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Abstract. The completely positive (CP) tensor verification and decomposition are essential
in tensor analysis and computation due to the wide applications in statistics, computer vision, ex-
ploratory multiway data analysis, blind source separation, and polynomial optimization. However,
it is generally NP-hard as we know from its matrix case. To facilitate the CP tensor verification
and decomposition, more properties for the CP tensor are further studied, and a great variety of
its easily checkable subclasses such as the positive Cauchy tensors, the symmetric Pascal tensors,
the Lehmer tensors, the power mean tensors, and all of their nonnegative fractional Hadamard pow-
ers and Hadamard products are exploited in this paper. Particularly, a so-called CP-Vandermonde
decomposition for positive Cauchy—-Hankel tensors is established and a numerical algorithm is pro-
posed to obtain such a special type of CP decomposition. The doubly nonnegative (DNN) matrix
is generalized to higher-order tensors as well. Based on the DNN tensors, a series of tractable outer
approximations are characterized to approximate the CP tensor cone, which serve as potential useful
surrogates in the corresponding CP tensor cone programming arising from polynomial programming
problems.

Key words. completely positive tensors, sum-of-squares tensors, doubly nonnegative tensors,
positive Cauchy tensors, Lehmer tensors, completely positive Vandermonde decomposition

AMS subject classifications. 15A18, 15A69, 15B48

DOI. 10.1137/15M1025220

1. Introduction. Completely positive (CP) matrices have attracted consider-
able attention due to their applications in optimization, especially in creating convex
formulations of NP-hard problems, such as the quadratic assignment problem in com-
binatorial optimization and the polynomial optimization problems (see [2, 21, 3, 7] and
references therein). In recent years, an emerging interest in the assets of multilinear
algebra has been concentrated on the higher-order tensors, which serve as a numerical
tool, complementary to the arsenal of existing matrix techniques. In this vein, the
concept of CP matrices has been extended to higher-order CP tensors, which are con-
nected with nonnegative tensor factorization and have wide applications in statistics,
computer vision, exploratory multiway data analysis, blind source separation, and
higher degree polynomial optimization [14, 19, 33, 35]. As an extension of the CP
matrix, a CP tensor admits its definition in a pretty natural way as initiated by Qi,
Xu, and Xu in [33] and recalled below.

DEeFINITION 1.1. A real tensor A of order m and dimension n is said to be a CP
tensor if there exist an integer r and some n-dimensional nonnegative real vector u®

k=1,....,r, such that A=Y, _ (u®)™ where (u®)m = (uz(f) e u(fn)) is rank-one

(2
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tensor generated by u®) . If further all the involved vectors u¥)’s can span the entire
n-dimensional Euclidean space, then A is said to be a strongly completely positive
tensor (SCP tensor).

The new defined concept in the second part of Definition 1.1 can be regarded as a
counterpart tailored for all order tensors comparing to the positive definiteness solely
customized for even-order tensors.

Practical applications have triggered the research on CP tensors both on theoret-
ical analysis and numerical computations. From [28, 30, 33], it has been known that
all CP tensors contribute a closed pointed convex cone in symmetric tensor space,
associated with the copositive tensor cone as its dual. Due to the NP-hardness of
the CP matrix verification, it is apparent that to check the membership of the CP
tensor cone is a hard task. Spectral properties, dominance properties, the Hadamard
product preservation property, and even a special structured subclass were proposed
for CP tensors [30, 33], which can be served as necessary or sufficient conditions for
CP tensor verification. An optimization algorithm based on semidefinite relaxation
was even proposed by Fan and Zhou in their recent work [19], from which either a
certificate would be provided for non-CP tensors or a numerical CP decomposition
would be obtained. Additionally, numerical optimization for the best fit of CP ten-
sors with given length of decomposition was formulated as a nonnegative constrained
least-squares problem in Kolda’s more recent paper [22].

In this paper, more properties will be emphasized and exploited for CP tensors,
and a series of easily checkable structured CP tensors will be discussed as subclasses
of CP tensors. All these will to some extent facilitate the CP tensor verification
and decomposition. For example, as a noteworthy observation, the zero-entry dom-
inance property turns out to be a very powerful tool to exclude some higher-order
tensors, such as the well-known signless Laplacian tensors of nonempty m-uniform
hypergraphs with m > 3, from the class of CP tensors. More importantly, besides
the subclass of strongly symmetric hierarchically dominated nonnegative tensors as
introduced in [33], more subclasses of CP tensors of any order (even or odd) are pro-
vided, which include positive Cauchy tensors, (generalized) symmetric Pascal tensors,
(generalized) Lehmer tensors, power mean tensors, and their nonnegative fractional
Hadamard powers and Hadamard products. These easily checkable subclasses will
certainly provide checkable sufficient conditions for the CP tensor verification and
hence serve as a rich variety of testing instances for CP decomposition methods. As
a more special type of structured CP tensor, the positive Cauchy—Hankel tensor is
proved to admit a CP decomposition in a nonnegative Vandermonde manner. An
algorithm is then proposed to pursue this special CP decomposition for low-order
low-dimensional cases.

It is known that optimization programming over CP tensor cones was employed
to reformulate polynomial optimization problems which are not necessarily quadratic
[28]. In spite of the better tightness of CP cone relaxation comparing to the well-
known positive semidefinite relaxation, the former one is still not efficiently tractable
especially for large scale cases. As a popular relaxation strategy, the doubly non-
negative (DNN) matrix cone is always treated as a surrogate to the CP matrix cone
[39], since testing the membership of the DNN matrix cone can be done in O(n?) for
n X n matrices. Inspired by this relaxation scheme, a tensor counterpart for the DNN
matrix is introduced based on sum-of-squares (SOS) tensors which can be verified
in polynomial time via semidefinite programming [23, 24], and a series of tractable
outer approximations for CP tensor cones are proposed by employing a similar idea
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from [17], for potential useful surrogates of CP tensor cone programming arising from
polynomial programming problems.

The rest of the paper is organized as follows. In section 2, we briefly review some
related concepts and properties on symmetric tensors. Basic properties on general
CP tensors and SCP tensors will be presented in section 3. Several easily checkable
subclasses of CP tensors are provided and discussed in section 4. Section 5 is de-
voted to the CP decomposition with rank-one Vandermonde tensor terms for positive
Cauchy—Hankel tensors, supplied with a numerical algorithm for achieving such a spe-
cial CP decomposition. Tractable relaxations for the CP tensor cone are developed in
section 6 based on the DNN tensors, and concluding remarks are drawn in section 7.

Some notation that will be used throughout the paper is listed here. Denote
[n] :={1,2,...,n}. The n-dimensional real Euclidean space is denoted by R"™, where
n is a given natural number. The nonnegative orthant in R™ is denoted by R’} , with
the interior R | consisting of all positive vectors. The n-by-I real matrix space is
denoted by R™*!. Vectors are denoted by lowercase letters such as x, u, matrices are
denoted by capital letters such as A, P, and tensors are written as calligraphic capital
letters such as A, B. For any i € [n], e denotes the ith column vector of the identity
matrix. The space of all real mth order n-dimensional tensors is denoted by T, ,, and
the space of all symmetric tensors in Ty, , is denoted by S, ,. For a subset I" C [n],
IT'| stands for its cardinality. Adopting the notation in the literature (see, e.g., [33]),
CPy,.n, and COP,, , are used to denote the sets of all CP tensors and all copositive
tensors of order m and dimension n, respectively. In addition, SC'P,, , and SCOP,, ,,
are used to stand for the set of all strongly CP tensors and the strictly copositive
tensors, respectively. The set of all symmetric positive semidefinite (positive definite)
tensors is denoted by PSD., n, (PDyy, ) for convenience. The sets of all DNN tensors
and SOS tensors of order m and dimension n are denoted by DN N, ,, and SOSy, ».
m is restricted to be even in the cases of PSD,, ,, PDp, n, and SOSy, .

