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Abstract The main purpose of this paper is to investigate some kinds of nonlin-
ear complementarity problems (NCP). For the structured tensors, such as, symmetric
positive definite tensors and copositive tensors, we derive the existence theorems on
a solution of these kinds of nonlinear complementarity problems. We prove that a
unique solution of the NCP exists under the condition of diagonalizable tensors.
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1 Introduction

Over the past decade, the research of finite-dimensional variational inequality
and complementarity problems [1-6] has been rapidly developed in the theory of ex-
istence, uniqueness and sensitivity of solutions, theory of algorithms, and the applica-
tion of these techniques to transportation planning, regional science, socio-economic
analysis, energy modeling and game theory.

Qi [7] defined two kinds of eigenvalues and described some relative results sim-
ilar to the matrix eigenvalues. Lim [8] proposed another definition of eigenvalues,
eigenvectors, singular values, and singular vectors for tensors based on a constrained
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variational approach, much like the Rayleigh quotient for symmetric matrix eigen-
values, independently.

Linear complementarity problems can be settled by the criss-cross algorithm [9].
Conversely, for linear complementarity problems, the criss-cross algorithm termi-
nates finitely only if the matrix is a sufficient matrix [9]. A sufficient matrix is a
generalization both of a positive definite matrix [10, Section 4.2] and of a P-matrix
[11], whose principal minors are each positive. Similarly, for a symmetric tensor, Qi
[7] gave the definition of a positive definite tensor and derived a method to check
whether a symmetric tensor is positive definite or not. The concept of copositive
matrices [12] is an important concept in applied mathematics, with applications in
control theory, optimization modeling, linear complementarity problems, graph the-
ory and linear evolution variational inequalities [13]. Qi [14] extended this concept
to tensors.

The rest of this paper is organized as follows. Section 2 introduces notations and
definitions of basic preliminaries. Some existence and uniqueness theorems of solu-
tions of nonlinear complementarity problems and two problems that we consider in
this paper are given in Section 3. The main results in Section 4 is to study the exis-
tence and uniqueness of solution(s) of Problems 3.1 and 3.2. In Section 5, we present
two conjectures and two open questions. We conclude our paper in Section 6. Finally,
the Reference section contains the most comprehensive bibliography in this area to
date.

2 Notation and Definitions

In this section, we define the notations and collect some basic definitions and
facts, which will be used later on.

Throughout this paper, we assume that m, n (> 2) are positive integers and m
is even. We use small letters x,u,v,..., for scalars, small bold letters x,u,v,..., for
vectors, capital letters A, B,C, ..., for matrices, calligraphic letters <7, %,%, ..., for
tensors, and 2A,B, ¢, ..., for the subsets in R”. Denote [n] = {1,2,...,n}. 0 means
a column vector in R", where its all entries are zeros. R’} denotes the nonnegative
orthant of R”. Given a column vector x € R”, x" represents the transpose of x, that
is, x| is a row vector.

The set T,,, consists of all order m dimension n tensors and every element in
o/ € T,y isreal, thatis, o7,;, ;, € R where iy € [n] withk € [m]. 9 € T,,, , is diagonal
if all off-diagonal entries are zero. Particularly, when the diagonal entries of & are 1,
then & is called the identity tensor and denote it by .# [7]. Given a vector x € R”,
Ix||§ = x¥ +x¥ +--- +x7 with & is an positive integers.

In following, we present five definitions about tensors and nonlinear mappings.
The mode-k tensor-matrix product and mode-k tensor-vector product of <7 € T,, , are
defined as follows.
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Definition 2.1 ([15]) The mode-k product of a tensor <7 € T,, , by a matrix B € R"*",
denoted by .7 x; B is a tensor ¢ € T, , of which are given by

n
Gy g1 ig 1w = Z Gy i igig 1 imDjigs K E [m].

=1

Particularly, the mode-k multiplication of a tensor .7 € T,,, , by a vector x € R" is
denoted by o7 X x. Set € = o/ X;X, then, element-wise, we have

n

Gt i = Z G iy i iy

=1

According to Definition 2.1, let m vectors x; € R", &/ X 1X| ... XX, is €asy to
define. If these m vectors are the same vector, denoted by x, then .o/ X |X... X,,X can
be simplified as .o/'x".

