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1. Introduction

A real mth order n-dimension tensor A = (a;,...;, ), denoted by A € RI"™" | consists

“tm

of n™ real entries:
Uiy iy, € R,

where i; € N ={1,2,...,n} for j=1,...,m [2,3,5,11,17]. It is obvious that a matrix is
an order 2 tensor. Moreover, a tensor A = (a,...;,, ) is called symmetric [12,17] if

Ajqeng

tm

= aﬂ-(il...im),VTr e I1,,,

where II,, is the permutation group of m indices. And an mth order n-dimension tensor
is called the unit tensor denoted by Z = (J;,...;,. ) € RI™™ [2,26], where

1/777,

5 i = =i,
e 0, otherwise.
For a tensor A € RI"™" if there are a nonzero vector z = (r1,...,2,)T € R" and a

number A € R such that

Awm—l _ )\x[m—l]7

where
-1
(Az™ N)i= Y iy iy T,
12,y im EN
and zlm~1 = (551"717 2™ DT then A is called an H-eigenvalue of A and z is called

a corresponding H-eigenvector of A [17]. As shown in [17], Qi used H-eigenvalues of real
symmetric tensors to determine positive (semi-)definite tensors, that is, an even order
real symmetric tensor is positive (semi-)definite if and only if all its H-eigenvalues are
positive (non-negative). Here a tensor A = (aj,...;,,) is called positive (semi-)definite
[22,23] if for any nonzero vector z in R™,

Az™ > ()0,

where Ax™ = > Qiyigeviy, Tig * T,
11,82, 0m €
Positive definiteness and semi-definiteness of real symmetric tensors have applications

in automatical control, polynomial problems, magnetic resonance imaging and spectral
hypergraph theory [1,3-10,18-21,23-25,27].

It is not effective by using H-eigenvalues in some cases to determine that a real sym-
metric tensor A is positive (semi-)definite because it is not easy to compute the smallest
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H-eigenvalue of that tensor when its order and dimension are large. Hence one tries to
give some checkable sufficient conditions [11-13,22,23,27,28]. In [23], Song and Qi intro-
duced the class of B- (By-)tensors, which is a natural extension of B-matrices [15,16],
to provide a checkable sufficient condition for positive (semi-)definite tensors.

Definition 1. (See [23].) Let A = (a4,...;,,) € R"™". A is called a B-tensor (By-tensor,
resp.) if for all i € N

Z a@...im > (Z) 0

12,0 ,im €N

and

1 . .
W Z Qijg-enipy, > (Z) Qi fim s for J2,--3dm € N, 6ij2"'jm =0.
i2yeerimEN

In [13], Li and Li provided the following sufficient and necessary conditions for
B-tensors and By-tensors, respectively.

Proposition 1. (See [13, Proposition 2].) Let A = (a;,...;, ) € R™™.
(1) A is a B-tensor if and only if for each i € N,

aiii — Bi(A) > Ai(A),

where B;(A) = j, max {0, aijy.j, } and Ay(A) = ZEN (Bi(A) — aiiy..i,)-

ij2---dm = iig.. i =0

(I1) A is a Bo-tensor if and only if for each i € N,
@i — Bi(A) > Ai(A).

To give other checkable sufficient conditions for positive (semi-)definite tensors, Li
and Li [13] proposed two new classes of tensors: quasi-double B-tensors and quasi-double
By-tensors, and proved that a B-tensor is a quasi-double B-tensor, that is, the class of
quasi-double B-tensors is a generalization of B-tensors; see Proposition 4 in [13].

Definition 2. (See [13].) Let A = (ay,..;,,) € RI™" with a;..; > Bi(A) for alli € N. Ais
called a quasi-double B- (By-)tensor if for all i,j € N, i # j,

(ai.i = Bi(A) (a5 = B;(A) = AJ(A)) > () (Bi(A) = aji.i) Ai(A), (1)

where

AG(A) = A (A) = (Bi(A) —ajii) = Y (Bi(A) = ajjpi,).
Ojdo.dm =0,
ijg - dm =0
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As shown in [13,22,23,27], an even order symmetric B-tensor is positive definite, an
even order symmetric quasi-double B-tensor is positive definite, and an even order sym-
metric By-tensor is positive semi-definite. For quasi-double By-tensors, Li and Li only
give the following conjecture.