2. Preliminaries. Some basic concepts for symmetric tensors are recalled in this
section. Let A = (ai;..4,,) € Tpy,n be an mth order n-dimensional real tensor. A is
called a symmetric tensor if the entries a;, . ;,, are invariant under any permutation of
their indices for all i; € [n] and j € [m]. A symmetric tensor A is said to be positive
semidefinite (definite) if Ax™ := Zih...,ime[n] @iy .. n, Tiy - Ti,, > 0(> 0) for any
x € R™\{0}. Here, 2™ is a rank-one tensor in S, ,, defined as (£™);, .. i, = Ti, T4y,
for all 41,...,4m, € [n]. Evidently, when m is odd, A could not be positive definite
and A is positive semidefinite if and only if A = O, where O stands for the zero
tensor. A tensor A € T,, , is said to be (strictly) copositive if Az™ > 0 (> 0) for
all x € R \ {0}. The definitions on eigenvalues of symmetric tensors are recalled as
follows.

DEFINITION 2.1 (see [29]). Let A € Sy, and C be the complex field. We say that
(A, z) € C x (C™\ {0}) is an eigenvalue-eigenvector pair of A if Az™~1 = \glm=1],
where Az™~' and ™~ are all n-dimensional column vectors given by

(2.1) (.Axm_l)i = Z Qiiy. iy Tig " Tiy s (a:[m_l]) = x;»”fl, Vi € [n].
i250eyim €[] !

If the eigenvalue A and the eigenvector x are real, then X is called an H -eigenvalue of
A and x an H-eigenvector of A associated with A.

DEFINITION 2.2 (see [29]). Let A € Sy, and C be the complex field. We say
that (\,z) € C x (C*\ {0}) is an E eigenvalue-eigenvector pair of A if Azt = \x
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and 27z = 1, where Ax™~' is defined as in (2.1). If the E-eigenvalue X\ and the
E-eigenvector x are real, then X is called a Z-eigenvalue of A and x a Z-eigenvector
of A associated with \.

Some related algebraic operations for tensors are reviewed to close this section.
For any given A = (a;,. 4,,), B = (biy...i,,) € Tn.m, the Hadamard product of A and
B is defined as (a;,. i, 04100, ) € Tip, termed as A o B. For any given nonnegative
A = (aiy..i,,) € Ty and any given nonnegative real scalar «, we can also define
the corresponding nonnegative fractional Hadamard power as A°Y := (af ; ) €
Ty, For any given nonnegative matrix P = (p;;) € R>™ we can define a linear
transformation as follows:

(2.2) P™(A):= Z gy Piris - Pimim | € Smig YA = (a4, i,,) € S

J1sedm €[]

3. Basic properties of completely positive tensors. CP tensors play an
important role in combinatorial optimization and polynomial optimization problems
[28]. Tt has been shown that the set of all CP tensors form a closed, pointed, convex,
full-dimensional cone C'P,, ,, [28, Proposition 1] with its dual cone COP,, ,, consisting
of all copositive tensors [28, 33]. Obviously, these two cones are dual to each other
and are both actually closed, convex, pointed, and full-dimensional. To test the
membership of CP,, », Fan and Zhou [19] provided an optimization algorithm based
on semidefinite relaxation. Besides the Fan—Zhou algorithmic verification, properties
for CP-tensors can sometimes help us to verify the complete positivity of tensors
more directly, such as to exclude the tensor in question from C'P,, ,,, or to ensure the
membership under certain algebraic operations that preserve the complete positivity
for tensors. This section mainly focuses on this type of verification issues.

DEFINITION 3.1. A tensor A € S, is said to have the zero-entry dominance
property if a;, . 4, = 0 implies that aj, .. ;, =0 for any (ji,...,jm) satisfying {j1, ...,
Jmt 2 {1, yim}-

PROPOSITION 3.2 (see [33, Theorem 3]). If A is a CP tensor, then A has the
zero-entry dominance property.

Utilizing the zero-entry dominance property, we can exclude some special sym-
metric nonnegative tensors from the class of CP tensors very efficiently. A typical
example is the following signless Laplacian tensor of a uniform hypergraph.

DEFINITION 3.3 (see [31]). Let G = (V, E) be an m-uniform hypergraph. The
adjacency tensor of G is defined as the mth order n-dimensional tensor A whose
(i1, .., im)th entry is

o { T i €
i1.im 0 otherwise.

Let D be an mth order n-dimensional diagonal tensor with its diagonal element d;. . ;
being d;, the degree of vertex i, for any i € [n]. Then Q := D+ A is called the signless
Laplacian tensor of the hypergraph G.

Note that signless Laplacian tensors are symmetric nonnegative tensors.

PROPOSITION 3.4. The signless Laplacian tensor of a nonempty uniform m-hyper-
graph for m > 3 is not CP.
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Proof. Suppose that m > 3 and G is a nonempty uniform m-hypergraph. Suppose
that (ji,...,Jm) is an edge of G. Let Q = (giy...i,,) € Sm.,n be the signless Laplacian
tensor of G. By definition, g;,. 5, = ﬁ # 0. Note that g¢;,4,...j,50 = 0 by
Definition 3.3. Obviously, the zero-entry dominance property fails and hence Q is not
CP. a

The zero-entry dominance works well for the CP verification of some Hankel
tensors, whose definition is recalled here.

DEFINITION 3.5 (see [32]). Let A = (ai,..4,,) € Tmn. If there is a vector
v = (vo, ... ,v(n,l)m)T e Rv=Dm+1 quch that

iy, = Vig 4ot —ms Vi € [0], J € [m],
then we say that A is an mth order n-dimensional Hankel tensor. Lett := L%J +
1 and A = (a;5) be at xt Hankel matriz with a;j := v;1j_2, where vy is an additional
number when (n— 1)m is odd. If A is positive semidefinite, then A is called a strong
Hankel tensor. Suppose A is a Hankel tensor with its Vandermonde decomposition
A=, (U™ where u®) = (1,&,..., Z_l)T, & €R, forallk € [r]. If
ag > 0 for all k € [r], then A is called a complete Hankel tensor.

PROPOSITION 3.6. Let A € Sy, , be a Hankel tensor, andv = (vo, . .. ,U(n_l)m)T €
R =Dm+1 pe jts generating vector.
(i) If vo = v(n—1ym =0, then A € CPy, ,, if and only if A= O.
(i) If A € CPypn and vi_1y,m = 0 for some 2 < i < n — 1, then vo > 0,
Vin—1ym = 0, and A = voeT" + vp_1ymen'
(iii) If vo =0 and vj # 0 for some j € [m — 1], then A is not CP.

Proof. (i) It is trivial that O is a CP tensor. If A is CP and vg = v(,—1)m = 0,
then a1;,..4, = 0 for all is,...,iy, € [n]. Thus v; =0 for any j € [(m — 1)n+1—m].
When n = 2, then A = O. Whenn > 3, n > 2+ ﬁ, which implies that m <
(m —1)n+1—m. Thus as. 2 = 0. Using the zero-entry dominance property again,
we get v; = 0 for all j € [(m — 1)n+ 2 — m]. Keeping on doing this, we can find that
for any given k € [n—1], v; =0 for all j € [(m—1)n+k—1—m|; then ax. = 0 since
n>k+ ﬁ The zero-entry dominance property and the fact v(,_1),, = 0 finally
give us A = O. Thus (i) is obtained. Using a similar proof as in (i), we can prove that
ag..r = 0 for all Kk = 2,...,n — 1. Thus, the zero-entry dominance property shows
A = wvoel" + v(n_1)yme,'. By the nonnegativity of A, v and v(,_1),, are nonnegative.
This implies the assertion in (ii). By Definition 3.5, we know that a1 1 = 0. The
hypothesis v; # 0 for some j € [m — 1] tells us that a;, ;,, # 0 for all i1,... iy € [n]
satisfying that i1 + -+ 4+ 4, = j + m < 2m — 1. In all these cases, 1 € {i1,...,im}-
Thus, the zero-entry dominance property fails and hence A is not a CP tensor from
Proposition 3.2. This leads to (iii). O

In [13], the Toeplitz matrix has been generalized to high-order tensors, where a
tensor A = (a4,..4,,) € Timp is called an mth order n-dimensional Toeplitz tensor if
for all i; € [n — 1] and all j € [m], as,. i, = Qi 41,0011

PRropoSITION 3.7. Let A be a Toeplitz tensor with its diagonal entry 0. Then A
is CP if and only if A = O.

