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Abstract Strong H-tensors play an important role in identifying positive semidef-
initeness of even-order real symmetric tensors. We provide several simple practical
criteria for identifying strong H-tensors. These criteria only depend on the elements
of the tensors; therefore, they are easy to be verified. Meanwhile, a sufficient and nec-
essary condition of strong H-tensors is obtained. We also propose an algorithm for
identifying the strong H-tensors based on these criterions. Some numerical results
show the feasibility and effectiveness of the algorithm.

Keywords Strong H-tensors - Positive semidefiniteness - Irreducible

1 Introduction

We start with some preliminaries. First, denote [n] := {1,2,---,n}. A complex
(real) order m dimension n tensor A = (aj,i,...i,) consists of n complex (real)
entries:

‘Im

Aiyiy-iy € C (R),
where i; € [n] for j € [m] [5, 10, 12, 16, 25]. It is obvious that a matrix is an order
2 tensor. Moreover, a tensor A = (a;,,...;,,) 18 called symmetric [9, 18] if

aj...i

I

= Qg (iy-ip)s YT € Ty,

P4 Yaotang Li
liyaotang@ynu.edu.cn

School of Mathematics and Statistics, Yunnan University, 650091, Kunming, Yunnan, People’s
Republic of China

Department of Applied Mathematics, The Hong Kong Polytechnic University, Hung Hom,
Kowloon, Hong Kong

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11075-016-0145-4&domain=pdf
mailto:liyaotang@ynu.edu.cn

200 Numer Algor (2017) 74:199-221

where IT,, is the permutation group of m indices. And a real tensor A = (a;,...i,,)
is called nonnegative if each entry is nonnegative. An order m dimension n tensor
Z = (8iiy-i,,) 1s called the unit tensor [22], where

Siiin: = 1alfl1212:=lm’
Hizhm 0, otherwise.
Given an order m dimension n complex tensor A = (aj,i,.i,, ), if there are a
complex number A and a nonzero complex vector x = (xq, X2, ..., xn)T € C" that

are solutions of the following homogeneous polynomial equations:
.A)Cm_] — )\x[m—l]

then A is called the eigenvalue of A and x the eigenvector of A associated with A [6,
8,11, 13,17-20, 23], where Ax™~1and x"—1 are vectors, whose ith component are

-1
A" D= > iy Xiy o Xy,

and

respectively.
In addition, the spectral radius of a tensor A is defined as

o(A) = max{|A| : A is an eigenvalue of A}.

Analogous with that of M-matrices, comparison matrices and H-matrices, the
definitions of M-tensors, comparison tensors and strong H-tensors are given by:

Definition 1 [26] Let A = (a;,i,..i,,) be a real tensor of order m dimension n. A is
called an M-tensor if there exists a nonnegative tensor B and a positive real number
n > p(B) such that A=nZ-B.1If n > p(B), then A is called a strong M-tensor.

Definition 2 [7] Let A = (a;,4,.i,,) be a complex tensor of order m dimension n.
We call another tensor M(A) = (m;,j,...i,,) as the comparison tensor of A if

M = +|ai1i2~~~im|7 lf (i27i3’ 1lm) = (il’ilv ’il)’
2t —laijigein |, 1f (2,03, ,im) # (1,01, -+, i1).

Definition 3 [14] Let A = (a;i,..i,) be a complex tensor of order m dimen-
sion n. A is called a strong H-tensor if there is an entrywise positive vector x =
(x1, %2, ..., x,)T € R" such that for all i € [n],

-1
|ai"‘i |‘xlm > Z |aii2“‘im I'xl‘Z e xim N (1)

in,i3,....im€[n],

Siiy...im =0

Moreover, Ding, Qi, and Wei [7] also provided the following definition of strong
‘H-tensor, which is equivalent to the Definition 3.
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Definition 4 [7] We call a tensor an H-tensor, if its comparison tensor is an M-
tensor, we call it as a strong H-tensor, if its comparison tensor is a strong M-tensor.

For an mth degree homogeneous polynomial of n variables f(x) denoted as

fx) = Z QiyigemigXiy ** Xipy» )
ilynimeln]
where x = (x1,x2, ..., x,,)T € R". When m is even, f(x) is called positive definite

if
f(x) >0, forany x e R", x #0.

The homogeneous polynomial f(x) in (2) is equivalent to the tensor product of an
order m dimensional n symmetric tensor A and x”* defined by

fO)=A" = > aiq, X X, 3)
i1,.e0im €[]
where x = (x1, x2, ..., xn)T € R". The positive definiteness of multivariate poly-

nomial f(x) plays an important role in the stability study of nonlinear autonomous
systems via Lyapunov’s direct method in automatic control, such as the multivariate
network realizability theory [2], a test for Lyapunov stability in multivariate filters
[3], a test of existence of periodic oscillations using Bendixson’s theorem [21], and
the output feedback stabilization problems [1]. For n < 3, the positive definiteness of
the homogeneous polynomial form can be checked by a method based on the Sturm
theorem [4]. For n > 3 and m > 4, it is difficult to determine a given even-order
multivariate polynomial f(x) is positive semi-definite or not because the problem is
NP-hard. In [19], Qi pointed out that a multivariate polynomial f (x) is positive def-
inite if and only if the real symmetric tensor A in (3) is positive definite. However, it
is also difficult to determine a given even-order symmetric tensor is positive definite
or not because the problem is also NP-hard. For this case, recently, by introducing
the definition of strong #-tensor, Li et al. [14] provided the following theorem.

