated with A or not. When m = 4
and n = 3, for X, solve the system (22)—(23). If
there is a real solution in (22)—(23), then A is not
positive definite, stop. Repeat this step until either
we find that A is not positive definite or W = ).
In the latter case, A is positive definite.

Remarks:

1) In Step 2), it is not easy to get all coefficients of ¢() with
good precision. From numerical test we find that s = 2
[see (20)] is a good choice. ~

2) In Steps 4) and 5), a modified Sturm function ¢;, where

¢; = ¢i/si, s; is a positive number, is generated such
that the absolute value of leading coefficient of ¢; is 1,
1 =1,...,7.

3) In Step 7), the nonpositive even-multiple roots of ¢(\)
in the intervals in W are approximately computed by
the bisection method such that the error between approx-
imated root and exact root is less than 107, In addi-
tion, when (26)—(27) is solved, the minimal solution of
f(ti,t2,1,X) = 0.5(f2+f3+f3) is found. If there is a real
t1,ts suchthat f = 0,then f; = fo = f3 = 0. By (27), set
I3 = (1/(t%+t%+l))1/4, andletT; = t1%3,To = t273. It
is easy to see that 71, T2, Z3 is a real solution of (26)—(27).
Hence, if the minimal value f is less that 10710 then we
think that there is a real solution.

VI. NUMERICAL TEST

In this section, we present some preliminary numerical tests
for fourth order three dimensional supersymmetric tensors with
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Algorithm 5.1. The computation was done on a personal com-
puter (Pentium IV, 2.8 GHz) running Matlab 7.0.

Because it is difficult to find test problems in the literature,
we generate four kinds of problems by random approaches for
testing the performance of Algorithm 5.1. In the following prob-
lems let f(z) = Ax*.

TP I (general case)

4 3 3 2 2
f(z) = a111127 + 4011122702 + 4a11132703 + 6a11200725
2 2 2 3
+ 12a112321%2T3 + 6a11332773 + 4a122071 75
2 2 3
+ 12a12031 05203 + 1201233012203 + 4a133301 073

4 3 2.2
+ 0222275 + 4022237573 + 6as2337513

+ da2333T275 + a333373 (28)
where a;;x; is a random number in [, [p] with [, > 0.
TP II (special case)
f(x) = (b1 + bawa + b3w3)? (bazy
+ b5$‘2 + b6$3)2
+ Xo(z] + 23 + x3) (29)
where b; is a random number in [—5, 5] fori = 1,2,...,6, and
Ag is a parameter.
It is easy to know that when Ay = 0,0 is the minimum

H-eigenvalue of A. By Proposition 2.1, Ay is the minimum
H-eigenvalue of f in (29).
TP III (hard case)

f(x) = (biwy + bowy + b3ws)” (aF + x5 + 23)

+Xo (21 + 23 +3)  (30)

where b; is a random number in [—10,10] forall7 = 1,...,3
and A is a parameter. Similarly, A is also the minimum H-eigen-
value of f in (30). However the hard case can arise when Algo-
rithm is used to solve this kind problem with negative \g. Nu-
merical results show that Ay is almost always an even-multiple
H-eigenvalue of f in the problems generated by (30).

TP IV (N-eigenvalue case)

f(x) = (byx? + bow3 + b3x3)? + No(x] + 25 +23)  (31)
where b1, by and bs are positive random numbers in (1 100). In
the problems generated by (31), Ay is an N-eigenvalue of A.

Tables I-IV show the performance of Algorithm 5.1 on the
four kinds of problems where

NP: the number of the problem.

ALB: the absolute value of the lower bound of real
eigenvalues [see (21)].

HE: current minimal nonpositive H-eigenvalue of A in
output where “p” means that all H-eigenvalues
of A are positive.

NE: minimal nonpositive N-eigenvalue of A (only for
Table IV).

PD: the positive definiteness, where “y” means yes,*“n”
means no.