Proof. The sufficiency is trivial. If A is CP and ay.. 1 = 0, by the definition of
Toeplitz tensors, we have a;.; = 0 for all ¢ € [n]. Invoking the zero-entry dominance
property in Proposition 3.2, it follows that A = O. |
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The Hadamard product preserves the complete positivity as shown in [33, Propo-
sition 1]. It also preserves the strong complete positivity as stated below. The
Hadamard product preservation property for CP tensors plays an important role in
identifying some easily checkable subclasses of CP tensors as we will see in section 4.
Additionally, it is worth pointing out that the Hadamard product does not preserve
positive semidefiniteness and the SOS property, as shown by examples in [31] and
[26]. Thus, it is an important feature of CP and SCP tensors.

PROPOSITION 3.8. For any given two SCP tensors A, B € Sy, n, Ao B is also an
SCP tensor.

Proof. We first claim that if U = (u(V) «® ... u™), V = (v@) v (™) are
any two nonsingular matrices in R™*", then

(3.1)
span{u™ o v M 0@ 4M o™ 42 oM 42 0y@) 4 oy} = R,
The nonsingularity of U indicates that u, u(®, ... u(™ can form a basis for R".

Thus, we can find a;, i, k € [n], such that

n
(3.2) e = Z agu® Vi e [n),
k=1
where there exists at least one nonzero element among a1, ..., a:, for any i € [n].

The equalities in (3.2) derive that
(3.3) e® oyl = Z ik (u(k) o v(j)) Vi, j € [n].
k=1

By the nonsingularity of V/, it follows that 0 # det(V) = > g sgn(cr)l_[?zlvg?,
where 0 = (01, ...,0,) is a permutation of [n], sgn(o) is the signature of o, and S,
is the set of all permutations of [n]. Thus, there always exists some permutation o
such that H?Zlv((f? # 0. Without loss of generality, we assume that o = (1,2,...,n),

that is, Uz(i) # 0 for all ¢ € [n]. This together with (3.3) yields that

vgi)e(i) = Zaik (u(k) o v(i)) Vi € [n],
k=1

which indicates that e =S}, o) (u®) o v®) for all i € [n]. Thus, {eM),... ™}

.....

can be linearly expressed by {u(Pov()}, ;_; , and our claim is proved. Now we con-
sider any two SCP tensors A and B with their /corresponding nonnegative rank-one de-

compositions A = Y7 ()™ and B = E;Zl(v(j))m, where span{u®,... u(")} =
span{vM, ... 0"} = R". Easily we can verify that AoB=Y""_, > i (u® op@))ym,
The involved u(” o v(9) is certainly nonnegative by the nonnegativity of u(¥ and v(?)
for all 4, j € [n]. Note that r and = should be no less than n. Therefore, we can

always pick up n vectors from {u?, ... u("} to form a basis of R”. Let’s simply say
they are v, ..., u(™. Similarly, we can do this to v, ..., v(") and get n linearly
independent vectors, namely, v(*), ... v The aforementioned claim tells us that
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all involved vectors u( o v) i, j € [n], can span the whole space R™, which means
Ao B is strongly CP. O

The spectral property on SCP tensors is proposed which reveals the phenomenon
that among CP tensors, the SCP tensors serve as the counterpart of PD tensors among
PSD tensors. This is the primary motivation to introduce this new concept. By
adopting the notation E,, ,,(H) := {A € S;,,., : all H-eigenvalues of A are nonzero}
and Ey, ,(Z) := {A € S : all Z-eigenvalues of A are nonzero}, we know that for
any even integer m > 2, PDy, , = PSD,yn N Ep n(H), and PD,, ,, = PSDy,., N
Em,n(Z ). The relation between CP,, ,, and SCP,, ,, are exactly the same, which is
even valid for both even and odd-order cases.

THEOREM 3.9. CPyy, N Epyn(H) = SCPyyp, CPrn N Epyn(Z) = SCPyy .

Proof. Suppose that A is an SCP tensor. Write A as A = Z;Zl(u(k))m, where
u® e R? and

(3.4) span{u®, ... u(} =R"

Assume on the contrary that A has A = 0 as one of its H-eigenvalues, and the
corresponding H-eigenvector is z. Certainly x # 0. When m is even, we have

n T m
0= )\Zx;” =Az™ = Z (xTu(k)) .
i=1 k=1
The nonnegativity of each term in the summation on the right-hand side immediately
leads to x7u*) = 0 for all k € [r]. Invoking the condition in (3.4),  has no choice but
0, which comes to a contradiction since x is an H-eigenvector. Thus, all H-eigenvalues
of A are nonzero when the order is even. When m is odd, we have

r m—1
0=z ' = (Axm’l)i = Z (xTu(k)) ugk) Vi € [n].
k=1
Together with the involved nonnegativity of each term in the summation on the right-
hand side, it yields that

m—1
(3.5) (xTu(k)) ugk) =0Vie [n].

In addition, the condition (3.4) implies that we can pick n vectors from the set
{u® ... 4} to span the whole space R™. Without loss of generality, let’s say
they are u(M), ... u(™. Trivially, for any k € [n], u*) # 0. Therefore, there always

exists an index i, € [n] such that ugf) # 0. Thus (3.5) implies that 27u®) = 0
for all k& € [n]. This immediately leads to = 0. The same contradiction arrives
and hence all H-eigenvalues of A should be nonzero when m is odd. On the other
hand, we take any tensor A € CP,, ,, N Em,n(H ) with its nonnegative rank-one de-
composition as A = ", (u®)™ with u®) € R? for all k € [r]. Assume on the
contrary that A ¢ SCP,,,, which means span{u™,... ,u("W} # R™. Thus, there
exists an z € R\ {0} such that z7u*) = 0 for all k € [r]. This immediately gives us
Azm =370 (aTu®)™ = 0, which is actually a contradiction to A € E,, ,,(H) since
0 is now an H-eigenvalue of A. Similarly, we can prove the Z-eigenvalue case. This
completes the proof. a

An immediate observation from the nonzero property of H-(Z-)eigenvalues of SCP
tensors in the above theorem is that for any CP decomposition of an SCP tensor, the
involved nonnegative vectors will always span the entire Euclidean space.
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4. Easily checkable CP tensor subclasses. Several structured tensors are
introduced and proved to be CP tensors in this section, which serve as easily checkable
subclasses of CP tensors.

4.1. Positive Cauchy tensors.

DEFINITION 4.1 (see [12]). Letc = (ci,...,cn)T € R™ with ¢; # 0 for all i € [n).
Suppose that C = (¢i,..4,,) € T n is defined as

1
i = ———————— Vij € [n], j € [m].
Cit. i Cil ¥+ Cim Z] [TL] J [m]
Then, we say that C is an mth order n-dimensional symmetric Cauchy tensor and
the vector ¢ is called the generating vector of C.

THEOREM 4.2. Let C € Sy, be a Cauchy tensor and ¢ = (c1,...,cp)T € R™ be
its generating vector. The following statements are equivalent:
(i) C is CP.
(ii) C 1is strictly copositive.
(iii) ¢ > 0.
(iv) The function fe(x) := Cx™ is strictly monotonically increasing in R} .

Proof. The implication “(ii) = (iii)” follows readily from 0 < Ce!® = -1 for any

mc

i € [n]. To get “(iii) = (i),” we can employ the proof in [10, Theorem 3.1] that for
any z € R”, it yields that

x- .. .x.
m _ 1 Tm
Cz™ = g Ciyewviy Liy =" Li,y = E —_—
Ciy -+ ¢,

i15eesim €[n] i1,00nim €[N]

1
Z / et gy g dt
/0

il,...,’ime[n

1/ o\
Z tc¢1+m+crim71xi1 Ce Ty dt = / Ztcifﬁxi dt.
0

i17...,im€[n]

Il
S~

Note that
1 n m n ] CL7% m
ci—L . _ T J )
/O<Zt x1> dt kgngoz<z<k) x1> /k
=1 jE[k] \i=1
n .\ Ci— L m
_ J LA T JooA\m
=, (Z(k) W’f) dm, 3 (!, 2)
je[k] \i=1 J€E(k]
with

oo (G G
km T km

) € R% Vj € [k].

