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Abstract In this paper, we derive necessary and sufficient conditions for the strong ellip-
ticity condition of anisotropic elastic materials. We first observe that the strong ellipticity
condition holds if and only if a second order tensor function is positive definite for any unit
vectors. Then we further link this condition to the rank-one positive definiteness of three
second-order tensors, three fourth-order tensors and a sixth-order tensor. In particular, we
consider conditions of strong ellipticity of the rhombic classes, for which we need to check
the copositivity of three second-order tensors and the positive definiteness of a sixth-order
tensor. A direct method is presented to verify our conditions.

Keywords Elasticity tensors · Anisotropic materials · Strong ellipticity · Z-eigenvalues ·
Copositivity · Rhombic systems
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1 Introduction

The conditions of ordinary and strong ellipticity play important roles in nonlinear elasticity
and materials. They are necessary or sufficient or both for an elastic material to have a
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number of important statical and dynamical properties, e.g., in discussing uniqueness, wave
propagation [6], instabilities due to the loss of ellipticity in nonlinear elasticity of fiber-
reinforced materials [8] and in the study of spatial behavior of the constrained anisotropic
cylinders [2].

Most existing results on conditions for strong ellipticity focus on isotropic materials. It is
well known [6] that in the particular case of an isotropic linearly elastic material, the strong
ellipticity is equivalent to the fact that

μ > 0, λ + 2μ > 0

where μ and λ are the Lamé moduli. For planar problems, Knowles and Sternberg [7] char-
acterized both strong and ordinary ellipticity for compressible isotropic nonlinearly mate-
rials, and Abeyaratne [1] proved similar results for ordinary ellipticity for incompressible
materials. For three dimensional problems, Simpson and Spector [18] studied the strong
ellipticity condition for isotropic nonlinearly elastic materials. Using the representation the-
orem for copositive matrices, they characterized necessary and sufficient conditions for
compressible materials. Zee and Sternberg [21] characterized strong and ordinary elliptic-
ity for incompressible isotropic materials. Alternative characterizations were proposed by
Rosakis [17] and Wang and Aron [20] and a review on strong ellipticity for isotropic non-
linearly elastic materials was given by Dacorogna [5].

Characterizations of strong ellipticity like those cited above for isotropic materials have
not yet been given for general anisotropic materials, and conditions for strong ellipticity for
anisotropic elastic materials are very few and mainly focus on transversely isotropic linearly
elastic solids. Notably, Payton [11], Padovani [10] and Merodio and Ogden [8] examined
the strong ellipticity of such materials. In terms of the elastic constants c11, c33, c55, c12 and
c13 of the transversely isotropic linearly elastic solid, the strong ellipticity is equivalent to
the following inequalities

c11 > 0, c33 > 0, c55 > 0, c11 > c12,

|c13 + c55| < c55 + √
c11c33.

Most recently, Chiriţǎ et al. [3] proposed some sufficient and necessary conditions for the
strong ellipticity of anisotropic linearly elastic materials with certain symmetry properties
(e.g., for the rhombic classes). For the general class of anisotropic elastic materials, Walton
and Wilber [19] proposed some conditions for the strong ellipticity, which are only sufficient,
but not necessary conditions.

In this paper, we establish the necessary and sufficient conditions for the strong ellip-
ticity conditions of general anisotropic elastic materials through a completely different ap-
proach. More specifically, we connect the strong ellipticity of a tensor with the smallest Z-
eigenvalues of some other tensors. The concept of Z-eigenvalues for tensors was introduced
in [12] and further studied in [9, 13, 14]. A direct method for finding all the Z-eigenvalues
of a tensor of dimension three was proposed in [16] in the third order case and extended to
any order in [15]. We prove that a tensor has property of strong ellipticity if and only if the
smallest Z-eigenvalues of some constitutive tensors are positive. For both planar and three-
dimensional cases, we have a direct method for finding all Z-eigenvalues of any tensor with
even order and our conditions are easy to verify for general anisotropic elastic materials in
this sense.