Conjecture 1. (See [13, Conjecture 1].) An even order symmetric quasi-double By-tensor
s positive semi-definite.

In this paper, we introduce two new classes of tensors: MB-tensors and MBy-tensors,
prove that the class of MB-tensors (MBy-tensors) is a generalization of B-tensors and
quasi-double B-tensor (By-tensors and quasi-double By-tensor, respectively), and that an
even order symmetric MB- (MBy-)tensor is positive (semi-)definite, which provides a pos-
itive answer to Conjecture 1 in [13]. In addition, by giving some conditions to determine
MB- (MBy-)tensors, some checkable sufficient conditions for the positive (semi-)definite-
ness of tensors are given.

2. MB-tensor and M Bg-tensor

We first define MB-tensors and MBy-tensors involved with (strong) M-tensors.

Definition 3. (See [3,5,28].) Let A = (a4,...;,,) € RI™". A is called

(I) a Z-tensor if all the off-diagonal entries of .4 are non-positive, that is, a;, .4, <0,
fori; € N,j=1,2,...,m, and d;,4,...;, = 0;

(I) an (a strong) M-tensor if A is a Z-tensor with the form A = ¢Z — B such that B
is a non-negative tensor and ¢ > (>)p(B), where p(B) is the spectral radius of B.

For a real tensor A = (a;,...i,,) € RI"™") we can write it as
A=B"+ C, (2)
where B* = (b;,...;,,) € RI™", C = (¢j,..,,) € R™™,
biig-vipy = Qiineiy, — Bi(A) for i € N,
and
Ciig-ip, = Bi(A) for i € N.

Since bii2~~~im = Qjjg.eriy, — BZ(A) <0 for i,49,...,7, € N and 5“2% = 0, we have that
BT is a Z-tensor.

Definition 4. Let A = (a;,...;, ) € RI"™" and A= B + C.
(I) A is called an MB-tensor if B is a strong M-tensor.
(IT) A is called an MBy-tensor if B is an M-tensor.
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Obviously, an MB-tensor is an MBy-tensor, and the class of MB-tensors is a general-
ization of MB-matrices [14]. We next give the relationships of MB- (MBy-)tensors and
the positive (semi-)definite tensors. First, recall some results on M-tensors.

Lemma 1. (See [28, Theorem 3.9].) Let A € RI™" be a Z-tensor. Then
(1) A is a strong M-tensor if and only if 7(A) = )\mi&) ReX > 0.
€o

(II) A is an M-tensor if and only if 7(A) > 0.

As shown in [28], 7(.A) is the smallest H-eigenvalue of an M-tensor A. Hence, accord-
ing to Lemma 1, Zhang et al. give the following result.

Lemma 2. (See [28, Corollary 5.10].) Let A € R"™™ be a Z-tensor. Then A is an
(a strong) M-tensor if and only if all its H-eigenvalues are (positive) non-negative.

Lemma 3. (See [28, Theorem J.1].) Let A € R™™ be a symmetric Z-tensor and m be
even. Then

(1) A is positive definite if and only if A a strong M -tensor.

(1) A is positive semi-definite if and only if A an M -tensor.

Remark 1. In Theorem 4.1 of [28], Zhang et al. only give the part (I) of Lemma 3. For
the part (IT), we can prove it directly by using the fact that if all its H-eigenvalues of
a symmetric tensor A is non-negative, then A is positive semi-definite; for details, see
Theorem 5 in [17].

Lemma 4. Let A; = sZ — By and Ay = sT — Bo, where By, Bo € R"™™ are non-negative.
And let Ay < As. If Ay is an (a strong) M-tensor, then As is an (a strong) M-tensor.