By setting Cy, := Zje[k] (u?)™, it follows that C = limy_, Cx and Cy € C' Py, . The
closedness of CP,, ,, leads to C € CP,, ,. This implies (i). Conversely, if (i) holds,
then C is certainly copositive, which deduces that 0 < Cef™ = — for all i € [n]. Thus
(iii) holds. Next we prove the equivalence between (iii) and (iv). Assume that (iii)
holds; for any distinct z, y € R, satisfying x > y, i.e., there exists an index i € [n]
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such that z; > y;, we have

Tiy = Tiyy — Y Yim | T —Yi"
clx)— fe =Cax™m —-Cy™ = + > 0.
fel@) — fe(y) = ZH T me,

(i1 -y ) (i)
Thus (iv) is obtained. Conversely, if fc(x) is strictly monotonically increasing in R},
then for any i € [n], 0 < fe(ei) — fe(0) = mLci, which implies that ¢ > 0. Besides, by

setting € R \{0} and y = 0, the strict monotonically increasing property of fc also
implies that C2™ > 0. Thus (iii) and (ii) hold. O

PROPOSITION 4.3. For any given Cauchy tensor C € T, , with its generating
vector ¢ = (c1,...,c,)T € R™, if ¢ > 0, then the following statements are equivalent:

(i) c1,...,cn are mutually distinct.

(ii) C is strongly CP.

Proof. When m is even, the desired equivalence can be derived from [12, Theo-
rem 2.3] and Theorem 3.9. Now we consider the case that m is odd. To show the
implication “(i)= (ii),” we assume on the contrary that 0 is an H-eigenvalue of C
with its associated H-eigenvector x. Then for any ¢ € [n], we have

0= (Emy = Y e

C'+C’ ++C
i2yeeim€ln] ‘2 vm

1
0
]

i2,..im €[N

m—1

1
/tc'i St dt,
0

JE€[n]

which implies that Y, (%~ 7 Ta; = 0 for all ¢ € [0, 1]. Thus,
X1+t g 4 -+t %, =0 VE € [0, 1]

By the continuity and the condition that all components of ¢ are mutually distinct,
it follows readily that z; = 0. Then we have xo + t*~“?x9 4 - - - + t» ", = 0 for
all ¢ € [0, 1], which implies zo = 0. By repeating this process, we can gradually get
2 = 0, which contradicts to the assumption that x is an H-eigenvalue. Thus (ii) is

obtained. Conversely, to show “(ii)= (i),” we still assume by contrary that ci,...,c,
are not mutually distinct. Without loss of generality, we assume that ¢; = c3. By
setting x € R™ with 1 = —x9 = 1 and other components 0, we find that for any
i€ [n],

m—1

1
(cxmfl)izfo te | N gy dt

JEl2]
1 1 1 m—1
:/ t¢ (tcl_m—l —tc2_m) dt =0,
0

which indicates that 0 is an H-eigenvalue of C. A contradiction to C € E;}}, arrives.
This completes the proof. a

4.2. Symmetric Pascal tensors. It is well-known that Pascal matrices have
served as a convenient way to represent the famous Pascal’s triangle and have found
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many applications in numerical analysis, filter design, image and signal processing,
probability, combinatorics, numerical analysis, and electrical engineering [1, 8]. The
symmetric Pascal matrix can also be extended to higher-order symmetric tensors as
follows.

DEFINITION 4.4. The tensor P = (Dj,..i,,) € Sm,n s called the symmetric Pascal
tensor if

(it i —m)!

Pivion = 0 T (i — 1)

Vit oo, im € [Tl]
Furthermore, let ¢ = (¢;) € R™ be a nonnegative vector. The tensor plo) = (pgf)l ) €

Sm.,n is called a generalized symmetric Pascal tensor generated by c if "

@ _ Dley+-4e, +1)
Pirin = T(ey 1) T(es, +1)

Vityeoosim € [n],

where I'(+) is the gamma function.

Obviously, by setting ¢; = i — 1 for all i € [n], P(©) reduces to the symmetric
Pascal tensor. This is the reason why a “generalized symmetric Pascal tensor” is used
for P(e).

PROPOSITION 4.5. Let ¢ = (¢;) € R™ be any given nonnegative vector and Ple) =
(pgf)zm) € Sy,n be the corresponding generalized symmetric Pascal tensor. Then Pl
is a CP tensor.

Proof. By employing the following infinite product definition of the gamma func-
tion

r 1 il Vt >0
= 1i >
0=t el 20

we can rewrite the entries of P(©) as

k1 (i +0) - (ci,, +1)
k—o0 (k . k!)mfl =1 (Cil +--+c, + l)

Vit oo, im € [Tl]

For any given positive integer k and any integer ! € [k + 1], denote

1
P :=Dq +1,...,cn+1) €ESop, C = € Sm.n,
! iag(c cn+1) €San, G <Ci1 +"'+Cim+l) 7

<(ci1 +0)- (e, +1)
P =
(ciy +---+ ¢, +1)

1 k+1(ci1+l)-~-(cim+l)
(k- k)ym=171=0 (¢ 4+ 4y, + 1)

) € Simn, P(k) =

It is easy to verify that

1

(4.1) Pu=P"C), Pk) = et

Pio--0Pryr, P9 = lim P(k),

k— o0
where P™(-) is defined as in (2.2). In view of Theorem 4.2, [26, Theorem 2.2], [33,
Proposition 1], and the closedness of the CP tensor cone, we can get the complete
positivity of P() as desired. d

4.3. Lehmer tensors. The Lehmer matrix, named after D. H. Lehmer, is well-
known as an important type of test matrices used to evaluate the accuracy for matrix
inversion programs due to fact that their exact matrix inverses are known [20, 27]. It
can be naturally extended to higher-order tensors as defined in the following.
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DEFINITION 4.6. The tensor A = (i, ..i,,) € Smn with a;,..,, = mindi,im}

max{i1,...,im }

for all i1,...,4m € [n] is called the Lehmer tensor. Let ¢ = (¢;) € R™ be a positive
vector and A = (ai...i,,) € Spp.n With a;,..,, = % for all iy, ... im € [n].

Then A is called a generalized Lehmer tensor generated by c.

PROPOSITION 4.7. Let ¢ = (¢;) € R™ be a positive vector and A € S, n, be the
corresponding generalized Lehmer tensor generated by c¢. Then A is a CP tensor. If
additionally all components of ¢ are mutually distinct, then A is an SCP tensor.

Proof. Without loss of generality, we assume that all components in ¢ are in a
nondecreasing order, i.e., 0 < c¢; < cg < -+ < ¢,. Denote

1

max{¢;,,...,¢, }

B = (bil..,im) € Smm with bi1---im = Vi1, ...,im € [n],

and
D = (Cir“im) S Sm,n with Cipeovtigy, — min{cil, ceey Cim} Vil, N ,im S [n]

Apparently, A = B oD. Observations
1 (< \" 11 (=" 11
B=_— i - i e - = m
Cn <;e> " <Cn—1 Cn> <;e> e (Cl 02) (1)

D=¢ <Z ei) + (2 — 1) <Z €i> o+ (en = cn—1) (en)™
=1 =2

yield the desired complete positivity of C since the Hadamard product preserves the
complete positivity as shown in [33, Proposition 1]. Here e; € R™ is the ith standard
basis vector. Furthermore, note that both {Zle e }i_q and {>. , €;}7_, can span
the entire space R™. The property that the Hadamard product can also preserve the
strongly complete positivity as established in Proposition 3.8 leads to the remaining
part of the desired assertion. ad

COROLLARY 4.8. The Lehmer tensor is an SCP tensor.