The paper is organized as follows. In the next section, we summarize some necessary
concepts and preliminary results on the strong ellipticity and Z-eigenvalues. In Sect. 3, we
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propose and prove our conditions for strong ellipticity. In Sect. 4, we pay our attention to a
class of special materials, i.e., the rhombic systems. For this special case, we propose suffi-
cient and necessary conditions for strong ellipticity, which involve to check the copositivity
of three second-order tensors and the positivity of the smallest Z-eigenvalue of a sixth-order
tensor. Section 5 describes the direct method for finding all the Z-eigenvalues of a tensor
of dimension three and any even order. This makes our conditions easy to check. Section 6
consists of some final conclusions.

2 Ellipticity and Rank-One Positive Definiteness

A fourth-order n-dimensional tensor A consists of n4 real entries

aijkl ∈ �, i, j, k, l = 1, . . . , n.

For elastic materials, the components aijkl of the tensor of elastic moduli satisfy the symme-
tries

aijkl = akjil = ailkj . (1)

The strong ellipticity condition states that

f (x, y) ≡ Axyxy ≡
n∑

i,j,k,l=1

aijklxiyj xkyl > 0, (2)

for all nonzero vectors x, y ∈ �n. Here, we use the notation in [12–14] for tensors and
vectors and x = (x1, . . . , xn)

� and y = (y1, . . . , yn)
� are two vectors in �n. If the above

inequality holds with equality, i.e.,

n∑

i,j,k,l=1

aijklxiyj xkyl ≥ 0,

for all x, y ∈ �n, then we say that the tensor A satisfy the ordinary ellipticity. Strong and
ordinary ellipticity conditions are of importance in order for an elastic material to have a
number of important statical and dynamical properties.

It is easy to see that the strong ellipticity condition (2) holds if and only if the optimal
value of the following global polynomial optimization problem is positive

min f (x, y) ≡ Axyxy ≡
n∑

i,j,k,l=1

aijklxiyj xkyl

s.t. x�x = 1,

y�y = 1,

(3)

where x, y ∈ �n; and the ordinary ellipticity conditions holds if and only if the optimal value
of (3) is nonnegative.

Denote A·yxy as a vector whose ith component is
∑n

j,k,l=1 aijklyj xkyl , and Axyx· as a
vector whose lth component is

∑n

i,j,k=1 aijklxiyj xk . The optimality condition of (3) is:

⎧
⎪⎪⎨

⎪⎪⎩

A·yxy = λx,

Axyx· = μy,

x�x = 1,

y�y = 1.

(4)
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Suppose λ,μ,x and y satisfy (4). It is easy to see that

λ = Axyxy = μ.

Thus, we may rewrite (4) as
⎧
⎪⎪⎨

⎪⎪⎩

A·yxy = λx,

Axyx· = λy,

x�x = 1,

y�y = 1.

(5)

If λ ∈ �, x ∈ �n and y ∈ �n satisfy (5), we call λ an M-eigenvalue of A, and call x and
y left and right M-eigenvectors of A, associated with the M-eigenvalue λ. Here, the letter
“M” stands for mechanics.

It is easy to see that M-eigenvalues always exist and the strong ellipticity condition holds
if and only if the smallest M-eigenvalue of A is positive. For n = 2, we may construct a
direct method to find all the M-eigenvalues of A, but for n = 3, it is difficult to do this.

The elasticity tensor A is called rank-one positive definite if for all x ∈ �n, x �= 0,

f (x, x) ≡ Ax4 ≡ Axxxx ≡
n∑

i,j,k,l=1

aijklxixj xkxl > 0. (6)

Clearly, if the strong ellipticity holds, then A is rank-one positive definite and the reverse
conclusion is not true.

It is also easy to see that the rank-one positivity condition (6) holds if and only if the
optimal value of the following global polynomial optimization problem is positive

min f (x, x) ≡ Ax4 ≡
n∑

i,j,k,l=1

aijklxixj xkxl

s.t. x�x = 1.