Theorem 1 Let A = (aj,..;,,) be an even-order real symmetric tensor of order m
dimension n with ay.., > 0 for all k € [n]. If A is a strong H-tensor, then A is
positive definite.

Theorem 1 provides a method for identifying the positive definiteness of an even-
order symmetric tensor by determining strong #-tensors. But it is still difficult to
determine a strong #-tensor in practice by using the definition of strong H-tensor
because the conditions “there is an entrywise positive vector x = (x1, x2, ..., X,) €
R" such that for all i € [n], the Inequation (1) holds” in Definition 3 is unverifiable
for there are an infinite number of positive vector in R". Therefore, finding effective
criteria to identify strong H-tensor is interesting.

In the present paper, several new simple interesting criteria for strong H-tensors
are obtained. In Section 2, we give an equivalent condition for a strong H-tensor.
Via using only the elements of tensors, five criteria for identifying strong -tensor
are obtained in Section 3. A direct algorithm for identifying strong #-tensor is put
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forward in Section 4. Numerical examples are then presented in Section 5 which
shows that our proposed algorithm are efficient. Finally, we conclude the paper in
Section 6.

We adopt the following notation throughout this paper. The calligraphy letters .4,
B, H, - - - denote the tensors; the capital letters A, B, D, - - - represent the matrices;
the lowercase letters x, y, - - - refer to the vectors.

2 A sufficient and necessary condition for a strong 7{-tensor

For the convenience of discussion, we start with the following definitions and
lemmas.

Definition 5 [26] Let A = (a;,i,...i,,) be a complex tensor of order m dimension 7.
A is diagonally dominant if for all i € [n],

laji..i] = Z | @iigeipy |- 4)

A is strictly diagonally dominant if the strict inequality holds in (4) for all i.

Definition 6 [10, 15] The product of an order m dimension n tensor A = (aj,iy--i,,)
and a n-by-n matrix X = (x;;) on mode-k is defined by

n
(.A Xk X)il'"jk"'im = Z Qi evieeipg Xig i+

ir=1
Remark 1 According to the Definition 6, we denote
AX" = A xy X x5+ xm X.

Particularly, for X = diag(xy, x2,---, x,), the product of the tensor 4 and the
matrix X is given by:

—1
AX™ ™ Disigei. = Qiyigei XinXiz *** Xy (&)

Lemma 1 [7] The following conditions are equivalent:

(i) A tensor Ais a strong H-tensor;
(ii) There exists a positive diagonal matrix D such that AD™~' is strictly
diagonally dominant;
(iii)  There exist two positive diagonal matrix D1 and D, such that D1.,4D;1 s
strictly diagonally dominant.

The following is a sufficient and necessary condition for a tensor to be a strong
‘H-tensor.
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Theorem 2 Let A be a complex tensor of order m dimension n. Then A is a strong
H-tensor if and only if AX™~V is a strong H-tensor, where X is an arbitrary positive
diagonal matrix.

Proof Let X = diag(xy, x2, -+, x,) is a positive diagonal matrix, and denote 5; =
(bl(lll)2 lm) = AX"~! Then from Equality (5), we have
1 . .
B i = Giigeein Xin i Xy, Vi €[], ] € [m].

First, we show the necessity. Suppose that A is a strong H-tensor. By Definition

3, there exists an entrywise positive vector y = (y1, y2, ..., y»)! € R" such that for
alli € [n],
—1
il > Y iy Vi Vi (6)
in,....im€ln],
Siiy...im =0
Let D = dzag(x , )’(72, .- }") Obviously, D is a positive diagonal matrix. It follows

from Inequality (6) that for each i €[n]

1 Vi m—
|b§i?..,~|<x—;)’" !

—1,,Yi\m—1
laji.ix" " [(=)"
Xi

1
= |aji..i|y}"
> Z | @iy | Yia = i
in,....im€[n]
Siiyvig =
p» Yi
= D b G (5. )
Xi X
inyeensimelnl, 2 tm
‘Sii2“1m=0

This means that 3; D™~ ! is strictly diagonally dominant. Furthermore, by Lemma 1,
B; = AX™ ! is a strong H-tensor.