Proof. Since A; < Ay, then B; > Bs. Hence by Lemma 3.2 in [26], we have p(B;) >
p(Bz2). If A is an M-tensor, then s > p(B;), consequently, s > p(Bsz). Hence, Az is an
M-tensor. Similarly, we can prove that if A; is a strong M-tensor, then A, is a strong
M-tensor. O

Now by Lemma 3 and Lemma 4, we give the relationships of MB- (MBg-)tensors
and positive (semi-)definite tensors. Before that we give the definitions of P- (FPp-)ten-
sors [22,23] and partially all one tensors [22]. A real tensor A € RI™" is called a P-
(Py-)tensor if for any nonzero z in R™,

max zi(Az™ 1), > (>)o0.
Suppose that A € R"™™ is a symmetric tensor, and has a principal sub-tensor A7 with
J € N and |J| = r(1 <r < n) such that all the entries of A; are one, and all the other
entries of A are zero, then A is called a partially all one tensor, and denoted by &”. If
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J = N, then we denote ¢’ simply by € and call it an all one tensor. And an even order
partially all one tensor is positive semi-definite; for details, see [22].

Theorem 5. Let A = (aj,..;,,) € RI™™ be a symmetric MB-tensor. Then either A is a
strong M -tensor itself, or we have

A= M+ he, (3)

k=1

where M is a strong M-tensor, s is a positive integer, hy > 0 and Ji C N, for k =
1,2,--,s.

Proof. Let J (A) = {i € N : there is at least one positive off-diagonal entry in the ith
row of A}. Obviously, J(A) C N. If J(A) = 0, then A = B*, and hence A is a strong
M-tensor by the fact that A is an MB-tensor. The conclusion follows in the case.

Now we suppose that J(A) # 0, let A, = A = (a(l) ), and let dEl) be the value of

i1

the largest off-diagonal entry in the ith row of Ay, that is,

PO

( e

max i im

i9...im EN,
8 =0

iig...im

Furthermore, let jl = j(.Al), hi = min dgl) and
i€Jq

J1 = {Z € jl : dil) = hl}

Then J; C J; and hy > 0.
Consider Ay = A; — hje/t = (a(Q) . ). Obviously, Az is also symmetric by the defi-

i1l
nition of €/t. Note that

(2) _ az(ll-)~vi,,L 7h17 7:171127"'57:7n€jl
Ay, = (1) . (4)
ag g s otherwise,
for ¢ € Jy,
Bi(A2) = Bi(A1) —h1 =0, (5)
and that for 7 € jl\Jl,
BZ(AQ) = ﬁl(Al) —hy > 0. (6)

Furthermore, let

./41:./4:61’_4- Cl,AQZB;‘i’ Co (7)
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where B = (b(l),,-

i1

) € RImnl B = (bgf) ) € R™nl and

e

SO )

112 Tm 182 Tm

— Bi(Ay), b2 . =d? . —Bi(Ay) forie N,

Combining (4), (5), (6), (7) with the fact that for each j ¢ Jy, 8;(A2) = Bi(A1), we have
Bf =Bf + hie’

Since A; = A is an MB-tensor, Bf is a strong M-tensor. Note that B > B, then
by Lemma 4, we have that B; is also a strong M-tensor, and hence As is a symmetric
MB-tensor.

Now replace A; by As, and repeat this process. Let j(.Ag) = {i € N : thereis
at least one positive off-diagonal entry in the ith row of Ay}. Then J(Az) = Ji\Ji. Re-
peat this process until J(Agy1) = 0. Let M = A,,;. Then (3) holds. O

Theorem 6. Let A = (a;,...;,) € R"™™ be a symmetric MB-tensor. If m is even, then A
is positive definite, consequently, A is a P-tensor.