Given a mapping F : X C RF — R”, we suppose that F'(x) € R” is a column vector
in this paper for all x € X. Now, given two column vectors x,y € R”, (x,y) represents
the inner product of x and y, i.e., (x,y) = y ' x. All properties of an inner product can
be found in [16].

Our next definition is motivated by the class of copositive matrices [11], which in
turn generalizes that of nonnegative matrices.

Definition 2.2 ([3]) A mapping F : X — R”" is said to be
(a) Copositive with respect to X, iff
(F(x)—F(0),x) >0, VxeZX.
(b) Strictly copositive with respect to X, iff
(F(x)—F(0),x) >0, ¥xeX, x#0.
(c) Strongly copositive with respect to X, iff there exists a scalar o > 0 such that
(F(x)—F(0),x) > ax|3, V¥xe€X.
The definition of a symmetric tensor [8,7] is stated as follows.

Definition 2.3 Suppose that &7 € T,,, ,,. &7 is called symmetric iff <7
by any permutation 7, that is 7, ;,.. i, = sz,r(
We denote all symmetric tensors by ST, .

\ig...im 18 INVariant

i1 inseonivy) Where all g € [n] with k € [m].

When m is even and &/ is symmetric, we say that

(a) & is positive definite [7], iff .o/x™ > 0 for all x € R" and x # 0,

(b) & is positive semidefinite [7], iff &/x™ > 0 for all x € R”,

(¢) & is a copositive tensor [14], iff for any x € R" , then &/x™ > 0,

(d) « is a strictly copositive tensor [14], iff for any nonzero x € R”, then .&/x" > 0.
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The set of all positive definite tensors is denoted by SPT;, ,,.
The mapping
G(x) =F(x) - F(0) (1)

plays an important role in the nonlinear complementarity problem; this again is mo-
tivated by the linear complementarity problem.

The strict copositivity of a mapping can be relaxed through the introduction of
the class of d-regular mappings.

Definition 2.4 ([3])
For any vector x € R, we define the index sets

L(x)={i:x;>0} and I(x)={i:x;=0}.

Let d > 0 be an arbitrary vector in R”. A mapping G : R* — R”" is said to be d-
regular, if the following system of equations has no solution in (x,7) € R’} x R with

z#0,

Gi(x)+1d; =0, i€ly(x), o
G,’(X)-i-ldi >0, iEI()(X).

Equivalently, G is d-regular if, for any scalar » > 0, the augmented nonlinear
complementarity problem NCP(H) defined by H : R"*! — R"*!,

a(3)=(Tas).

has no solution (x,7) with x # 0.

Similar to the diagonalizable matrices [10], the definition of the diagonalizable
tensors [17, 18] is presented as follows.

Definition 2.5 Suppose that o/ € ST,,,. &7 is called diagonalizable iff /' can be
represented as
{d € Tyn| =2 x1Bx2B--- X,y B},

where B € R"*" with det(B) # 0 and Z is a diagonal tensor. Denote all diagonalizable
tensors by Dy, ,,.

It is obvious that D,, , C ST, , and &7 is congruent to & when m = 2.

3 Lemmas and Problem Description

Let F be a mapping from R” into itself. The nonlinear complementarity problem,
denoted by NCP(F'), is to find a vector x* € R’ such that

F(x')eR", (F(x"),x")=0.

When F(x) is an affine function of x, say F(x) = q + Mx for some given vectors q €
RR" and matrix M € R™*", the problem NCP(F) reduces to the linear complementarity
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problem, which is denoted by LCP(q,M). The results of the linear complementarity
problem can be found in the references [11,19].

A further generalization of the NCP(F) is the variational inequality: given a map-
ping F : R" = R", and 0 # K C R”, find a x* € R satisfying

(F(x*),y—x") >0, forallyec g,

denoted by VI(&,F).

If R = {x:x >0}, then a x* is a solution of VI(R, F'), solves the NCP(F).