Now, we show the sufficiency. Assume that B is a strong H-tensor. Thus, there
exists an entrywise positive vector z = (21,22, ..., z)T € R” such that for each
i €[n],

1, m—1 (1)
D W | SO CSERE

i9,eeim€lnl,

Siiy..im =0
Let D1 = diag(x1z1, X222, - - , XnZn)- By using the similar technique in Inequality
(7), we obtain .AD;"_1 is strictly diagonally dominant. Thus, by Lemma 1, A is a
strong H-tensor. O

Remark 2 Note that the sufficient condition of a strong H-tensor in Theorem 2 is the
Corollary 2.1 proposed by Wang, Zhou, and Caccetta in [24]. In fact, we prove here
that this sufficient condition is also the necessary condition for a strong H-tensor.
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3 Criteria for identifying the strong H-tensors

In this section, we give five criteria for identifying strong H-tensors by making use of
elements of tensors only. First, some notations and two lemmas for strong H-tensors
are given.

Assume that A denote an arbitrary nonempty subset of [n], let

A" =iy i tij € AL j=2,3,---,m),

"I\ A" =iy i 2 iz i € [T and igiz i & AT

Given an order m dimension n complex tensor A = (a;,...;,,), let

(A= Y i, = Y i, | = laiil,

i9,esim€[nl, i2,....in€[n]
Siiy iy =0

Ar = {i €[n]:]aj..i| > ri(A)},

Ay :={i €[n]:la;..;| <ri(A}

Lemma 2 [14] Let A be a complex tensor of order m dimension n. If A is a strictly
diagonally dominant tensor, then A is a strong H-tensor.

Lemma 3 [14] Let A be a complex tensor of order m dimension n. If A is a strong
H-tensor, then Ay # 0, that is, at least one i € [n] such that

a;...;] > ri(A).

Remark here that from Lemma 2, we have if Ay = @ (A is a strictly diagonally
dominant tensor), then A is a strong #-tensor. In addition, by Lemma 3, for a strong
‘H-tensor, there exists at least one strict diagonally dominant row, i.e., A| # @. So
we always assume that both A| and A, are not empty. We next give five criteria for
identifying strong #-tensors.

Theorem 3 Let A = (aj,iy...i,) be a complex tensor of order m dimension n. If

laii...i| > > |iiy-wi |

igig-imelnn=I\AM T,

Bl-,'z...,'m =0

+ ) Comax " Tayyq, | Vi€ Ag, ®)
_ Jelinizoimd |ajj..
i2i3~~~im€Ar1”

then A is a strong H-tensor.
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Proof Let

1
& = 5 lajj...il — Z | @iy

@iiy..iy |
" igig-—imelmm =AM 1,

igizerime AT b=
: 5izz---lm—o
rj(A) ,
- Z _max J—|aii2-»-im| , Vi e Ar. )
Itz im} lajj..jl
i2i3~~~im€Arln
If > |@iis-..iy,| = 0, we denote & = +o0. From Inequality (8), we obtain

ipizime AT
& > Oforalli € A,. Hence, there exists a positive number ¢ > 0 such that
0<e<min{min$i,l—max—}. (10)
ieAr JEA| Iajj..‘j|

Let the matrix X = diag(x1, x2, -+ , X»), Where

1
By Inequality (10), we have (s + M) "' < 1,foralli € A;.Because & # +o0,

|aji...i
so x; # 400, which implies that X is a diagonal matrix with positive entries.

Let By = (b.(z) ) = AX™~!. From Equality (5), we obtain

i1in-im

(2

bilizmim

Now, we prove that 3, is strictly diagonally dominant. Let us first consider i € Aj.
If 3 |aii,...i,,| = 0, then by Inequalities (8) and (10), we have

ipizimeAT!

= Aijjiy-imXirXiz * " Xipy s Vij € [n], J € [m]

ri(Ba)
2 2
= E bir.i |+ 2
2 lm 1p-lm
inig-imelnm =T, iiz-im e AT !
Siin-weipy =0
= E | @ity | Xy *  Xiyy + E | @ity | Xy + * X
i2i3---ime[n]m*1\A’l"*1, i2i3~~i,,,eA’1”71
Siin-weipy =0

= > @iy 1 Xi - - i,

inig-imelnm =1\ AL

Sii iy =0
< Z |@iiy-..iy,
ini3-imelnn=I\AM =L,
Siiweipy =0
@)
< laji..il = |bi,1..,'|- (11)
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If > |@iy...i,, | 7 0O, then by Inequalities (9) and (10), we have

ipiz-ime A"

ri(B2)
= E |@ityig 1 Xiy -+ Xy + E @ity iy Xy + * Xy
ini3-im el =1\ AT, ipiz-ime A" !
Siiereiyy =0
= E |@iiyig 1 Xiy -+ - Xy + E |Gy iy
igigimelnn =AML ipizimeAT!
Siiy-viyy =0

1

1 1
. <s N riy (A) >'"" . (8 n ri,, (A) )""1
|@inis--in | | @iy i |

= Z |@iiyeneig | Xiy Xy
i2i3"-im6[n]m_l\A’1”’l_
‘Siizwim:O
ri(A)
+ Z |@iiy-.iyy | (8+ . max f—)
1 Je{lzal3v"'alm} |a]]]|
1213lm€A'|”_
ri(A)
J
= Z |aiiy...iy, | + Z laiiy...ip,| ~ max =~ ———
-1 i Jetiniz, - im} |ajj...j]
i2i3~»-ime[n]m*1\A'i” ’ i2i3"'im€A}in
5,'1'24“,',":0
+e Z Giiy..iyy
ipiz-imeA"!
)
< |aii...i| = |b”l| (12)