Proof. The desired result follows directly from Proposition 4.7 by setting ¢; = i
for each i € [n]. 0

4.4. The fractional Hadamard powers and power mean tensors. In the
literature of matrix analysis, the fractional Hadamard powers have been introduced
to characterize the so-called infinite divisibility for nonnegative symmetric positive
semidefinite matrices, in which the positive semidefiniteness maintains for all of their
fractional Hadamard powers with all nonnegative real exponents [5]. It is known that
the Hadamard product preserves the CP of tensors, which immediately implies that
the positive integer Hadamard powers of CP tensors are still CP. A natural question
is, Does this property holds for any nonnegative fractional Hadamard powers of CP
tensors? The answer is negative since counterexamples can be found in the matrix
case: A=10110;121011=(1107%110)+ (01170 11)isa CP matrix,

but its 1/2 Hadamard power A°% has an eigenvalue LHV2-VIl-2v2 VZH_Q\E < 0 and hence
is not a CP matrix anymore. Inspired by the infinite divisibility of the positive
Cauchy matrix, the Lehmer matrix, and the Pascal matrix [5], we will show that
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all nonnegative fractional Hadamard powers preserve the complete positivity of the
corresponding structured CP tensors. This property comes trivially for (generalized)
Lehmer tensors by definition. And for positive Cauchy tensors, we have the following.

THEOREM 4.9. Let ¢ = (c1,...,cy)T € R™ be a positive vector and C =

(ﬁ) € S;n be its generated positive Cauchy tensor. For any nonnegative
i im,

scalar a € R, the fractional Hadamard power of C, termed as C°% := ( ) €

Sm,n is still a CP tensor.

1
ot tem)e

Proof. 1t is trivial for the case when o« = 0. For any o > 0, using the formula of
gamma function

I'(v) :/ e 't ldt Y € (0, 00),
0

we can get
o] a—1
1 = / e tein +"'+Cz‘m)t_dt
(ciy +--+ciy) 0 I'(a)
— / ef(ch Jr"'Jrcrim)(tNF(a)oz)l/Oédt~
0
1
0 I
Thus, for any z = (z1,...,2,)T € R",

Coaﬂjm — Z / C7,1+ +Cbm)( m (Ol)a)l/axil B d_’u

01,05 Im € [n]

1
:/ Y et (Er@a) Ty B
0

il,...,ime[n]

1 m
- [ o) e
0 i€[n] H
€ _ 1—p 1/ du
= lim / e—ci(FFET (@) | 2=
e—0 0 162[77,] ILLZ
1—p 1/« d
F [Ty,
€ 1€[n] H
_ 1 —cI 1 “F( )& )Ua ) d_u
313%5 > e e
i€[n]
. . 1 k g(d— e) F(a)a)l/a k
— j(1—e) . -
i (3 o)
j€lk] \i€[n]
.1 : Jr€ m
il 3 ()"
JE(K]
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—en (D@ )T ¢ g

. 1, _ej(k=iC=op 1/a
where u/¢ = (ﬁ)m (e~ (Titima T@a) ™™ g

By the closedness of CP,, ,,, we conclude that C°® is a CP tensor for any o > 0. O

COROLLARY 4.10. Let ¢ = (¢;) € R™ be any given nonnegative vector and Pl =

(pff)zm) € Sp,n be the corresponding generalized symmetric Pascal tensor. Then

(P())°x is o CP tensor for any o € Ry.

Proof. This follows directly from the continuity of function f(¢) = t* on [0, c0)
for any nonnegative «, Theorem 4.9, and (4.1) in the proof of Proposition 4.5. d

Several much-studied classes of mean matrices are shown to be infinite divisible
(see, e.g., [6]). Inspired by this, we will generalize the power mean matries among
them to higher-order tensors and further discuss the complete positivity of these power
mean tensors and their fractional Hadamard powers as well.

DEFINITION 4.11. Let ¢ = (c1,...,¢,)T € R%. For any extended real value t €
[—00, +00], define MY = (my, ;) € Spn as

m 1/t
1 . .
My iy, = (E Zcik> VZj € [TL], J S [m]v
k=1

i.e., each element m;, . ;. 1s the t-power mean of ¢i,,...,ci, . Then, we say that M®
is an mth order n-dimensional t-power mean tensor and the vector ¢ = (cq,. . ., cn)T S
R™ is called the generating vector of M),

PROPOSITION 4.12. Let ¢ = (c1,...,¢n)T € R™ be positive, MY = (m;, 4 ) €
Spn,n be the t-power mean tensor generated by c, and its entrywise reciprocal tensor
W .= (—L_)ecS,,,. Wehave

(i) for 1any t € [-00,0], and any o € Ry, the fractional Hadamard power
(M®)ea 4s o CP tensor;

(ii) for any t € [0,4+00], and any a € Ry, the fractional Hadamard power
(WMo s q CP tensor.

Proof. Things are trivial for ¢ = 0 since the all-one tensor is a CP tensor. (i) By
Definition 4.11, for any ¢ € [—00,0) and any a € R,

ms: = !
wetm =\ el fmA- 4l m

—a/t
) vl el

which indicates that (M®)°® is actually a nonnegative fractional Hadamard power
of the positive Cauchy tensor A := (m) € Sp,n- Thus, the desired result
11 m

follows directly from Theorem 4.9. (ii) is a direct consequence of Theorem 4.9. O

Remark 4.13. Specific examples of power mean tensors are listed as follows.

(1) “Min” tensor: t = —oo, M(=%°) = (min{c;,,...,ci,,}) € Sp.n. Without loss
of generality, we may assume that all components in ¢ are in a decreasing
order. Then the CP decomposition of its fractional Hadamard power is

n m n—1 m
) () ()
i=1 =1

o (] — ) ()™ Va >0,
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(ii) Harmonic mean tensor: t = —1, M(=1) = (ﬁ) € Sp,n, which is a

positive Cauchy tensor generated by = .

(iii) Geometric mean tensor: t = 0, M = ( %/Ciy ~ Cipy) € Spn. Appar-
ently, the CP decompositions of (M(?))° and its entrywise reciprocal tensors
(WO)°a are

(MO)" = (e=5)™, (W) = ()"

(iv) Arithmetic mean tensor: t = 1, MW = (L(c;; + -+ ¢;,)) € Spn. Ob-
viously, the corresponding entrywise reciprocal tensor W) is exactly the
positive Cauchy tensor M (=1,

(v) Root-mean-square tensor: t = 2, M®) = (\/% (2 4--+¢c ) €Spn. Ttis

easy to see that the corresponding entrywise reciprocal tensor W) is exactly
the fractional Hadamard power of the positive Cauchy tensor generated by

% with the fractional exponent %

(vi) “Maz” tensor: t = +oo, MT%) = (max{ci,,..., ¢, }) € Sm.n. Without loss
of generality, we assume that the positive generating vector ¢ = (c1,...,¢y)
of C is in an increasing order, i.e., 0 < ¢; < ¢c3 < -+ < ¢,,. Then the CP
decomposition of the fractional Hadamard power of its entrywise reciprocal
tensor W) ig

I I A T WA=
(W(+°°)) :%<;€i> +<Ca 1—%) <;€i>

n—

+F (cia_cia) (e1)™ Va > 0.
1 2

5. CP-Vandermonde decomposition for positive Cauchy—Hankel ten-
sors. It has been known from Remark 4.13 that several types of power mean tensors
including the “Min” tensor, the geometric mean tensor, and its entrywise recipro-
cal tensor, the entry-wise reciprocal of “Max” tensor, together with their Hadamard
products and fractional Hadamard powers, can be decomposed in the CP way easily.
But for other general positive Cauchy tensors, their CP decompositions are not that
direct to be obtained. Recall that a tensor A = (a;,. 4,,) € Sy, is called the Hilbert
tensor if a;,. 4, = m [36]. Obviously, the Hilbert tensor is a positive
Cauchy tensor with mutually distinct components of its generating vector, and hence
strongly CP from Proposition 4.3. And it is also a Hankel tensor [12]. Thus, a natural
question is, Do we have some special property for the class of tensors which are both
positive Cauchy tensors and Hankel tensors in terms of the CP decomposition? A
positive answer is given in the following theorem in which a CP decomposition in a
Vandermonde manner (CP-Vandermonde decomposition) for positive Cauchy—Hankel
tensors is established.