It is well-known that A is a P-matrix [11] if and only if the linear complementarity
problem

find z€ R" suchthat z>0, q+Az>0, and (q+Az,z) =0.

has a unique solution for all q € R”. Then for a P-tensor [20] & € T, ,, (m > 2), does
a similar property hold for the following nonlinear complementarity problem

find x € R" suchthat x>0, q+./x™ ' >0, and (q+.o/x" ! x) =07

In this paper, we consider a special kind of NCP(F), that is, F;(x) is a multivariate
polynomial and the degree of Fj(x) is k;, then F(x) can be expressed by,

k
F(x) = ZQ{,‘XI'_I,
i=1

where @ € Ti_1 ,, 7x"~! means the tensor-vector product given in Definition 2.1,

k= 1max k;. Particularly, <7 is a vector and <% is a matrix.
<i<n

3.1 Lemmas

The following lemma is an existence and uniqueness theorem by Cottle [1]. It
involves the notion of positively bounded Jacobians, and the original proof was con-
structive in the sense that an algorithm was employed to actually compute the unique
solution.

Lemma 3.1 ([1,3]) Let F : R}, — R" be continuously differentiable and suppose
that there exists one 6 € (0, 1), such that all principal minors of the Jacobian matrix
VF(x) are bounded between § and 5=, for all x € R".. Then the NCP(F) has a
unique solution.

If mapping F is strictly copositive, then the following result holds.

Lemma 3.2 ([S]) Let F : R}, — R" be continuous and strictly copositive with respect
to RY.. If there exists a mapping ¢ : Ry — R such that c(A) — oo as A — oo, and for
allA >1,x>0,

(F(Ax) = F(0),%) > c(4)(F (x) — F(0),%), 3)

then the problem NCP(F) has a nonempty, compact solution set.
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For the linear complementarity problem, the mapping G, given in formula (1), is
obviously linear and thus, condition (3) is satisfied with ¢(1) = A. More generally,
the same condition will hold with ¢(1) = A%, if G is positively homogeneous of
degree a > 0; i.e., if G(Ax) = A%*G(x) for A > 0.

If F is strictly copositive with respect to R”" , then the mapping G in (1) is d-
regular for any d > 0. The following lemma presents an existence result for the non-
linear complementarity problem with d-regular mapping.

Lemma 3.3 ([4]) Let F be a continuous mapping from R" into itself and G defined
by (1). Suppose that G is positively homogeneous of degree o > 0 and that G is d-
regular for some d > 0. Then the problem NCP(F) has a nonempty, compact solution
set.

The main characterization theorem for copositive tensors can be summarized as
follows.

Lemma 3.4 ([14, Theorem 5)) Let o/ € T, , be a symmetric tensor. Then, </ is
copositive of and only if

n
min{;zf/xm xeRY, ) ¥ = 1} >0.
i=1

o is strictly copositive if and only if

=

n
min{%xm:xeﬁi, ng":l} > 0.
i=1

3.2 Problem Description

In this subsection, we present two problems which we shall discuss in this paper.

Problem 3.1 ([20]) Given <7 € T,,, and q € R". The NCP(q,.27) is to find a vector
x € R’} such that

F(x)=@x" ' +qeR?, &x"+(qx)=0.

is to find a vector x € R’} such that

Problem 3.2 Given @7 € T,,_(2—2),, and q € R" with k € [m/2]. The NCP(q, {-#})

m/2 m/2
F(x)=Y ax" @ Viqer:, Y ax"2*24(qx) =0,
k=1 k=1

where 47, /> is a square matrix.

Let FEA(q, &) = {x € R" : &/x" ! 4 q € R%}. If FEA(q, /) # 0, then we
see that NCP(q,.«7) is feasible. It is obvious that Problem 3.1 is a special case of
Question 3.2. However, for simplicity, we only consider the solvability of Problem
3.1, in detail, and make use of the results obtained by solving Problem 3.1, we then
consider the solvability of Problem 3.2.
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4 Main Results

Without loss of generality, suppose that q € R” in Problems 3.1 and 3.2 is nonze-
ro. For example, let .2/ € ST,, , be positive definite. If q is zero, then the solution of
Problem 3.1 is zero. This situation is extraordinary, in order to avoid this situation,
let q € R" in Problems 3.1 and 3.2 be nonzero.