Finally, we consider i € Aj. Since |a;;...;| > ri(A), we have

laiiil = Y laiigeiy| > 0, (13)

igig-imeA L,

Siig iy =0

and

ri(A)
J

2 dityil + D iy, max S
inigeei m—1\ Am—1 A m—1 J€lin iz, im} |ajj--»‘/|
iriz--im€[n] \A] ipig-imeA 1,

5,','2...im=0

— ri(A) <0,
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which, together with Inequality (13) and ¢ > 0, yields

1
&> > |Gii-iy,
lajiil = 2 aiigea, | | =~
bpis-imeAl =1 inizeim€[n]"~I\AY
Siin-weipy =0

rj(A)
+ Z @iy, | MAX —ri(A)¢. (14)
m—1 Jeliz iz, ,im} |CZU/|
inizimen]' !,

Siin iy =0

From Inequality (14), for each i € A1, we have

b2 | = ri(By)

ri(A)
= |ajj...i| (8 + - ) — Z |@iiy.iy | Xiy -+ Xi,

|aii...i|
L _ -1
i2i3- i €[n]™ 1\Arln

1

1
D STl (RGN LR IR by
1

|ai2i2~~~i2| |aimim“‘im |

inigimeA]'

Siin-weipy =0

> |aji..i| (8 + ri(A) > - Z |aii2-~-im|

laji...i|
ipiy--im NI\ A~

B Z |Gty | (8 + max ﬂ)

L m—1 Jelin iz, im} |a]]j|
iniz-imeA]
8 =0

iy -im

=e|laiil = D ltiigei,| | +ri(A) — > @iy

iniz-imeAm =, iz im €[] \AY !
Siigwim =0
rj(A)
- Z |aiiy..;,,|  max / > 0. (15)

= Jelig.iz.im} |ajj...;]
1213»»1,;1€A1 s

5ii2---fm =0

Hence, from Inequalities (11), (12), and (15), we obtain |b\7) .| > r;(B,) for all i €
[n], that is, 3, is strictly diagonally dominant; therefore, A is a strong H-tensor. [

Remark 3 If A contain only one element, then Theorem 3 reduces to Lemma 12 of
[14].
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Remark 4 For a set A with finite elements, we use |A| to denote the number of ele-
ments in the set A. From Inequation (8), we obtain the number of the basic arithmetic
operations of Inequation (8) is n”" — 2n + | As|(n" 1 —2) + | Az || A} =1 A As
(requiring n™ — 2n + |A2|(n"~! — 2) additions and |Ax||A1" ! + |A1]|Az| mul-
tiplications and divisions of numbers). Furthermore, it follows from |A{| < n
and |Az| < n that n™ — 2n + |As|(n™ ™' — 2) + |Aa]|AL]" + |A1]|A2] <
3n™ + n? — 2n. Thus, Inequation (8) of Theorem 3 can be checked in polynomial
time.

Theorem 4 Let A = (a;,i,...i,,) be a complex tensor of order m dimension n. If

|aii...i] > Z \aiiy.i, |, Vi € A, 6
i2i3"'in1€[n]m—l\/\llrz—11
Siiyemiyg =0
and
2 |@jjpejul =0, Vj € A1, .

J2J3Jm 6["]"171 \A'|n_I

then A is a strong H-tensor.

Proof By Inequality (16), for each i € Aj, there exists a positive number ¢; > 1,
such that

laji...i] > Z |@iiy.iy

ipiy-imelnm=\AM =L

5,‘,'2...,'"1 =0

41 Y laipei,]  max rj(A) (18)

; jeliviz, i} |@jj.j|

iniz-imeA"!
Denote, ¢ = max{g;, i € A>}. By Inequality (18), we obtain

|aii...i| > Z |Gy |

i2i3~~~ime[n]’"*1\A'l"’1 .

Siig. iy =0

1 ri(A

+— Z |@iiy.iyy | max iA , Vi e As. (19)
S Jetin iz, im} |ajj... |

ipizime AT

Since |ajj...;| < ri(A), for all i € A, and Inequality (16), so
> laingei,| > 0.Vi € Ay, (20)

.. . m—1
ipi3-im €AY
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Denote

b
1

1
— @il = E |Giiyip
Z |a”2'”lm | yig il ]mfl\Am—|
.. . —1 iniz-im€ln s
faf3-in €AY = rgiiz“-imzo I

1 ri(A
—— Z . max i |@iiyeiy, | ¢ Vi € Ag.
o= stz |l
ii3im €AY
From Inequalities (19) and (20), we have x; > 0. Therefore, there exists a positive
number ¢ > 0 such that

. { . ri(A) }
0 < & <min {min x;, | — max ———— ¢ .
i€Nr JEN §|ajj...j|
Let the matrix X = diag(x1, x2, -+ , Xp), Where
1
ri(A) \m-T .
(8 + s‘laii---i\) L€ AL
Xi
1, i €.