THEOREM 5.1. Let A € S, ,, be a positive Cauchy-Hankel tensor. Then there
erist real numbers avq,...,q, and mutually distinct nonnegative numbers &1,...,&,
with an integer v satisfying [%] <r<n(m—1)+1 such that

(5.1) A= Zak (u(k)) ,ap >0, uk) = (1,8, .-y Z_l)T >0 Vke|r].
k=1
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Proof. Denote N = (n—1)m+ 1. By the definition of Cauchy—Hankel tensors, we
can find some nonzero a and b € R such that A = ( . Let ¢ € R™ with

ck = 2 + kb for all k € [n] and denote h := (a+1bm, pEucrmny SRR a+;mn)T eERN. It

is easy to verify that the corresponding Cauchy tensor generated by ¢ and the Hankel
tensor generated by h are both exactly A. By setting y € RY with y; = 5 for all

1 e
y,ﬁyj) € Sp.2m(n—1)41 18

)
aTb(iitFim)
1

i € [N], it is easy to verify that the Cauchy matrix A= (
also a Hankel matrix whose generating vector is

(h 2h1hsy 2hohs 2hyahy )T
1 hl-’-hg’ 25 h2+h3’ 3’.“7hN71+hN’ N .

The vector y = (y;) € RY is a positive vector and has all components mutually distinct
due to the properties of h. Thus, Aisa positive definite Hankel matrix. Invoking [37,
Lemma 0.2.1], A admits a Vandermonde decomposition with nonnegative coefficients,
that is, there exist scalars 71,...,7n € R and positive scalars 51, ..., By such that

N
(5.2) A= Zﬁkv(k) (U(k))T, where v*) = (1, Thy Tos . . ,T,ﬁV*l)T Vk € [N].
k=1

The positive definiteness of A indicates that all Bi’s are positive and 71,...,7y are

mutually distinct. By taking ¢, = 77 for all k € [N], it follows readily that these (x’s

have at least (%1 distinct values and for any j € [N],

N
hj=> B¢t
k=1

Let r be the number of distinct values of (;’s and denote all those distinct values to

be &1,...,&. Then &, ..., &, are nonnegative as (, = 77 for all k € [N]. Immediately,
we can get those ay’s from Si’s in (5.2) to decompose the Hankel tensor A4 generated
by h as required in (5.1). O

For positive Cauchy-Hankel tensors, the aforementioned CP-Vandermonde de-
composition may not be unique. Such a decomposition with fewer rank-one terms
will absolutely be more attractive and important for saving the storage cost. A pos-
sible way to get a numerically CP-Vandermode decomposition for a given positive
Cauchy-Hankel tensor with the least terms (r = (%D of rank-one terms in
(5.1) will then be proposed. Before establishing the numerical algorithm, the following
proposition is stated for theoretical preparation.

PROPOSITION 5.2. Let N be any given positive integer and h = (—) € RN be

a+bi
any gwen positive vector with some nonzero a and b € R. Then the Hankel matriz

generated by h = (h1,0, ha,0,...,0,hyx)T is positive definite.

Proof. Take ¢; = % for all i € [N] to generate a positive Cauchy matrix A =
(cwlrcj) € RVYXN_ Since ¢ has all its components mutually distinct, A is then pos-
itive semidefinite. By direct calculation, A is also a Hankel matrix generated by

h = (h1, h’zf};,hg, cee %, hn)T € R2V=1 and hence admits a Vandermonde
decomposition
N
A= Zakv(k)(v(k))Ta ag > 07 U(k) = (17<k7 tet ]]gv_l)T > 0
k=1
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with all mutually distinct (;’s. Apparently, h; = ZszlakC,f(jfl) for all j € [N],
which immediately allows us to write the Hankel matrix generated by fL, say fl, as

N N
A=Y (@O )T + @D @0)T) = A+ ap(a® @)
k=1 k=1

with *) .= (1, =, ..., (=G)NHT. Since all aj’s are positive and A is positive
definite, the desired positive definiteness of A comes directly. 0

The above proposition provides us a simple way to compute the CP-Vandermonde
decomposition for a positive Cauchy—Hankel tensor corresponding to h by factoriz-
ing the corresponding positive definite Hankel matrix generated by h as defined in
the proposition. Thus, based on [16, Algorithm 2], we can pursue the desired CP-
Vandermonde decomposition for any given positive Cauchy—-Hankel tensor as follows.

Algorithm 1. CP-Vandermonde decomposition for positive Cauchy—Hankel tensors.
Input: Parameters a,b € R, the order m, and the dimension n to generate a positive
Output: The coefficients ay’s and the poles &;’s to generate a CP-Vandermonde
decomposition of A as described in (5.1);
Step 0 Set N = m(n — 1)+ 1, h = (h1,0,h2,0, hs,...,0,hx)T € R2VN-1 with h; =
Let H € Sy v be the corresponding Hankel matrix generated

Cauchy-Hankel tensor A = (

T
by h.

Step 1 Compute w = H~'d(h), where d(h) € RY with (d(h)); = hiyn for all
i€ [N —1]and (I(h))y =7, v € R is arbitrary;

Step 2 Compute the roots k1,...,ky of the polynomial p(k) = &
e — W2k — W1

Step 3 Solve the Vandermonde linear system Aa = u(h), where A = (a;;) € Sa.n
with a;; = &', and u(h) € RY is the subvector of h formed by its first N
components.

Step 4 Set & = H?k, and oy = ay, for all k € [N].

Return: oy, & for k € [r].

N _ N1 -

To get a computationally least number of rank-one items in the CP-Vandermonde
decomposition from Algorithm 1, we simply choose v = 0 to get an approximate CP-
Vandermonde decomposition of only [W] terms with a very promising high

accuracy. In this case, Step 1 in Algorithm 1 indicates that

w2

he hs - he hee v 0
hs  ha -+ hey1 hego 0
he hepr o hyes hyo N2 0
wy
when N is even, and
hi  he -+ he_1  hy Zl 0
ha hs -+ hy  hrp 3 0
(5.4) A . -
he—1  hy hn-1 hy—2 N -2 0
wy
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TABLE 1
CP-Vandermonde decomposition of the Hilbert tensor in Sa6.

k 1 2 3 4 5 6 7 8 9 10 11
ag | 0.0083 0.0304 0.0685 0.1010 0.1254 0.1396 0.1426 0.1340 0.1145 0.0857 0.0500
&k 0 0.9881 0.9383 0.8530 0.7390 0.6056 0.4635 0.3243 0.1992 0.0984 0.0301

TABLE 2
CP-Vandermonde decomposition with inputs (m,n,a,b) = (3,8,0.1,0.25).

k 1 2 3 4 5 6 7 8 9 10 11
ag | 0.0749 0.1636  0.2213  0.2327 0.2007 0.1437 0.0843 0.0390 0.0132 0.0028 0.0002
& 109926 0.9606 0.9026 0.8200 0.7170 0.5992 0.4739 0.3488 0.2321 0.1314 0.0538

TABLE 3
CP-Vandermonde decomposition with inputs (m,n,a,b) = (5,5, —20.4,5).

k 1 2 3 4 5 6 7 8 9 10 11

ag | 0.0025 0.0061 0.0139 0.0206 0.0258 0.0292 0.0304 0.0294 0.0260 0.0205 0.0130
&k 0 0.9880 0.9379 0.8519 0.7372 0.6031 0.4605 0.3210 0.1961 0.0959 0.0286

when N is odd. In both cases, it is easy to verify that the coefficient matrices are
positive definite Cauchy matrices and hence contribute the unique zero solution for
the involved w;’s. This further derives that if x is solution to the polynomial p(x) in
Step 3, and then —k is also a solution. If we modify Step 4 in Algorithm 1 to be

Step 4': Reorder the sequence {(k1,@1),...,(kn,@n)} in the nondecreasing

order with respect to the first component of each pair to get {(ki,, ),

o (Riy, @iy )}, and set & = k7, ap = @y, + Qiy_,,,, for all k € [r] with

_ rm(n=1)41

r=["5]
then the positive Cauchy—Hankel tensor A can be approximately decomposed as in
(5.1) with only r = f%] terms. Numerical examples are listed to show the
performance of the algorithm with Step 4'.