(7)

The optimality condition for (7) is:

{
Ax3 = λx,

x�x = 1,
(8)

where Ax3 = A·xxx = Axxx·. In [12–14], it was defined that if λ ∈ � and x ∈ �n sat-
isfy (8), λ is called a Z-eigenvalue of A, and x is called the Z-eigenvector of A, associated
with the Z-eigenvalue λ. Thus, if the smallest Z-eigenvalue of A is positive, then A is
rank-one positive. Not like the M-eigenvalue, for both n = 2 and n = 3, we may construct
direct methods to find all Z-eigenvalues and the associated Z-eigenvectors for an elasticity
tensor A.

Another tool we will use to establish our conditions for the strong ellipticity of an elastic
tensor A is the strict copositivity of a second-order tensor. A second-order tensor is repre-
sented by an n × n matrix in a coordinate system. An n × n matrix M is said to be strictly
copositive if

v�Mv > 0, whenever vi ≥ 0 and v �= 0. (9)

For three-dimensional matrices, Simpson and Spector [18] obtained the following equiv-
alent conditions for strict copositivity.



Conditions for Strong Ellipticity of Anisotropic Elastic Materials 5

Lemma 1 Let M = (mij ), i, j = 1,2,3 be a symmetric matrix. Then, M is strictly coposi-
tive if and only if the following conditions hold:

m11 > 0, m22 > 0, m33 > 0,

R ≡ m12 + (m11m22)
1
2 > 0, S ≡ m13 + (m11m33)

1
2 > 0,

T ≡ m23 + (m22m33)
1
2 > 0,

m
1
2
33m12 + m

1
2
22m13 + m

1
2
11m23 + (2RST )

1
2 + (m11m22m33)

1
2 > 0.

3 Conditions for Ellipticity

For n = 2, it is possible to construct a direct method for finding all the M-eigenvalues of A.
This forms checkable conditions for the strong ellipticity of an elastic tensor A when n = 2.
We now pay our attention to the case that n = 3.

Let Q(x) denote the acoustic tensor, with components defined by

qjl =
3∑

i,k=1

aijklxixk. (10)

Then the strong ellipticity of A is equivalent to the positive definiteness of Q(x) for all unit
vector x.

Since Q(x) is a symmetric matrix for any x ∈ �3, Q(x) is positive definite if and only if
all its minors are positive definite. We first consider its diagonal entries, i.e., q11, q22, q33.

From (10) we have

q11 = a1111x
2
1 + 2a1121x1x2 + 2a1131x1x3 + a2121x

2
2 + 2a2131x2x3 + a3131x

2
3 .

Thus, we have

q11 > 0 for all x �= 0 ⇐⇒ M1 is positively definite, (11)

where M1 is the matrix defined by

M1 ≡
⎛

⎝
a1111 a1121 a1131

a1121 a2121 a2131

a1131 a2131 a3131

⎞

⎠ . (12)

In a similar way, we have that

q22 = a1212x
2
1 + 2a1222x1x2 + 2a1232x1x3 + a2222x

2
2 + 2a2232x2x3 + a3232x

2
3

and

q22 > 0 for all x �= 0 ⇐⇒ M2 is positively definite, (13)

where M2 is the matrix defined by

M2 ≡
⎛

⎝
a1212 a1222 a1232

a1222 a2222 a2232

a1232 a2232 a3232

⎞

⎠ . (14)
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We also have that

q33 = a1313x
2
1 + 2a1323x1x2 + 2a1333x1x3 + a2323x

2
2 + 2a2333x2x3 + a3333x

2
3

and

q22 > 0 for all x �= 0 ⇐⇒ M3 is positively definite, (15)

where M2 is the matrix defined by

M3 ≡
⎛

⎝
a1313 a1323 a1333

a1323 a2323 a2333

a1333 a2333 a3333

⎞

⎠ . (16)