Let B3 = (bfi)zmim) = AX™~!. Similar to the proof of Theorem 3, we can prove that

B3 is strictly diagonally dominant. Then A is a strong #-tensor. O

Remark 5 Using the same argument as Remark 4 in Section 3, the number of the
basic arithmetic operations of Inequalities (16) and (17) is less than 2n™ —2n, respec-
tively. Thus, Inequalities (16) and (17) of Theorem 4 can be checked in polynomial
time.

Remark 6 There is no inclusion relation between the conditions of Theorem 3 and
the conditions of Theorem 4, which can be seen from the following examples.

Example 1 Consider a tensor A = (a; ;) of order 3 dimension 3 defined as follows:

A=[A1,::),AQ2,:,),AG, )],

151 0 110
A(l, ) = 1100 |, A2,;,H)=]10801,
1 110 101
200
AGB,.,)=1030
0010

By calculation, we have
lain] = 15, r1(A) = 24, |axa| = 8, 2 (A) =4, |azzz] = 10, r3(A) =5,
(A 1 ) 1

laxyal 27 laszzz| 2]
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and A = {2, 3}, A, = {1}. Since

rt(A)
layjx| + max ——|agjr| = 13.5 < 15 = [a1l,
Z ! 'Zzte{j,k} a7

JkeB\AZ, jkeA?

81 k=0

we know that A satisfies the conditions of Theorem 3, then A is a strong H-tensor.
But ) =3 #£ 0, so A does not satisfy the conditions of Theorem 4.
jke[312\A2

Example 2 Consider a tensor A = (a; ) of order 3 dimension 3 defined as follows:

A=T[A,:),AQ,: ), A3, )],

410 000
A(l,;,H)=]1110 0 |, AQR,;,)=1082],
1110 011
000
AGB,;,)=103 1
0110

By calculation, we have

laii1] = 4, r1(A) = 24, |axo| = 8, r2(A) =4, |aszz| = 10, r3(A) =5,

rn(A) 1 A 1

laxa| — 27 lazzs 2
and A = {2, 3}, Ap = {1}. Since
> lakl =3 <4 =laml,

jkeBI2\A2,
81jk=0

and

Z lazjk| =0, Z lazjx| = 0.

jke3P\A} jkel3\A}

we have that A4 satisfies the conditions of Theorem 4, then A is a strong H-tensor.
But

r,(A) 27
>l + Y max laijel = = > 4 = lail,
= = 1e(jk) lag] 2

JReBIS\AT, jkEAl

81j£=0

so A does not satisfy the conditions of Theorem 3.
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Theorem 5 Let A = (aj,iy...i,,) be a complex tensor of order m dimension n and

ri(A)
o = max )
€Ay |ajj...i
If
ri(A) — > iyl | [lajiil = D0 lajjpnl
i2i3---im€[n]”’*l\Aq"71, j2j3---jm€1\qn71,
Siin iy =0 8jijgim=0
> Y lditg, > |@jiyetyl, Vi€ Ay, j € Ar, (21)

lzl3-~-lm€A'1n71 tzt3~--lm6[n]m’1\A'17171

then A is a strong H-tensor.

Proof Let
ri(A) — > @iiy...iyy o

igi-imelnn =AML
Siin-weipy =0 .
O, = ,Vi e Ao,
> |aily-..1,, |

Dly--le AT

and

Z |(lj[2...1m |Ol
toty--tme[n]m—I\A"! )
6; = - ' ,Vj e Ay
lajj...jl — > gl
iz imen ™,
3jipim=0

It follows from inequality |aj;...;| > rj(A) for each j € A that

|ajj...j| — Z |ajj2..,jm| > 0, Vj € Ay,

m—1

j2.f3“‘_itrl EA]

8jjpjm =0

which, together with Inequality (21), yields
®; >0; >0, Vie A, je A

If > |@ity-.t,,] = 0, we denote ®; = +o00, then there exists a positive
bzl e AT
number & > 0 such that

0 < maxf; < max6; + & < min{min ©;, a}. (22)
JjeA JjeA ieAr
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Let the matrix X = diag(x1, x2, - -+ , Xp), where

1
s §
max 0; + ¢ , 1€ Ay,
Xj = J

JEA

am=T, i €A

m—1

We have by Inequalities (22) that <m§1\x 6; + 5) < aﬁ. Because ¢ # +-o00,
[ASH4N|

S0 x; # 400, which shows that X is a diagonal matrix with positive entries. Let
By = (b;fi)zmim) = AX"~!. From Equality (5), we have

b

iyin. iy = QiyigecinXinXiz -+ Xiy,, Vij € [n], ] € [m].