If zero vector 0 solves Problems 3.1 and 3.2, we derive that q is a nonnegative
vector. Hence, in this paper, we only consider a nonzero solution x of Problems 3.1
and 3.2.

4.1 Necessary Conditions for Solving Problem 3.1

The cornerstone for the necessary conditions to be presented is the nonlinear
programming formulation of the Problem 3.1,

min X" +(q,x) @

st ax"'4qeRL, xeRL.

Because FEA(q,.«/) is also the feasible set of (4), if X, minimizes the nonlinear

programming given in (4) and &X' + (q,X,) = 0, then x, is a solution of Problem 3.1.

According to first-order necessary conditions given in [21], we obtain the following
theorem.

Theorem 4.1 If FEA(q, <) # 0 and X, is a local solution of (4). Then, there exists
a vector u, of multipliers satisfying the conditions,

q+maZx" ' — (m—1)x" 2, >0
(X, q+ma/ X" — (m—1)7/x" u,) =0

w >0 &)
(u,,q+.x" 1y =0.
Finally, the vectors X, and u, satisfy
(m—1)(x —w)i(@/x 2 (x, —w,)); <0, i€ n]. (6)

Proof Since FEA(q, %) # 0, the nonlinear programming (4) is feasible. Such an
optimal solution x, and a suitable vector u, of multipliers will satisfy the Karush-
Kuhn-Tucker conditions (5). To prove (6), we examine the inner product

Xy, q+mZx" ' — (m—1)a/x" u,) =0,
at the componentwise level and deduce that for all i € [n],
(m—1)(x)i(Z/x"2(x, —u,)); <0, (7)
using the fact that x,, € FEA(q, 7). Similarly, multiplying the ith component in

q+max" 1 — (m—1)7x" " u, >0,
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by u.. and then invoking the complementarity condition
(u)i(q+2/x!71)i =0,

which is implied by u, > 0, (u.,q + MXT") = 0, and the feasibility of of x., we
obtain

—(m—1)(u,)i(x"2(x, —u,)); <O0. (8)
Now, (6) follows by adding (7) and (8). O

Remark 4.1 Theorem 4.1 is the special case of the result given in Cottle [1, Theorem
3].

With Theorem 4.1, we prove the following existence result for the NCP(q, 7).

Theorem 4.2 Let nonzero X, be a local solution of (4). If 2/x"~? is positive definite
Sorallx € R", then x, solves NCP(q, <).

Proof According to Theorem 4.1, there exists a nonnegative vector u, such that
(m—1) (%, — )i (#/x2 2 (x, —w,)); <0, i€ [n],
that is,
(X fu*,xz%x’f_z(x* —u,)) <0.

According to proposition assumptions, we know that x,, = u,.. Based on (5), then,
X, solves NCP(q, ). O

Remark 4.2 If x, = 0 is a local solution of (4), then x, solves NCP(q, /) for all
vectors q € R}

Moreover, we can derive some results about Problem 3.2, similar to Theorems
4.1 and 4.2. Here, we do not list them out.

4.2 Solving Problem 3.1

In Probelm 3.1, let F(x) = &/x™ ! 4 q. We first consider some properties of F(x)
when 7 is selected from sets of structured tensors.

Theorem 4.3 Suppose o/ € ST, , and x € RI..

(a) If o is (strictly) copositive, then the mapping F(X) is (strictly) copositive with
respect to R,
(b) If « is positive definite, then the mapping F (x) is strongly copositive with respect
2
to R’} when o < Apin (< ),mm%), where Amin is the smallest Z-eigenvalue (H-
eigenvalue) of .
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Proof According to Definition 2.2, because of F(x) = ./x"~ ! +q, so (F(x) — F(0),x)
= o/x". Since <7 is (strictly) copositive, that is, &/x™ (>) > 0 for all (nonzero)
x € R Then, part (a) is proved.