Now, we consider the second-order minors. That is

q11q22 − q2
12 > 0, q11q33 − q2

13 > 0, q22q33 − q2
23 > 0, for all x �= 0, (17)

where

q12 = a1112x
2
1 + 2a1122x1x2 + 2a1132x1x3 + a2122x

2
2 + 2a2132x2x3 + a3132x

2
3 ,

q13 = a1113x
2
1 + 2a1123x1x2 + 2a1133x1x3 + a2123x

2
2 + 2a2133x2x3 + a3133x

2
3 ,

and

q23 = a1213x
2
1 + 2a1223x1x2 + 2a1233x1x3 + a2223x

2
2 + 2a2233x2x3 + a3233x

2
3 .

Let T 1, T 2 and T 3 be the fourth-order three-dimensional tensors, such that

T 1x4 ≡
3∑

i,j,k,l=1

t1
ijklxixj xkxl = q11q22 − q2

12,

T 2x4 ≡
3∑

i,j,k,l=1

t2
ijklxixj xkxl = q11q33 − q2

13,

and

T 3x4 ≡
3∑

i,j,k,l=1

t3
ijklxixj xkxl = q22q33 − q2

23.

Then, (17) is equivalent to the positivity of the smallest Z-eigenvalues of the tensors T 1, T 2

and T 3.
Finally, it requires that

detQ(x) > 0, for all x �= 0. (18)

Note that

detQ(x) = q11(q22q33 − q2
23) − q12(q12q33 − q13q23) + q13(q12q23 − q13q22), (19)



Conditions for Strong Ellipticity of Anisotropic Elastic Materials 7

and since each qij is a quadratic form, i, j = 1,2,3, detQ(x) is a homogeneous polynomial
with degree 6. Let W be the sixth-order three-dimensional tensor such that

Wx6 ≡
3∑

i1,...,i6=1

wi1···i6xi1xi2 · · ·xi6 = detQ(x). (20)

Then (18) holds if and only if the smallest Z-eigenvalue of W is positive.
Summarizing the above results, we have the following theorem.

Theorem 1 An elastic tensor A is strongly elliptic if and only if the following conditions
hold

1. The matrices M1, M2 and M3 are positively definite;
2. The fourth-order tensors T 1, T 2 and T 3 are rank-one positive;
3. The sixth-order tensor W is rank-one positive.

4 Rhombic Systems

In this section, we discuss the strong ellipticity for the rhombic system, where the elasticity
tensor A has the following property:

a1123 = a1131 = a1112 = a2223 = a2231 = a2212 = 0, (21)

a3323 = a3331 = a3312 = a2331 = a2312 = a3112 = 0. (22)

As in [3], we denote the only nonzero components of the elasticity tensor A as follows

a11 = a1111, a22 = a2222, a33 = a3333, a12 = a1122, a23 = a2233,

a31 = a3311, a44 = a2323, a55 = a1313, a66 = a1212.

For this special case, we have the following result.

Theorem 2 Let A be an elastic tensor whose components satisfy conditions (21)–(22). Then
A is strongly elliptic if and only if the following conditions hold

1. a11 > 0, a22 > 0, a33 > 0, a44 > 0, a55 > 0, a66 > 0;
2. The matrices P 1, P 2 and P 3 defined in (24)–(28) are copositive;
3. The sixth-order tensor W is rank-one positive.

Proof It follows from Theorem 1 that A has the strong ellipticity property if and only if
Items 1–3 hold. Since the elements of A satisfy conditions (21)–(22), we have

M1 =
⎛

⎝
a11 0 0
0 a66 0
0 0 a55

⎞

⎠ ,

M2 =
⎛

⎝
a66 0 0
0 a22 0
0 0 a44

⎞

⎠ ,
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and

M3 =
⎛

⎝
a55 0 0
0 a44 0
0 0 a33

⎞

⎠ .

Thus, M1, M2 and M3 are positive definite if and only if their diagonal elements are positive.
This proves Item 1.