Now, we prove that 54 is strictly diagonally dominant.
For any i € A», we have

b | — ri(By)

= |ajj..ile — Z iy, Xy - - X,
i2i3“'f171€[)1]m—1\[\r1n—|’
5ii2"'fm =0
— Z |aii2"-im| max 9] +e
JEA]
inizipe AT
ri(A)
2 |aii“.i| ' |a” | B Z |aii2"‘iz11|(¥
i
i2i3---ime[n]l71—1\A;in,1,
8ii2.“,'m:0
B Z |aii2...l‘m| max 9] +e
JEA
inizipe AT
=ri(A) - Z o
i2i3""'m€[n]m*l\Arin—1,
Si[Z“‘iirzzo

_ Z |@iis...iy | ( max 6; + 8). (23)
JEA

1
inizipe AT

If > |aiiy-..i,,| = 0, then Inequality (23) and ®; > 0 imply that

ipiz-im €AY

|bi(?-)--i| —ri(Bs) > ri(A) — Z |@iis...ip, ot > 0. (24)

i2i3-~~ime[nj’"*l\AT71‘
5 =0

iiy-im

@ Springer



Numer Algor (2017) 74:199-221 213

If > |@iy-..i,, | 7 0O, then by Inequalities (22) and (23), we have
ipiz-ime A"
4
b5 1 — ri(Ba)
> ri(A) — Z |@iiyeiy,
igigimelnn =AML

Sii iy =0

_ Z |aii2...,~m|<max 0; —I—e)
JEAL

inizimeAT!

> ri(A) — > (Gityi = Y iy 1O

igigimelnn =AML ipizime AT

Siin-igy =0

= 0. (25)

For any i € A, we have

4
16D | = ri(Ba)

= |ajj...i| max 9.,' +e)— E |a,-,-2m,-m Xiy * " Xi,
JeA

ipizimeln)m =AY

—(r_nax 0]' +8> Z | @iy |
JEA)

igiyimeAl ™,

Biigewimg =0

> |ai,-m,-|(max 91' =+ 8) — Z |a,-,'2mim o
JEA

1
inizimeln)m=\A!

—(I_nax 9]' +8) Z [ @iy |
JEA]

iniyimeAl ™,

5”2'“1111 =0

= | laij..il = E Giiyeip | ( max 0; + 8)
L m—1 Jeh
t213-~-lmEA1 N

Siiy i =0

- E [@iiyeiyy X

iniz-ip e\ AT

> | laii-il = Z @ity i | | O — Z |Giiy i 0t

"2"3""'”161‘?"71* i2j3.,.im€[n]mfl\A'1ﬂ*1

Siigeripg =0

=0 (26)
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Hence, from Inequalities (24), (25), and (26), we conclude that [b\" | > r;(Bs)
for all i € [n], that is, By is strictly diagonally dominant. As a result, A is a strong
‘H-tensor. O

Remark 7 Using the same argument as Remark 4 in Section 3, the number of
the basic arithmetic operations in Inequation (21) is less than 5(n™)> — n?. Thus,
Inequation (21) of Theorem 5 can be checked in polynomial time.

To give Theorem 6, we need the following definition and lemma.

Definition 7 [22] A complex tensor A = (a;,...;,) of order m dimension n is called
reducible, if there exists a nonempty proper index subset I C [n] such that

Qjjiyiy =0 foralliy el, foralliy, ... in &1.

If A is not reducible, then we call A irreducible.

Lemma 4 [14] Let A = (aj,...i,,) be a complex tensor of order m dimension n. If A
is irreducible,

la;..;l > ri(A)i €[n],

and strictly inequality holds for at least one i, then A is a strong H-tensor.

Theorem 6 Let A = (a,i,...;,,) be a complex tensor of order m dimension n. Define
o be the number defined in Theorem 5. If A is irreducible, and

ri (A) - Z |al~,~2..4,-m o |ajj...j| - Z |ajj2...jm|

ini3-wim el =T\ AT, iz imen =,
‘3ii2---im=0 (Sjjz"'jr?z:()
> E @ity -4,y | E |Gty o, Yi€e Ag, je A,  (27)
1213"'111161\}{[71 t2t3"'tme[n]m_l\A}in71

in addition, the strict inequality holds for at least one pair of indices i € A and
Jj € Ay. Then A is a strong H-tensor.

Proof Defining ®; and 0; as in the proof of Theorem 5. From Inequality (27), we

have min ®; > max ;. In addition, a strict inequality holds for at least onel pair of
i€y JjeA

indices i € Ay and j € Aj. Notice that A is irreducible, this implies

> |@jtyeoty] > 0, j € Ap,

tty-tmelnm =\ AT
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which, together with the definition of 6;, yields r_ne/t\x 0; > 0. Let the matrix X =
JEN]

diag(xy, x2, -+, X,), where
1
(max 6;)" T, i € Ay,
JEAL
X =
1 .
om=l, i € As.