We now prove part (b). Since <7 is positive definite, according to [7, Theorem
5], we know that the smallest Z-eigenvalue (H-eigenvalue) of <7, denoted by Ay, is
greater than zero, that is Ay, > 0.

When Ay, is the smallest Z-eigenvalue of <7, then

(F(x) — F(0),%) = /X" > Auin]|x][3.

Hence, under this case, part () is proved.
It is obvious to prove part (b) in the case of Ay, is the smallest H-eigenvalue of
o O

When &/ € D,y , is positive semi-definite, the following theorem will give a prop-
erty of the Jacobian matrix VF (x), where X is nonzero vector.

Theorem 4.4 Let o7 € Dy, , be positive semi-definite. Then the Jacobian matrix VF (X)
is positive semi-definite with nonzero vectors x € R".

Proof As  is diagonalizable, for a vector x, according to Definition 2.1, we have
X" = (DX Bx2B-- Xy B)X" = (B x)"

— 9y" (y2B"x) Zdly“

where d; is the ith diagonal entry of &. According to the proposition assumption,
d; > 0, we have &/x™ > 0 for all nonzero vectors X.

Since the Jacobian matrix VF (x) is (m— 1).27x" 2, for any vectorz € R", (z, VF (x)z)
can be expressed by

(z,VF(x)z) = —124,'"”

where Z =B'z = (71,%,...,%,) .
Hence, the Jacobian matrix VF(x) is positive semi-definite with x € R”. O

For &/ € ST, », the existence theorems on solutions of Problem 3.1 are given in
the following theorem.

Theorem 4.5 Suppose that o/ € ST, . For Problem 3.1, the following results hold.

(a) If o is positive definite, then the NCP(q, <) has a nonempty, compact solution
set.

(b) If of is strictly copositive with respect to RI}, then the NCP(q, .2/ ) has a nonemp-
ty, compact solution set.
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Proof Since .7 is positive definite, according to Theorem 4.3, we have F (x) = &/x" 'a
+q is strictly copositive. Let ¢(A) =A% with0 < & <m—1 and A > 1, we know that
¢(A) > 0as A — oo and (F(Ax) — F(0),x) > c(A)({F(x) — F(0),x). Based on Lem-
ma 3.2, we know that if <7 is positive definite, then the NCP(q,.2) has a nonempty,
compact solution set.

The rest is to prove part (b). By Theorem 4.3, we obtain that F(x) = &/x" ' 4+ q
is strictly copositive. In [4], we have that if F(x) is strictly copositive with respect to
R”, then the mapping G in (1) is d-regular for any d > 0 and G(Ax) = A" 1G(x)
with A > 0. Hence, according to Lemma 3.3, if <7 is strictly copositive with respect
to R”, then the NCP(q, .27) has a nonempty, compact solution set. O

4.3 Solving Problem 3.2

In the above subsection, we have considered the solvability of Problem 3.1. Anal-
ogously, The following theorems have been described by the solvability of Problem
3.2.

Theorem 4.6 Suppose that 7). € ST,,_(3k_2) 5, With k € [m/2]. For Question 3.2, the
following results hold.

(@) If o (k € [m/2—1]) are diagonalizable and positive semi-definite and 7, ; is
positive definite, then the NCP(q, { < }) has a unique solution;

(b) if < are positive semi-definite and there exists at least ko € [m/2] such that <7,
is positive definite, then the NCP(q,{.% }) has a nonempty, compact solution set;

(c) if S are strictly copositive with respect to R, then the NCP(q,{</}) has a
nonempty, compact solution set;

where <7, /2 IS a square matrix.

Proof For part (a), according to the assumption, we can derive that @4x" % (k €
[m/2 —1]) are symmetric and positive semi-definite, with x € R”. When .7, is
symmetric and positive definite, then, we obtain that VF (x) is symmetric and posi-
tive definite, where F(x) is defined in Question 3.2. Then, according to Lemma 3.1,
NCP(q, {4 }) has a unique solution.