Proof. If m is even, then A an even order symmetric MB-tensor. By Theorem 5, we have
that if A itself is a symmetric strong M-tensor, then it is positive definite by Lemma 3.
Otherwise, (3) holds with s > 0. For z € R™, by (3) and the fact that M is positive
definite, we have

Az = Ma™ + 3 e a™ = Ma™ + 37 gl |7 > Ma™ > 0.
k=1 k=1

This implies that A is positive definite. Note that a symmetric tensor is a P-tensor if and
only if it is positive definite [23], therefore A is a P-tensor. The proof is complete. O

Similar to Theorems 5 and 6, by the part (II) of Lemma 3, Lemma 4, and the fact that
a symmetric tensor is a Pp-tensor if and only it is positive semi-definite [23], we easily
have that an even order symmetric MBy-tensor is positive semi-definite and a Py-tensor.

Theorem 7. Let A = (a;,..;, ) € RI™" be a symmetric MBy-tensor. Then either A is
an M -tensor itself, or we have

A=M+ the‘i’“,
k=1

where M is an M-tensor, s is a positive integer, hj, > 0 and J, C N, fork =1,2,---,s.

Theorem 8. Let A = (aj,...;,,) € RI™™ be a symmetric MBy-tensor. If m is even, then
A is positive semi-definite, consequently, A is a Py-tensor.
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Since an even order real symmetric tensor is positive (semi-)definite if and only if
all its H-eigenvalues are positive (non-negative) [17], by Theorems 6 and 8 we have the
following results.

Corollary 1. All the H-eigenvalues of an even order symmetric MB-tensor are positive.

Corollary 2. All the H-eigenvalues of an even order symmetric MBy-tensor are non-
negative.

3. Relationships between B- (By-)tensors, quasi-double B- (By-)tensors and MB-
(MBy-)tensors

In [13], Li and Li gave the relationship between B-tensors and quasi-double B-tensors
as follows.

Proposition 2. (See [13, Proposition 4].) Let A = (aj,..;,,) € R™™ . n > 2. If Ais a
B-tensor, then A is a quasi-double B-tensor.

Now, we prove that a By-tensor is a quasi-double By-tensor.

Proposition 3. Let A = (a;,...;,,) € R"™™, n > 2. If A is a Bo-tensor, then A is a
quasi-double By-tensor.

Proof. If A is a By-tensor, then by Proposition 1 for any i € N,

a;i..i — Bi(A) > Ai(A),

that is,
aii — Bi(A) — A¥(A) > Bi(A) — ap...k,, for k # .
Obviously, for 4,7 € N, j # i,
ai-.i — Bi(A) = Ai(A) = 0,
and

Qj...5 — ﬂJ(A) - A;(A) 2 BJ(A) — Aji g 2 0.

It is easy to see that Inequality (1) holds, i.e., A is a quasi-double Bp-tensor by Defini-
tion 2. The proof is complete. O

Next, we establish the relationships between quasi-double B- (By-)tensors and
MB- (MBy-)tensors. Before that a lemma is given.
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Lemma 9. (See [12, Theorem 2.1].) Let A = (a;,...;,,) € C™" n > 2. Then

o(A) CK(A) = U Kij(A),
ijEN,
i

where o(A) is the spectrum of A, that is, the set of all eigenvalues of A,

Kig(A) = {2 €C: (|2 = aial = r{(A)) |2 = a5 5] < laggslrs(A)}

and

Tg(A) =ri(A) — lag...;| = Z | @iy iy |-

Oijig,....im =0,

i, im =0

Theorem 10. Let A = (a;,..;,) € R™™, n > 2. If A is a quasi-double B- (By-)tensor,
then A is an MB- (MBy-)tensor.

Proof. We first prove that a quasi-double By-tensor is an MBy-tensor. Let
A=BT+ C

where Bt = (b ) € RI™" and

7;1"'1‘771,
biizv--im = Qjjg. iy — BZ(A) for 7 € N.