Let Bs = (b)) . ) = AX"~!.
Adopting the same procedure as in the proof of Theorem 5, we conclude that
|b§l:5<)“l.| > ri(Bs) for all i € [n]. Because of ®; > 6;, foralli € Ay and j € Ay;
moreover, the strict inequality holds for at least one pair of indices i € Aj and
Jj € Ay, thus, there exists at least an i € [n] such that |bl.(i5,)__i| > r; (Bs).
On the other hand, since A is irreducible and so is Bs. Then by Lemma 4, we have
that Bs is a strong #H-tensor. By Theorem 2, A is also a strong H-tensor. O

Remark 8 Using the same argument as Remark 4 in Section 3. The number of
the basic arithmetic operations in Inequation (27) is less than 5(m™)% — n?. Thus,
Inequation (27) of Theorem 6 can be checked in polynomial time.
Theorem 7 Let A be a complex tensor of order m dimension n, and

hi(A) = ri(A),

hl(A) = Z |aii2...im| <h12(-/4))m1 . <hlm (A) >m1

ipiy-imeli—1]m—1 |ai2"'i2| |aimi..l~m|
3 m

+ Z |aii2»--im|7 i :2,3, cee LR, (28)
iniz-imelnm—I\[i—1ym—1,
Siiyersipy =0
If
laii...i] > hi(A), 9
and for each iy € [n — 1], there exists j € {2,3,---,m} such that i; > iy, and

|Giiyeriyy | 7 O, then Ais a strong H-tensor.

Proof Observe that, by hypothesis, for each i; € [n — 1], there exists i; > i1, such
that |aili2.‘.im| # 0. Then

> diiyeiyy | > 0. Vi € [n = 1], (30)

iniz-imenm—\[i—1ym—1,
=0

iiy-im

which implies

hi(A) >0,Vi € [n—1],
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1

m—1
which, together with (29), yields 0 < <hi(A)> < 1 foralli € [n — 1], and

[@ij...i|

hy (A)

[@nn-.n

there exists a positive number ¢ > 0 such that 0 < + & < 1. Let the matrix

X =diag(x1,x2,--- ,x,), Where

1
m—1
AANT e -1,
R |aij...i |
X =

1
(s +e)™ . i=n
and Bg = (bi(|6i)2--~im) = AX™!, then from Equality (5), we obtain
6 . .
bfli)z...im = Qjjiy..inXiyXiz - " - Xiy,» Vij € [n], j € [m].

Let us first consider i € [n — 1]. By Inequalities (28) and (30), we have
165 11 = laiieil )™ = hi(A)

1 1
hiy (A) "\ 7T hi, (A) \ T
= E |@iiyeiy | ﬁ ﬁ
12121 Imlm -1
iniz-imeli—1]m1 2 b
+ E |@iiy-iy |
iniz-imelnm—\[i—1pm—1,
iy im =0
— (6)
> E I A E 1biiy..i,, |- (31)
in,i3,imelnl, in.i3,imelnl,
Siiyereiyy =0 Siiyereiyy =0
Finally, we consider i = n. By Inequalities (28) and (29), we have
hn (A)
6 n
‘br(ln)---nl = lanp...n ( +e ) =h,(A)+ elan...ul
|ann~-n|
1 1
hiy (A) \ T hi, (A) \7"T
= > lanizinl \ G0 ) e i
iy eln—1]m-1 Qizi--ip iy iy iy
+ Z |ani2<~i,,, | + elann...n|
iniyim el =1\ n—17m =1,
Siny iy =0
hiy(A) \7T (i (A) T
. m-— : m—
> Z ltniy.iy, | <’27> e <""7>
. _ |aiiy-wiy | iy |
ii3-w-im €n—11"~1
+ Z |ani2mi,,,|
inig-im €)=\ [n—11=1,
igy--eim =0
©)
> Y anigiy XX, = Y b (32)
in,i3,im €lnl, in,i3,im €[nl,

Sy iy =0 Sniy iy =0
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Hence, form Inequalities (31) and (32), we conclude that |b§i6_)_,,.| > r;(Bg) foralli e
[n], that is, B is strictly diagonally dominant. Consequently, A is a strong H-tensor. [

Remark 9 Using the same argument as Remark 4 in Section 3. The number of the
basic arithmetic operations in Inequality (28) is less than 2m — 1)n™ — 2n.

4 An algorithm for identifying strong H-tensors

In this section, we present an algorithm for identifying strong #-tensors on the basis
of the results in the above section.

Algorithm 1

Step0. Setk;:=0,ky:=0, k3 :=0ands :=50.

Step 1. Given a complex tensor A = (a;,...i,,) With a;..; # Oforalli € [n]. If
k3 = s, then output k; and k5, stop. Otherwise,

Step 2. Compute |g;...;| and r; (A) for all i € [n],

Step3. If A; = [n], then print “A is a strong H-tensor.”” and go to step 4.
Otherwise, go to step 5.

Step 4. Replace k1 by k; + 1 and replace k3 by k3 + 1, and go to step 1.

Step 5. If Ay = (, then print “A is a not strong #-tensor.” and go to step 6.
Otherwise, go to step 7.

Step 6. Replace ky by k> + 1 and replace k3 by k3 + 1. Go to Step 1.

Step 7. Compute

> @ity i | > iy |
ipizime AT igiyimelnm =\ AL
(Sllz’))l:()
i(A .
and > max sl |Giiyeip |, foralli € As.

iyt JEliz iz i) 147

Step 8. If Inequality (8) holds, then print “A is a strong H-tensor.” and go to step
4. Otherwise,

Step 9. Compute

> lajjye,land > |ajjyjl, forall j € Ay.