Time: the CPU time in seconds.
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TABLE I
RESULTS OF TP 1
NP | ALB HE PD | Time
1 20 -7.3137 n 0.0469
2 18.5 p y 0.0215
3 13 -1.9140 n 0.4760
4 95.75 -18.7285 | n 0.0625
5 214.5 -53.8265 | n 0.0781
6 195 p y 0.0156
7 2250 -804.72 n 0.0251
8 1541.5 | -816.286 | n 0.0788
9 1869 p y 0.0176
TABLE II
RESULTS OF TP II
NP | ALB HE PD | Time
1 25295 | p y 0.0381
2 620 p y 0.0156
3 524.5 p y 0.469
4 1162 0 n 0.0283
5 604 0 n 0.0307
6 832 0 n 0.0212
7 2039 -1.010 n 0.0469
8 1539 -1.004 n 0.0781
9 1062 -0.99991 | n 0.0572
TABLE III
REsSULTS OF TP IIT
NP | ALB HE PD | Time
1 413 0 n 0.0469
2 112 0 n 0.0469
3 175 -0.00015 | n 0.0156
4 529 -1.00084 | n 0.109
5 449 -1.00234 | n 0.156
6 154 -1.0011 n 0.0469
7 281.5 | -2.00097 | n 0.1250
8 132.5 | -2.0011 n 0.0938
9 2275 | -1.9979 n 0.1406
TABLE IV
RESULTS OF TP IV
NP | ALB | NE PD | Time
1 1848 | -0.01181 y 0.0781
2 2565 | 0 y 0.0469
3 2640 | -0.014443 | y 0.0937
4 4418 | -10.0297 y 0.141
5 2917 | -10.0248 y 0.135
6 3115 | -10.004 y 0.0469
7 2210 | -10.0229 y 0.126
8 2008 | -99.970 y 0.1875
9 3940 | -100.061 y 0.1563

In Table I, we give the results of 9 different general test prob-
lems generated by (28) where we choose I/, = 10 in 1-3, [, =
100 in 4-6 and [, = 1000 in 7-9. Algorithm 5.1 can solve these
problems very well in short time. The hard case does not arise
in the computation process of Algorithm 5.1 for solving these
nine problems.

In Table II, nine special test problems are generated by (29),
and we choose A\g = 1in 1-3, \¢g = 0in4-6and \yg = —1
in 7-9. These problems are solved by Algorithm 5.1 and the
correct results are obtained. The hard case does not arise also in
the computation process of Algorithm 5.1 for solving these nine
special problems.

In Table III, nine test problems which are not positive definite
are generated by (30), and we choose A\g = 0in. 1-3, \g = —1

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 53, NO. 5, JUNE 2008

in the problems 4-6 and Ay = —2 in the problems 7-9. The
hard case arises when Algorithm 5.1 is used to solve these nine
problems. From the results in Table III we know that Algorithm
5.1 can handle the hard case in short time.

In Tables IV, 9 test problems which are positive definite are
generated by (31), and we choose A\ = 0 in 1-3, A\ = —10
in the problems 4-7 and A\g = —100 in the problems 8-9. )\ is
N-eigenvalue of these problems. From Table IV, we know that
the correct results can be obtained by Algorithm 5.1.

Numerical results show that Algorithm 5.1 is a feasible and
efficient eigenvalue method for testing positive definiteness of a
quartic form of three variables.

VII. FINAL COMMENTS

In this paper we propose an eigenvalue method for testing
positive definiteness of a multivariate form. At first we give
a frame of method for computing the symmetric hyperdeter-
minant and the characteristic polynomial of a supersymmetric
tensor for the general case. Then we propose Algorithm 5.1
which can be carried out when n = 3 and m = 4. A pos-
sible improvement of this method is to use the E-eigenvalues and
the E-characteristic polynomial of A instead of the eigenvalues
and the characteristic polynomial of A in the algorithm. The
E-eigenvalues and the E-characteristic polynomial of A were
also introduced in [24], and studied further in [25], [26], [23].
They may also be used to test positive definiteness of a multi-
variate form. An advantage of the E-eigenvalues and the E-char-
acteristic polynomial is that the degree of the E-characteristic
polynomial is much lower than the degree of the characteristic
polynomial. When n = 3 and m = 4, the degree of the charac-
teristic polynomial is 27 as indicated in Section V, while the de-
gree of the E-characteristic polynomial is at most 13 [23]. How-
ever, unlike the degree of the characteristic polynomial, which is
fixed when m and n are fixed, the degree of the E-characteristic
polynomial is not fixed. For example, when n = 3 and m = 4,
the degree of the E-characteristic polynomial may be 13 or may
be less than 13. This creates a difficulty to identify that degree
for a particular problem. This is why we study the eigenvalue
method first in this paper.
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