Ezample 5.3. (1) For the Hilbert tensor (i.e., a =1—m, b= 1) with m = 4 and

n = 6, we can get a CP-Vandermonde decomposition as in (5.1) with ay’s and &’s
as in Table 1. The Frobenius norm of the residual is 6.217e-13. (2) Randomly choose
real numbers a and b and positive integers m and n such that the generated Cauchy—
Hankel tensor A € S,, , has all entries positive. For low-order low-dimensional cases,
for example, N = (n — 1)m + 1 < 23, applying Algorithm 1 with Step 4’ can always
give us a CP-Vandermonde decomposition as in (5.1). Two instances are listed as
follows with the accuracies 2.179e-11 and 6.074e-13, respectively.

)

However, for high-dimensional or high-order cases, polynomials in Step 2 may fail
to admit all roots in the real field and hence the algorithm will not work anymore;
probably efforts should be made on an appropriate choice of v in Step 1. More efficient
and effective algorithms are then needed in such a case.

6. Tractable relaxations of CP tensors. Analogous to the matrix case, the
concept of DNN tensors is introduced to serve as a tractable relaxation for CP tensors.

DEFINITION 6.1. An even-order symmetric tensor A = (a;,.. 4, ) is said to be a
DNN tensor if all of its entries are nonnegative and the corresponding polynomial

n

mo,__
AJJ = E i iy Liq * " Ly
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is an SOS. An odd-order symmetric tensor A = (a;,. ;,.) s said to be @ DNN tensor

if all its entries are nonnegative and for every i € {1,...,n},
Axm 1 .= o s
i T al]l"']mflle x]nzfl
j1>~~~7jm—1
is an SOS.

The following observation follows trivially from Definitions 6.1 and 1.1.
PRrROPOSITION 6.2. Any CP-tensor is a DNN tensor.

Many even-order structured tensors have been shown to be SOS in [11]. Together
with the augmented Vandermonde decomposition for strong Hankel tensors that was
proposed by Ding, Qi, and Wei in [16], it is easy to verify that in the setting of
even-order symmetric and nonnegative tensors, the (generalized) diagonally dominant
tensor, the H-tensor with nonnegative diagonal entries, the M By-tensor, and the
strong Hankel tensor are all DNN tensors. However, the aforementioned structured
tensors of odd order may not be DNN tensors anymore. A weak version of DNN
tensors is then introduced due to the following spectral property of DNN tensors.

LEMMA 6.3. A DNN tensor has all H-eigenvalues nonnegative.

Proof. The desired nonnegativity follows directly from Definitions 6.1 and 2.1,
and the equivalence between the positive semidefiniteness and the nonnegativity of
all H-eigenvalues for real symmetric tensors as stated in [29, Theorem 5]. O

DEFINITION 6.4. A nonnegative symmetric tensor is said to be a weak DNN ten-
sor if all its H-eigenvalues are nonnegative.

Noting that nonnegative tensors always have H-eigenvalues [38], the above con-
cept is well-defined for tensors of any order (even or odd). Even though the weak DNN
property of a tensor is hard to verify due to the complexity of checking nonnegativity
of the minimal H-eigenvalue, this property coincides with the DNN property in the
matrix case. Moreover, we can also show that several structured tensors are weak
DNN tensors in the setting of nonnegative symmetric tensors of any order. Related
concepts are recalled as follows.

DEFINITION 6.5. Let A= (a;,...i,,) € Trnn-
(1) [40, Definition 3.14] A is called o diagonally dominant tensor if

(6.1) |aii...i| > > \aisy...i,, | Vi € [n).

A is said to be strictly diagonally dominant if the strict inequality holds in
(6.1) for all i € [n].

(2) [15, 34] A is called a (strictly) generalized diagonally dominant if there exists
some positive diagonal matriz D such that the tensor AD'™™ D --- D defined

m—1
as

di"dy - d

1eolm i1

Vi; € [n], j € [m],

Tm 9

ADY™D...D = a;
m—1

1. lm

is (strictly) diagonally dominant.
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(3) [15, 34] A is called o Z-tensor if there exists a nonnegative tensor B and
a real number s such that A = s — B. A Z-tensor A = sT — B is said
to be an M-tensor if s > p(B), where p(B) is the spectral radius of B. If
s > p(B), then A is called a strong M-tensor. The comparison tensor of a
tensor A= (ai, . 4,,) € Trm.n, denoted by M(A), is defined as

tm

(M(A)),, ;:{ A

—|ai, .4, | otherwise.

A is called an H-tensor (strong H-tensor) if its comparison tensor M(A) is
an M-tensor (strong M-tensor).
(4) [25, Definition 4] Let A = (ai,...i,,) € Tmn and B = (biy...i,,) € Ty with
bivigrip, = Biy (A), where Bi(A) := max  j, i cm]  {0,0ij.. 5,1 A is
(55250 50m ) F(685.-%)
called an M By- (M B-)tensor if A— B is an M-(a strong M-)tensor.

PROPOSITION 6.6. Let A be any given nonnegative symmetric tensor. If one of
the following conditions holds
(i) A is a generalized diagonally dominant tensor,
(ii) A is an H-tensor,
(iii) A is an M By-tensor,
(iv) A is a strong Hankel tensor,
then A is a weak DNN tensor.

Proof. Tt suffices to show the nonnegativity of all H-eigenvalues of the corre-
sponding involved tensor. This desired nonnegativities for cases (i) and (ii) have been
indicated in [15, 34].

To get (iii), it is known from [25, Theorem 7] that for any nonnegative sym-
metric M By-tensor A, either A is a symmetric M-tensor itself or we have A4 =
M+ hiE7%, where M is a symmetric M-tensor, s is a positive integer, hy > 0,
Jy C [n], and 7% € S, with (£7%);,..; = 1 for all {iy,...,im} € Jr and oth-
erwise 0 for k = 1,...,5. When m is even, the desired nonnegativity is trivial
from the positive semidefiniteness of 4. When m is odd, the assertion is obvious
when A is an M-tensor itself. To show for the latter case, we first claim that for
any symmetric M-tensor M and any vector z € R™ \ {0}, there always exists some
i € supp(z) := {i € [n] : &; # 0} such that (Mz™~1); > 0. Assume on the contrary
that there exists some nonzero x such that for any i € supp(z), (Mz™"1); < 0. Let
a; = —(Maz™ 1), /27"~ for all i € supp(z). Obviously, a; > 0 for all i € supp(z).
Thus, (M + > icsupp(x) ai(e®)™)zm =1 = 0, where M is the principal subtensor of
M and Z the subvector of x generated by the index set supp(z). This contradicts
the fact that M + Ziésupp(z) ai(e(i))m is a strong M-tensor by the property of M-
tensors. Our claim then succeeds. Now for any H-eigenvalue A of A with its associated
H-eigenvector x, we have

(M), 43 by (7Y, Vi€ ]

k=1

Azt = (Ae™Y).