Lo -1 .. . — -1
J2J3°Jm EA’{’ . J2J3+ jm €™ ! \Arln
0

5././’2....,‘"1 =

Step 10. If Inequalities (16) and (17) hold, then print “A is a strong H-tensor.” and
go to step 4. Otherwise,

Step 11. Compute «. If Inequality (21) holds, then print “A is a strong H-tensor.”
and go to step 4. Otherwise,

Step 12. Compute 4, (A), Vi € [n]. If Inequality (29) holds and for each i| € [n —
1], there exists j € {2,3,---,m} such thati; > iy, and |a;,4y...i,,| # O,
then print “A is a strong H-tensor.”, and go to step 4. Otherwise,

Step 13.  Print “Whether A is a strong #-tensor is not checkable by using Lemmas
2 and 3, Theorems 3-5 and 7.”, replace k3 by k3 + 1. Go to Step 1.
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Remark 10 (i) Note that s denotes the total number of tensors. The output
parameter ki is the number of tensors which are strong H-tensor and
the output parameter k, is the number of tensors which are not strong
‘H-tensor.

(i) Algorithm 1 is a direct method for identifying strong H-tensor and the calcu-
lations only depend on the elements of tensor. Therefore, Algorithm 1 stops
after finitely steps.

(iii) For some tensors, we are unable to identify whether they are strong H-tensor
or not by using Algorithm 1, because the conditions of Lemma 2 and The-
orems 3-5 and 7 are sufficient but not necessary for a strong H-tensor. It is
easy to obtain that the number of tensors which are not checkable by using
Algorithm 1 is s — k; — k».

S Numerical example

Example 3 In the implementation of Algorithm 1. Randomly generate 50 tensors of
order m dimension n such that the elements of each tensor satisfying

)06, < 0.6), if =i = =
Aiyin-im (-1, 1), otherwise.

We determine whether they are strong #-tensor or not by using Algorithm 1.
The numerical results are reported in Table 1. In this table, m and n specify the
order and the dimension of the randomly generated tensor, respectively. In the “k;”
column, we show the number of tensors which are strong H-tensor. In the “ky”
column, we show the number of tensors which are not strong H-tensor. In the
“s — k1 — k” column, we give the number of tensors that whether they are strong
‘H-tensor are not checkable by using Algorithm 1. The results reported in Table 1
show that Algorithm 1 can identifying some tensors whether are strong H-tensors
or not.

We remark here that the randomly generated tensors in Example 3 satisfy A| # 0,
therefore k, = 0.
The following example shows that Algorithm 1 also can be used to testing the

positive definiteness of the multivariate form f(x) in (3) for some cases.

Example 4 Consider the following 6th-degree homogeneous polynomial

fx) = AxS, (33)
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Table 1 The numbers of strong H-tensors in the 50 randomly generated tensors

m(order) n(dimension) k1 ko s —ki —kp
4 10 31 0 19

4 11 30 0 20

4 12 35 0 15

4 13 32 0 18

4 14 33 0 17

4 15 34 0 16

5 10 29 0 21

5 11 29 0 21

5 12 33 0 17

5 13 29 0 21

5 14 31 0 19

5 15 23 0 27

6 10 33 0 17

6 11 35 0 15

6 12 26 0 24

6 13 31 0 19

6 14 26 0 24

6 15 29 0 21

where x = (x1,---,x6)! and A = (aj,...ig) 1s a symmetric tensor of order 6

dimension 6 with elements defined as follows:

a1l = 4, a2 = 18, a333333 = 35, 444444 = 16, assssss = 1, asseees = 1

@122222 = A212220 = 221222 = 222122 = A222212 = A220221 = —1,

133333 = 313333 = 4331333 = 4333133 = 4333313 = 4333331 = —2,

(144444 = (414444 = Q441444 = Q444144 = Q444414 = a44444] = —1,

233333 = 323333 = (332333 = 4333233 = 4333323 = 4333332 = —2,

(244444 = Q424444 = Q440444 = Q444244 = 0444424 = Q444442 = —1,

(344444 = 434444 = 443444 = (444344 = Q444434 = 444443 = —1,
a222333 = (223233 = (223323 = A223332 = 4232233 = A232323 = A232332 = — 1
233223 = (233232 = (233322 = 4333222 = A332322 = 332232 = 332223 = —1

a323322 = 323232 = 4323223 = A322332 = A322323 = a322233 = —1, other a;,...i; = 0.

In Algorithm 1, set s := 1, we obtain that A is a strong #H-tensor with g;...; > 0 for
alli € {1,---,6}. It follows from Theorem 1 that A is positive definite, that is, the
f(x) in (33) is positive definite.
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6 Conclusions

In this paper, we give some criterions for identifying the strong #-tensor which only
depend on the elements of tensor. We also present an algorithm for identifying the
strong H-tensor based on these criterions.
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