From (21)–(22), we have

q11 = a11x
2
1 + a66x

2
2 + a55x

2
3 ,

q22 = a66x
2
1 + a22x

2
2 + a44x

2
3 ,

q33 = a55x
2
1 + a44x

2
2 + a33x

2
3 ,

q12 = 2a12x1x2,

q13 = 2a31x1x3,

and

q23 = 2a23x2x3.

Thus,

q11q22 − q2
12

= a11a66x
4
1 + (a11a22 + a2

66 − 4a2
12)x

2
1x

2
2 + (a11a44 + a55a66)x

2
1x

2
3

+ a22a66x
4
2 + (a44a66 + a22a55)x

2
2x

2
3 + a44a55x

4
3

=
⎛

⎜⎝
x2

1

x2
2

x2
3

⎞

⎟⎠

�

P 1

⎛

⎜⎝
x2

1

x2
2

x2
3

⎞

⎟⎠ , (23)

where

P 1 ≡

⎛

⎜⎜⎜⎝

a11a66
(a11a22+a2

66−4a2
12)

2
(a11a44+a55a66)

2

(a11a22+a2
66−4a2

12)

2 a22a66
(a44a66+a22a55)

2
(a11a44+a55a66)

2
(a44a66+a22a55)

2 a44a55

⎞

⎟⎟⎟⎠ . (24)

We then have

q11q22 − q2
12 > 0 for all x �= 0 ⇐⇒ P 1 is copositive.

Similarly,

q11q33 − q2
13

= a11a55x
4
1 + (a11a44 + a55a66)x

2
1x

2
2 + (a11a33 + a2

55 − 4a2
31)x

2
1x

2
3

+ a44a66x
4
2 + (a33a66 + a44a55)x

2
2x

2
3 + a33a55x

4
3

=
⎛

⎜⎝
x2

1

x2
2

x2
3

⎞

⎟⎠

�

P 2

⎛

⎜⎝
x2

1

x2
2

x2
3

⎞

⎟⎠ , (25)
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where

P 2 ≡

⎛

⎜⎜⎜⎝

a11a55
(a11a44+a55a66)

2
(a11a33+a2

55−4a2
31)

2
(a11a44+a55a66)

2 a44a66
(a33a66+a44a55)

2

(a11a33+a2
55−4a2

31)

2
(a33a66+a44a55)

2 a33a55

⎞

⎟⎟⎟⎠ (26)

and

q11q33 − q2
13 > 0 for all x �= 0 ⇐⇒ P 2 is copositive;

and

q22q33 − q2
23

= a55a66x
4
1 + (a44a66 + a22a55)x

2
1x

2
2 + (a33a66 + a44a55)x

2
1x

2
3

+ a22a44x
4
2 + (a22a33 + a2

44 − 4a2
23)x

2
2x

2
3 + a33a44x

4
3

=
⎛

⎜⎝
x2

1

x2
2

x2
3

⎞

⎟⎠

�

P 3

⎛

⎜⎝
x2

1

x2
2

x2
3

⎞

⎟⎠ , (27)

where

P 3 ≡

⎛

⎜⎜⎜⎝

a55a66
(a44a66+a22a55)

2
(a33a66+a44a55)

2

(a44a66+a22a55)

2 a22a44
(a22a33+a2

44−4a2
23)

2

(a33a66+a44a55)

2
(a22a33+a2

44−4a2
23)

2 a33a44

⎞

⎟⎟⎟⎠ (28)

and

q22q33 − q2
23 > 0 for all x �= 0 ⇐⇒ P 3 is copositive. �

5 A Direct Method for the Smallest Z-Eigenvalue and Its Z-Eigenvectors

The main task to verify the equivalent conditions for strong ellipticity of an elasticity ten-
sor A is to find the smallest Z-eigenvalues of three fourth-order dimensional tensors and
one sixth-order three dimensional tensor for the general case; or merely the smallest Z-
eigenvalues of a sixth-order three dimensional tensor, for the special case of rhombic sys-
tems. In this section, we provide a direct method for finding all the Z-eigenvalues of an
mth-order three-dimensional tensor. That is, we solve the following optimization problem

min f (x) ≡ Axm ≡
3∑

i1,...,im=1

ai1···imxi1 · · ·xim

s.t. x�x = 1

(29)

by finding all λ ∈ �, such that the optimality condition for (29) holds, i.e.,

{
Axm−1 = λx,

x�x = 1,
(30)



10 D. Han et al.

where Axm−1 is a vector in �n whose ith component is

(Axm−1)i =
3∑

i2,...,im=1

aii2···imxi2 · · ·xim .