Since A is a quasi-double By-tensor, we have by Definition 2 that for all 4,5 € N, i # j,
(@ii = Bi(A)) (a5 — B;(A) = AL(A)) > (B;(A) — ajii) Ai(A). (8)

Note that bi,....,, = @iiy..i,, — Bi(A) < 0 for 6;,, ;. = 0, that is, BT is a Z-tensor.

ey

Hence, Inequality (8) is equivalent to
bZl(bJ] — T;(B+)) > |bﬂz‘7‘l(8+> for all i, ] € N, i 7é 7

We now prove that 7(BT) = N m(ilr;ﬂ Re) > 0. Suppose that 7(B*) < 0, then there is
€o

Ao € o(BT) such that Re\g = 7(BT) < 0. Since A a quasi-double By-tensor, we have by
Definition 2 b;...; = a;...; — Bi(A) > 0, consequently, b;...; — 75(B) > 0 for j # i. This
implies that for all i,7 € N, i # 7,
Ao = bi-.il (Ao = bj.j| = r5(BT)) > |ReXo — bi...i|(|ReXo — bj...5| — 75 (BT))
> [bieil(1by5] — 7 (B)
= biwvi(bjj — 5(BY))
> |bji...i|ri(BT),
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equivalently, Ao ¢ K;;(BT) for all i,j € N, i # j. Hence, Ao ¢ K(B™), which contradicts
Lemma 9. Therefore, 7(B™) > 0. Furthermore, note that BT is a Z-tensor, by Lemma 1
and Definition 4 we have that BT is an M-tensor, and that A is an MBy-tensor.

Similarly, we can obtain that a quasi-double B-tensor is an MB-tensor. The proof is
complete. O

By Proposition 2, Proposition 3 and Theorem 10, we easily get that
{By-tensors} C {quasi-double By-tensors} C {MBy-tensors},
and that
{B-tensors} C {quasi-double B-tensors} C { MB-tensors}.

Furthermore, as shown in [22,23,27], an odd order B- (By-)tensor may not be a P-
(Po-)tensor, and an even order nonsymmetric B- (Bg-)tensor may not be a P- (Py-)ten-
sor. Hence, we conclude that an odd order MB-tensor may not be a P-tensor, an odd
order MBy-tensor may not be a Py-tensor, an even order nonsymmetric MB-tensor may
not be a P-tensor, and an even order nonsymmetric MBy-tensor may not be a Py-tensor.
Since an even order symmetric MBy-tensor is positive semi-definite, and an even order
symmetric MB-tensor is positive definite, we have immediately the following result.

Corollary 3. (1) An even order symmetric By-tensor is positive semi-definite;
(IT) An even order symmetric quasi-double By-tensor is positive semi-definite;
(I1I) An even order symmetric B-tensor is positive definite;

(IV) An even order symmetric quasi-double B-tensor is positive definite.

Remark 2. The part (II) of Corollary 3 is exactly Conjecture 1 in [13].

4. Sufficient conditions for MB- (MBy-)tensors

In this section, we give some checkable sufficient conditions for MB- (MBj-)tensors,
also for the positive (semi-)definiteness of tensors. Before that a lemma in [12] is given
as follows.

Lemma 11. (See [12, Theorem 2.2].) Let A = (a;,.
nonempty proper subset of N. Then

ye clmrl > 2. And let S be a

tm

sA kA= UJ K@Ul U K],

i€S,j€S i€S,jeS

where K; ;(A) is defined as in Lemma 9.
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Theorem 12. Let A = (a;,...;,,) € RI™", n > 2 with
A=BT+ ¢
where BT = (b;,...;,,) € RI™™ and
biig-rvipy = Qiiyeiy, — Bi(A) fori € N.

If b;...; > 0 fori € N, and there is a nonempty proper subset S of N such that for each
i€ S and each j € S,

(b1t = 11(B)) by = r5(BH) by 5]
and

(bjocj = rH(BT)) bivei > (BT bl
then A is an MBg-tensor, and positive semi-positive.

Proof. By Definition 2, we only prove that B is an M-tensor. Note that BT is a Z-tensor.
Hence, we only prove 7(B*) > 0.