We will prove part (b) as follows. According to these assumptions, if kg = m/2,

then,
m/2
(F(x) = F(0),x) = )" x> A[|x[3 >0,
k=1

where A is the smallest eigenvalue of <7, /2 for all nonzero vectors x € R’} ; and if
ko € [m/2— 1], then,

m/2
(F(x) = F(0),x) = Y ax"" > Ax[3 >0,
k=1

where A is the smallest Z-eigenvalue of .o, for all nonzero vectors x € R’} (Mean-
while, we can also consider the case when A is the smallest H-eigenvalue of =7
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Then, F(x) is strictly copositive. Let ¢c(A) = A with @ =1 and A > 1, we know
that ¢(1) — e as A — e and (F(Ax) — F(0),x) > ¢(A1)(F(x) — F(0),x). Based on
Lemma 3.2, we derive that if o7, are positive semi-definite and there exists at least
ko € [m/2] such that 7 is positive definite, then the NCP(q, {.¢% }) has a nonempty,
compact solution set.

The rest is to prove part (¢). By Theorem 4.3, we obtain that

m/2
F0 = Y, o™ %) 4 q
k=1

is strictly copositive. Let ¢(1) = A with o« = 1 and A > 1, we know that ¢(1) — o as
A — oo and (F(Ax) — F(0),x) > c(A)(F(x) — F(0),x). Then, according to Lemma
3.2, if & is strictly copositive with respect to R”}, then the NCP(q,{<%}) has a
nonempty, compact solution set. O

These constraints of tensors .« given in part (a) of Theorem 4.6 can be weakened.
Hence, a more general result is given as follows.

Theorem 4.7 Suppose that <7 € ST,,_(2x_2)n, With k € [m/2 — 1] and 7, is a
square matrix. For Problem 3.2, the following result holds.

If o, are diagonalizable and positive semi-definite and there exists one 8 € (0, 1),
such that all principal minors of <, are bounded between 8 and 87, then the
NCP(q,{ % }) has a unique solution.

Proof Since there exists one 6 € (0,1), such that all principal minors of .7, , are
bounded between & and 5!, then, the real part of every eigenvalue of 7, /2 18 pos-
itive. Hence, for all nonzero vector x, we can derive (X,.7, /2x> > 0. Meanwhile,
according to the assumption, we can obtain that the Jacobian matrix AF(x) of F(x)
given in Problem 3.2 is positive definite. Hence, the NCP(q, {.#%}) has a unique so-
lution. O

Remark 4.3 In the above two theorems, the assumptions of 7 € ST,,_(3t—2).0» With
k € [m/2] can be appropriately reduced. However, we do not here consider these
situations.

5 Perspectives

In this paper, by structured tensors, the main task is to consider the existence and
uniqueness about solutions of Problems 3.1 and 3.2. However, we do not completely
solve Problems 3.1 and 3.2. Now we present two conjectures about Question 3.1.

Conjecture 5.1 If o/ € D,,, is positive definite, then NCP(q, .27) has a unique solu-
tion.

Conjecture 5.2 1f FEA(q, <) # 0, then the nonlinear programming (4) has an op-
timal solution, x.. Moreover, there exists a vector u, of multipliers satisfying the
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conditions,

q+max" ' — (m—1)x" u, >0
(Xe, q+me?/x" 1 — (m—1)Z/x" u,) =0

Finally, the vectors x, and u, satisfy
(m—1)(xs —w )i (X" 2(x, —u,)); <0, i€ n].

When m = 2, this is the theorem about the existence result for a solution of the
quadratic programming associated to the linear complementarity problem given in
[19]. Unfortunately, Cottle [1] presented some counter examples to explain that this
conjecture is not true for the general nonlinear programming.

Finally, for the existence and uniqueness about solutions of Problem 3.1, we have
an open question given as follows.

Question 5.1 Suppose &/ € T,,,, and nonzero x € R". What conditions of .7 will
make sure that there exists one 6 € (0,1), such that all principal minors of matrix
/x™2 are bounded between & and 8!, for all x € R"?

When m is odd, another open question will be listed below.

Question 5.2 Given </ € T,, , and q € R". The NCP(q, <) is to find a vector x € R”}.
such that

F(x)=o/x" ' 4+qeR", &x"+(q,x)=0.