This method was proposed by Qi, Wang and Wang in [16] in the case m = 3 and extended
to arbitrary m in [15]. We describe this method here for completeness.

The key idea here is to reduce the four variable system (30) to a system involving only
two variables. Then, for this system of two variables, we may use the Sylvester formula of
the resultant to find the solutions.

Let

αj = ai1···im ,

for i1 = · · · = im−j = 1, im−j+1 = · · · = im = 2 and 0 ≤ j ≤ m − 1. Furthermore, for 0 ≤ i,
j ≤ m − 1, denote

(
m − 1
i, j

)
= (m − 1)!

i!j !(m − 1 − i − j)! ,

βj = a3i1···im−1, for i1 = · · · = im−1−j = 1, im−j = · · · = im−1 = 2, and γk,i,j =
ak 1···1︸︷︷︸

i

2···2︸︷︷︸
j

3···3︸︷︷︸
m−1−i−j

for k = 1,2,3.

We have the following theorem.

Theorem 3 (Qi, Wang and Wang) Let A be an mth-order three-dimensional tensor, where
m is even. We have the following results on the Z-eigenvalues and their corresponding Z-
eigenvectors.

(a) If a11···12 = a11···13 = 0, then λ = a11···1 is a Z-eigenvalue of A and the corresponding
Z-eigenvector is x = (1,0,0)�.

(b) For any real roots t of the following equations:

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

m−1∑

j=0

(
m − 1

j

)
[αj t

m−j−1 − αj+1t
m−j ] = 0,

m−1∑

j=0

(
m − 1

j

)
βj t

m−j−1 = 0,

(31)

x = ± 1√
t2 + 1

(t,1,0)� (32)

is a Z-eigenvector corresponding to the Z-eigenvalue λ = Axm.
(c) For any real roots (u, v)� of the following equations:

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

b3
m−1(v)um +

m−1∑

i=1

[b3
i−1(v) − b1

i (v)]ui − b1
0(v) = 0,

m−1∑

i=1

[b3
i (v)v − b2

i (v)]ui = 0,

(33)
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where

bk
i (v) =

m−1−i∑

j=0

(
m − 1
i, j

)
γk,i,j v

j ,
k = 1,2,3,

i = 0,1, . . . ,m − 1

λ = Axm is a Z-eigenvalue with the corresponding eigenvector

x = ± 1√
u2 + v2 + 1

(u, v,1)�. (34)

All the Z-eigenvalues and the associated Z-eigenvectors are given by (a), (b) and (c) if
a11···12 = a11···13 = 0, and by (b) and (c) otherwise.

Proof It is easy to check that if a11···12 = a11···13 = 0, then λ = a11···1 and x = (1,0,0)�
satisfy (30); hence λ = a11···1 is a Z-eigenvalue of A with the corresponding Z-eigenvector
x = (1,0,0)�. This proves the conclusion (a).

If x2 �= 0 and x3 = 0, then (30) becomes

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

m−1∑

j=0

(
m − 1

j

)
αjx

m−1−j

1 x
j

2 = λx1,

m−1∑

j=0

(
m − 1

j

)
αj+1x

m−1−j

1 x
j

2 = λx2,

m−1∑

j=0

(
m − 1

j

)
βjx

m−1−j

1 x
j

2 = 0,

x2
1 + x2

2 = 1.

(35)

Let t = x1/x2. From the first three equations of (35), we have (31). By the fourth equation
of (35), we have (32). This proves (b).