Suppose that 7(BT) < 0. Then there is Ao € o(B*") such that Re\g = 7(B") < 0.
Similar to the proof of Theorem 10, we can get that for each i € S and each j € S,

o = byl (Ao = bivwssl = 71 (BT)) > [byj..i|r; (BY),
and
‘/\0 — bzz|(|>\0 — bjj| — T;(BJF)) > ‘bji~~i|7’i(3+)a

that is, Ao ¢ K(A). This contradicts Lemma 11. Hence, 7(B%) > 0, consequently, A is
an MBy-tensor, and positive semi-positive. O

Similar to the proof of Theorem 12, by Lemma 11 we easily obtain a sufficient condition
for MB-tensors.

Theorem 13. Let A = (a;,...;,,) € RI™", n > 2 with
A=B"+C

where BT is defined as in Theorem 12. If b;..; > 0 for i € N, and there is a nonempty
proper subset S of N such that for each i € S and each j € S,

(bz‘~~i - 7“3(3+)> bjeg > 15(B)[bij.. 5]
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and

(bjej = T5(BY)) bii > (B bl
then A is an MB-tensor, and positive semi-positive.
Acknowledgements

The first author’s work was supported by Applied Basic Research Programs of Science
and Technology Department of Yunnan Province (Grant No. 2013FD002). The second
author’s work was supported by the Hong Kong Research Grant Council (Grant Nos.
PolyU 502510, 502111, 501212 and 501913). The third author’s work was supported by
the National Natural Science Foundation of China (Grant No. 11361074) and IRTSTYN.

References

[1] Y. Chen, Y. Dai, D. Han, W. Sun, Positive semidefinite generalized diffusion tensor imaging via
quadratic semidefinite programming, SIAM J. Imaging Sci. 6 (2013) 1531-1552.
[2] K.C. Chang, K. Pearson, T. Zhang, Perron-Frobenius theorem for nonnegative tensors, Commun.
Math. Sci. 6 (2008) 507-520.
[3] W. Ding, L. Qi, Y. Wei, M-tensors and nonsingular M-tensors, Linear Algebra Appl. 439 (2013)
3264-3278.
[4] M.A. Hasan, A.A. Hasan, A procedure for the positive definiteness of forms of even-order, IEEE
Trans. Automat. Control 41 (1996) 615-617.
[5] J. He, T.Z. Huang, Inequalities for M-tensors, J. Inequal. Appl. 2014 (2014) 114.
[6] S. Hu, Z. Huang, H. Ni, L. Qi, Positive definiteness of diffusion kurtosis imaging, Inverse Probl.
Imaging 6 (2012) 57-75.
[7] S. Hu, L. Qi, Algebraic connectivity of an even uniform hypergraph, J. Comb. Optim. 24 (2012)
564-579.
[8] S. Hu, L. Qi, The eigenvectors associated with the zero eigenvalues of the Laplacian and signless
Laplacian tensors of a uniform hypergraph, Discrete Appl. Math. 169 (2014) 140-151.
[9] S. Hu, L. Qi, J. Shao, Cored hypergraphs, power hypergraphs and their Laplacian eigenvalues,
Linear Algebra Appl. 439 (2013) 2980-2998.
[10] S. Hu, L. Qi, J. Xie, The largest Laplacian and signless Laplacian H-eigenvalues of a uniform
hyper-graph, Linear Algebra Appl. 469 (2015) 1-27.
[11] C.Q. Li, F. Wang, J.X. Zhao, Y. Zhu, Y.T. Li, Criterions for the positive definiteness of real
supersymmetric tensors, J. Comput. Appl. Math. 255 (2014) 1-14.
[12] C.Q. Li, Y.T. Li, X. Kong, New eigenvalue inclusion sets for tensors, Numer. Linear Algebra Appl.
21 (2014) 39-50.
[13] C.Q. Li, Y.T. Li, Double B-tensors and quasi-double B-tensors, Linear Algebra Appl. 466 (2015)
343-356.
[14] H.B. Li, T.Z. Huang, H. Li, On some subclasses of P-matrices, Numer. Linear Algebra Appl. 14
(2007) 391-405.
[15] J.M. Pefia, A class of P-matrices with applications to the localization of the eigenvalues of a real
matrix, STAM J. Matrix Anal. Appl. 22 (2001) 1027-1037.
[16] J.M. Pefia, On an alternative to Gerschgorin circles and ovals of Cassini, Numer. Math. 95 (2003)
337-345.
[17] L. Qi, Eigenvalues of a real supersymmetric tensor, J. Symbolic Comput. 40 (2005) 1302-1324.
[18] L. Qi, J. Shao, Q. Wang, Regular uniform hypergraphs, s-cycles, s-paths and their largest Laplacian
H-eigenvalues, Linear Algebra Appl. 443 (2014) 215-227.
[19] L. Qi, C. Xu, Y. Xu, Nonnegative tensor factorization, completely positive tensors and an Hierar-
chically elimination algorithm, STAM J. Matrix Anal. Appl. 35 (2014) 1227-1241.