6 Conclusions

In this paper, we consider a special case of the nonlinear complementarity prob-
lem based on structured tensors.

For Problem 3.1, we prove that the Jacobian matrix of the multilinear map is
positive semi-definite under mild conditions. Based on Lemmas 3.2, 3.3 and 3.4 and
Definitions 2.2 and 2.4, we derive some results of KKT condition and the existence
about solutions of Problem 3.1. Meanwhile, we first give two conditions to ensure
Problem 3.2 has a unique solution and then we derive the existence theorem on solu-
tions of Problem 3.2.

Finally, we present some open problems about this topic that we will investigate
in the near future.

Acknowledgements The authors would like to thank the anonymous referee for their valuable sugges-
tions which help us to improve the manuscript. The first and the third authors are supported by the National
Natural Science Foundation of China under grant 11271084 and the second author was supported by the
Hong Kong Research Grant Council (Grant No. PolyU 502510, 502111, 501212, 501913).



Positive Definite Tensors to Nonlinear Complementarity Problems 13

References

11.

12.
13.

15.
16.
17.

18.
19.

20.

21.

. Cottle, R.W.: Nonlinear programs with positively bounded Jacobians. SIAM J. Appl. Math. 14, 147—

158 (1966)

. Facchinei, F., Pang, J.S.: Finite-dimensional Variational Inequalities and Complementarity Problems,

vols. I and II. Springer, New York (2003)

. Harker, PT., Pang, J.S.: Finite-dimensional variational inequality and nonlinear complementarity

problems: a survey of theory, algorithms and applications. Math. Program. 48, 161-220 (1990)

. Karamardian, S.: The complementarity problem. Math. Program. 2, 107-129 (1972)
. Moré, J.J.: Classes of functions and feasibility conditions in nonlinear complementarity problems.

Math. Program. 6, 327-338 (1974)

. Noor, M.A.: On the nonlinear complementarity problem. J. Math. Anal. Appl. 123, 455-460 (1987)
. Qi, L.: Eigenvalues of a real supersymmetric tensor. J. Symbolic Comput. 40, 1302—1324 (2005)
. Lim, L.: Singular values and eigenvalues of tensors: A variational approach. in First International

Workshop on Computational Advances in Multi-Sensor Adaptive Processing, IEEE, pp. 129-132
(2005)

. Den Hertog, D., Roos, C., Terlaky, T.: The linear complementarity problem, sufficient matrices, and

the criss-cross method. Linear Algebra Appl. 187, 1-14 (1993)

. Golub, G.H., Van Loan, C.E.: Matrix Computations. Johns Hopkins University Press, Baltimore

(2013)

Berman, A., Plemmons, R.J.: Nonnegative Matrices in the Mathematical Sciences. SIAM, Philadel-
phia (1994)

Baumert, L.D.: Extreme copositive quadratic forms II. Pacific J. Math. 20, 1-20 (1967)
Hiriart-Urruty, J.B., Seeger, A.: A variational approach to copositive matrices. SIAM Rev. 52, 593—
629 (2010)

. Qi, L.: Symmetric nonnegative tensors and copositive tensors. Linear Algebra Appl. 439, 228-238

(2013)

Kolda, T.G., Bader, B.W.: Tensor decompositions and applications. STAM Rev. 51, 455-500 (2009)
Prugovecki, E.: Quantum Mechanics in Hilbert Space. Academic Press, New York (1981)

Ding, W., Qi, L., Wei, Y.: Fast Hankel tensor-vector product and its application to exponential data
fitting. Numer. Linear Algebra Appl. (to appear)

Ding, W., Wei, Y.: Generalized tensor eigenvalue problems. SIAM J. Matrix Anal. Appl. (to appear)
Cottle, R. W., Pang, J.S., Stone, R.E.: The Linear Complementarity Problem. Academic Press, Boston
(1992)

Song, Y., Qi, L.: Properties of some classes of structured tensors. J. Optim. Theory Appl. 165, 854—
873 (2015)

Nocedal J., Wright S.J.: Numerical Optimization. Springer, New York (1999)