If x3 �= 0, then (30) becomes

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

m−1∑

i=0

m−1−i∑

j=0

(
m − 1
i, j

)
γ1,i,j x

i
1x

j

2 x
m−1−i−j

3 = λx1,

m−1∑

i=0

m−1−i∑

j=0

(
m − 1
i, j

)
γ2,i,j x

i
1x

j

2 x
m−1−i−j

3 = λx2,

m−1∑

i=0

m−1−i∑

j=0

(
m − 1
i, j

)
γ3,i,j x

i
1x

j

2 x
m−1−i−j

3 = λx3,

x2
1 + x2

2 + x2
3 = 1.

(36)

Let u = x1/x3 and v = x2/x3. From the first three equations of (36), we obtain

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

m−1∑

i=0

m−1−i∑

j=0

(
m − 1
i, j

)
(γ1,i,j u

ivj − γ3,i,j u
i+1vj ) = 0,

m−1∑

i=0

m−1−i∑

j=0

(
m − 1
i, j

)
(γ2,i,j u

ivj − γ3,i,j u
ivj+1) = 0.
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That is,

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−γ3,m−1,0u
m +

m−1∑

i=1

(
m−1−i∑

j=0

(
m − 1
i, j

)
γ1,i,j −

m−i∑

j=0

(
m − 1
i − 1, j

)
γ3,i−1,j

)
uivj

+
m−1∑

j=0

(
m − 1

j

)
γ1,0,j v

j = 0,

m−1∑

i=0

(
m−1−i∑

j=0

(
m − 1
i, j

)
γ2,i,j v

j − γ3,i,j v
j+1

)
ui = 0,

which is just (33). By the definition of (36), we have (34). This completes the conclusion of
Item (c) and the whole theorem. �

From the above theorem, we can see that to find all the Z-eigenvalues and the associated
Z-eigenvectors, we need to solve some systems of polynomial equations with two variables.
To solve such systems, we can use the resultant method from algebraic geometry [4]. For
example, to solve (33), we may regard it as equations for u with coefficients bi

k(v), functions
in v. The system (33) has solutions if and only if its resultant vanishes [4]. By the Sylvester
theorem [4], its resultant can be calculated as a determinant of an m × m matrix, which is
a polynomial of v. We can use Matlab to find all of its real roots. After this, we substitute
them to (33) to find all the real solutions of u. Correspondingly, all the Z-eigenvalues and
the associated Z-eigenvectors can be found.

6 Final Remarks

We establish some necessary and sufficient conditions for strong ellipticity of general
anisotropic elastic materials, which need to check the positive definiteness of three second-
order tensors and rank-one positive definiteness of three fourth-order and a sixth-order three-
dimensional tensor. We then pay our attention to the rhombic classes, for which we need
to check the copositivity of three second-order tensors and a sixth-order tensor. Since the
main tasks in checking our conditions is to verify the nonnegativity of the smallest Z-
eigenvalues of some fourth-order and sixth-order three-dimensional tensors, we describe
the direct method for finding the Z-eigenvalues of a three-dimensional tensor, as proposed
in [15, 16].

As we mentioned in the introduction, for certain classes of anisotropic elastic materials
several conditions for the strong ellipticity of tensors have been established in the literature,
which are “explicit” in the sense that they are inequalities of the elements of the tensor. In
our method, we need to check the positivity of the smallest Z-eigenvalues of some fourth
and sixth order tensors, which have no “explicit” representations in terms of the elements
of the original tensor. Thus, our conditions are “implicit” in this sense (even for symmetry
classes where there are a few non-zero elements of the tensor). Nevertheless, Z-eigenvalues
can be obtained easily with the help of a computer. That is, we give a numerical method
for computing all Z-eigenvalues of an even tensor with dimension 3. Therefore, the method
described here provides an easy way to check the strong ellipticity for general anisotropic
elastic materials. From this point of view, our method is complementary to those for certain
classes of anisotropic elastic materials in the current literature.
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