http://refhub.elsevier.com/S0024-3795(15)00383-3/bib4368s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib4368s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib436831s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib436831s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib4469s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib4469s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib4861s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib4861s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib4865s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib4875s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib4875s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib487531s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib487531s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib487532s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib487532s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib487533s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib487533s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib487534s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib487534s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib4C69s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib4C69s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib4C6931s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib4C6931s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib4C6932s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib4C6932s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib4C6933s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib4C6933s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib5065s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib5065s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib506531s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib506531s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib5169s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib516933s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib516933s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib516934s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib516934s1

C. Li et al. / Linear Algebra and its Applications 484 (2015) 141-153 153

[20] L. Qi, G. Yu, E.X. Wu, Higher order positive semi-definite diffusion tensor imaging, STAM J. Imaging
Sci. 3 (2010) 416-433.

[21] L. Qi, G. Yu, Y. Xu, Nonnegative diffusion orientation distribution function, J. Math. Imaging
Vision 45 (2013) 103-113.

[22] L. Qi, Y.S. Song, An even order symmetric B tensor is positive definite, Linear Algebra Appl. 457
(2014) 303-312.

[23] Y. Song, L. Qi, Properties of some classes of structured tensors, J. Optim. Theory Appl. 165 (2015)
854-873.

[24] F. Wang, L. Qi, Comments on ‘Explicit criterion for the positive definiteness of a general quartic
form’, IEEE Trans. Automat. Control 50 (2005) 416—418.

[25] F. Wang, The tensor eigenvalue methods for the positive definiteness identification problem, Doctor
thesis, The Hong Kong Polytechnic University, 2006.

[26] Y. Yang, Q. Yang, Further results for Perron-Frobenius theorem for nonnegative tensors, SIAM J.
Matrix Anal. Appl. 31 (2010) 2517-2530.

[27] P. Yuan, L. You, Some remarks on P, Py, B and By tensors, Linear Algebra Appl. 459 (2014)
511-521.

[28] L. Zhang, L. Qi, G. Zhou, M-tensors and some applications, STAM J. Matrix Anal. Appl. 35 (2014)
437-452.


http://refhub.elsevier.com/S0024-3795(15)00383-3/bib516935s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib516935s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib516936s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib516936s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib516937s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib516937s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib536F31s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib536F31s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib5761s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib5761s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib576131s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib576131s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib5961s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib5961s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib5975s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib5975s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib5A68s1
http://refhub.elsevier.com/S0024-3795(15)00383-3/bib5A68s1

	MB-tensors and MB0-tensors
	1 Introduction
	2 MB-tensor and MB0-tensor
	3 Relationships between B- (B0-)tensors, quasi-double B- (B0-)tensors and MB- (MB0-)tensors
	4 Sufﬁcient conditions for MB- (MB0-)tensors
	Acknowledgements
	References