K3

From our claim, we can find some i € supp(x) such that (Ma™~1); > 0 and hence
A=A 5 g
" =

7
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For (iv), it is known from [16] that a strong Hankel tensor A always possesses an
augmented Vandermonde decomposition

r—1
_ m\™ )"
A kz::l Qg (u ) + a, (e ) ,

where oy, > 0, u® = (1,&,. .., Zﬁl)T eER™ & e R, forallk € [r—1],a, > 0. When
m is even, the desired nonnegativity is obvious from the positive semidefiniteness of A.
Now we consider the odd-order case. For any H-eigenvalue A of A with its associated
eigenvector x € R™ \ {0}, we have

k 1 g
)—|—a:f1 if 1 = mn;

Q:Tu(k) mel U(
/\a:;nd _ (Axm—l)i — { Eke[r—l] ( )mfl uzk)

Zke[rfl] (mT“(k))

If 27u®) = 0 for all k € [r — 1], it is easy to see that for any i € [n] with z; # 0,
m—1 — —

A = (“4;,17_1) > 0. If there exists some k € [r — 1] such that 27u(®) = 0, then

At = > okelr-1] (zTu®))ym=1 > (T4 (*))ym=1 5 0 which indicates that A > 0. This
completes the proof. 0

otherwise.

The gap existing between DNN matrices and CP matrices has been extensively
studied [9, 4, 18]. The remaining part of this section will be devoted to the equivalence
and the gap between the tensor cones DNN,, , and CP,, . It is known from the
literature of matrices that any rank-one matrix is CP if and only if it is nonnegative.
This also holds for higher-order tensors as the following proposition demonstrates.

PROPOSITION 6.7. A rank-one symmetric tensor is CP if and only if it is non-
negative.

Proof. The necessity is trivial by definition. To show the sufficiency, note that for
any rank-one symmetric tensor 4 = Az™ to be nonnegative, we have x # 0, A # 0,
and Az;, -2, > 0 for all 41,...,4y € [n]. If  has only one nonzero element, the
desired statement holds immediately. If there exists at least two nonzero elements, we
claim that all nonzero elements should be of the same sign. Otherwise, if z; > 0 and
z; < 0, then Az7" 'z; and )\x;n_zx? will not be nonnegative simultaneously. Thus all
elements in x are either nonnegative or nonpositive. When m is even, we can easily
get A > 0. Thus A is CP. If m is odd, we can get that AY/”z > 0. Thus A is CP. 0O

The above proposition provides a special case that C'P,, ,, coincides with DN Ny, ,,.
Generally, there exists a gap between DNN,, ,, and CP,, ,. For example, any sign-
less Laplacian tensor (always nonnegative and diagonally dominant) of a nonempty
m-uniform hypergraph with any even m > 4 lies in the gap @ € DN Ny, ,, \ CPpyn
by Proposition 3.4. Recall from [4] that for any matrix A € Sy ,,, if A is of rank 2 or
n<4,A¢c DNNy, if and only if A € CP,,,. In other words, DNNy, = CP,,
for these two cases. How about higher-order tensors? We answer this question in a
negative way as follows.

PROPOSITION 6.8. Let m > 4 be even and n > 2. Then
{a (e“) - e(j)) Yae™ i jen]ifjac R++} C DNNyy \ CPon.

Proof. For simplicity, denote GAP := {a(e) — W)™ 4 ae™ : 4,5 € [n],i #
j,a € Ryi}. Then for any A = (ai,.4,,) € GAP, it follows by definition that
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A € DNN,, . Additionally, it is easy to verify that A is rank-two. However, as
we can see, a;_;; = 0 and a;. ;5 = 2. This indicates that A breaks the zero-entry
dominance property. Thus A € DNN,, », \ CPp, . a

The aforementioned gap between DNN,, , and CP,, , drives us to consider
tighter relaxations for CP,,,. By employing the idea from [17] for the matrix
case, an approximation hierarchy for the CP tensor cone can be proposed based
on the higher-order DNN tensors. For the sake of convenience, we introduce a lin-
ear operator G : Sp,qrn — Sy, for any nonnegative integer r as follows: for any
Z = (Ziy-ipjiejm) € Smarns
(6.2)

GT(Z) = (gjl"'jm) S Sm,n with 91 Gm — Z Ziqtip g1 Gm s \V/jl, N ,jm S [Tl]

i1,...,ir€[n]

Apparently, G- (Z) = }_ 4cp, (z) A, where

LT(Z) = {A = (ajl...jm) S Sm,n : Eiil, el € [n],ajl...jm
= Ziyipg1dm le, Ce ,jm S [n]} .

LEMMA 6.9. For any nonnegative integer r, we have
(6.3) CPpn={A€Snn:3Z €Smirn, L (Z) CCPyn, A= Gr(2)}.
Proof. For simplicity, denote
M:={AeS,n:3Z € Sntrn, Lr(Z) CCPyn, A= G.(Z)}.
For any A € M, there exists some Z € S;,4r» such that L,(Z) C CP,, ,, and
A=G(2)= ) CeCPu,
CEL(Z)

due to the fact that C'P,, ;, is a convex cone. This indicates that M C CP,, . On the
other hand, for any A € CP,, ,, we can always find some finite nonnegative integer
I and nonnegative nonzero vectors u(!), ..., ul) € R" such that A = 3,y (ul®)™.

wRym+r

Set Z = Zke[l] ((eTuw Direct calculation leads to

L.(2)= Z (u(k))i (u(k))i (u(k))m D01y dm € 0]

ke[l
- CPm,na GT‘(Z) = A
Thus, A € M and then CP,, ,, C M. This completes the proof. a

Inspired by a characterization in (6.3), two types of approximation hierarchies for
CP,, n based on the higher-order tensors are then proposed as follows:

(6.4) Ny ={AE€Sun:3Z € Npyrn, A= Gr(2)}, 71=0,1,2,...,
(6.5) DNNy, ., - ={A€Snn:3Z € Smirn, Lr(Z2) C DNNpyny A= Gr(2)},
r=20,1,2,....
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PROPOSITION 6.10. For any nonnegative integer r, Ny, ., and DN Ny, ,, are closed
convex pointed cones in Sy, n. Moreover,

(6.6)
CPppnC---CNJVCN),  Co Ny CND = Ny,
(6.7)

CPpn C -+ CDNNHY C DNN), . C---DNN, . C DNN,), = DNN,, .

Proof. The first part comes immediately from the fact that N,,, is a closed
convex pointed cone, and SOS,, , is a closed, convex cone when m > 2 is an even
integer. For the remaining part, by applying Lemma 6.9, together with the fact
CPn.n € DNNy, , € Np, o, we immediately conclude that for any nonnegative in-
teger v, CPpny € DNN},, C Ny .. For any A € DNN/ ! there exists some
Z = (Z]ﬂ‘a..,”jl...jm) € Sm+r+l7n such that LT+1(Z) - DNNmm and A = GT+1 (Z)
Denote Z = (Zi,.i,ji-jm) € Smearn With Zijijioj = Dpen) Zhiv-vipgiojm 10T
any ii,...,ip,j1---,jm € [n]. By definition, each A € L,(Z) is a summation of
n tensors in L,11(Z) and hence Lr(z) C DNN,, since Ly11(Z) € DNNp,,
and DNN,, ,, is a convex cone. Meanwhile, by direct calculation, it is easy to get
Gr(2) = Gr41(Z) = A. Henceforth, A € DN N}, ., which tells us the inclusion

DN N,:;f,% C DNNy, ,, for any nonnegative integer r. Similarly, we can prove the case
of (6.6). O

7. Conclusions. In this paper, the CP tensor has been further studied with four-
fold main contributions. First, the dominance properties have been emphasized and
applied to exclude a number of symmetric nonnegative tensors, such as the signless
Laplacian tensors of nonempty m-uniform hypergraphs with m > 3, from the class of
CP tensors. Second, a rich variety of subclasses of CP tensors have been investigated
which contains the positive Cauchy tensors, the (generalized) symmetric Pascal ten-
sors, the (generalized) Lehmer tensors, the power mean tensors, and their fractional
Hadamard powers and Hadamard products. All these serve as new sufficient condi-
tions and provide easily verifiable structures in the study of CP tensor verification and
decomposition. Third, all positive Cauchy—Hankel tensors have been shown to admit
the CP-Vandermonde decomposition, and a numerical algorithm has been proposed
to achieve such a special type of CP decomposition. Last, the DNN matrices have
been generalized to high-order tensors, based on which a series of tractable approxi-
mations have been proposed to approximate the CP tensor cone. All of these results
can serve as a supplement to enrich tensor analysis, computation, and applications.
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