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Abstract Consider the problem of computing the largest eigenvalue for
nonnegative tensors. In this paper, we establish the Q-linear convergence of
a power type algorithm for this problem under a weak irreducibility condition.
Moreover, we present a convergent algorithm for calculating the largest
eigenvalue for any nonnegative tensors.
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1 Introduction

Let R be the real field. In this paper, we consider an m-order n-dimensional
tensor &7 consisting of n"™ entries in R:

A = (Qiyigein)s  iyigeiy € Ry 1 <Ky d25 ey <1 (1.1)

o/ is called nonnegative (resp. positive) if a; iy..i,, = 0 (resp. i iy.i,, > 0).
When m = 2, &/ is a matrix. When m > 3, o/ is called a higher-order tensor.
Tensors play an important role in physics, engineering, and mathematics.
Applications of tensors include data analysis and mining, information science,
signal and image processing, and computational biology, etc. See [24] and
references therein.

To an n-dimensional column vector = = [x1,x9,...,Ty]
complex, we define an n-dimensional column vector:

T ¢ R, real or

n

M‘Tmil = ( Z Qg Goeevipy Lig **° Ct?im) . (12)
1<isn

12,...,4m=1
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Definition 1.1 Let & be an m-order n-dimensional tensor and C be the set
of all complex numbers. Assume that /2™ ! is not identical to zero. We say
(A, z) € C x (C™"\{0}) is an eigenvalue-eigenvector of o7 if

o g™ = Aglm (1.3)

Here,
a]T.

(&3 (0% (03
alo =[928, .. 2

This definition was introduced in [3,16,23]. Unlike matrices, eigenvalue
problems for higher-order tensors are nonlinear. Applications of eigenvalues
of higher-order tensors include medical resonance imaging [1,26], higher-order
Markov chains [20], positive definiteness of even-order multivariate forms in
automatical control [21], and best-rank one approximation in data analysis
[8,14,15,25,27], etc.

Recently, eigenvalue problems for higher-order tensors have gained special
attention in the realm of numerical multilinear algebra. In particular, the
Perron-Frobenius theorem for eigenvalues of nonnegative tensors have been
established in [3,4,6]. Friedland et al. [10] established the Perron-Frobenius
theorem for homogeneous monotone maps. The Perron-Frobenius Theorem
for nonnegative tensors is related to measuring higher order connectivity in
linked objects [17] and hyper-graphs [2,9]. Subsequently, based on the minimax
theorem for nonnegative tensors in [3], Ng et al. [20] proposed a power type
method for computing the largest eigenvalue and the corresponding eigenvector
of an irreducible nonnegative tensor. This method is an extension of a method
of Collatz [7,28,29] for calculating the spectral radius of an irreducible
nonnegative matrix. In [5], the convergence of this method for primitive
nonnegative tensors has been established. For the definition of a primitive
nonnegative tensor, we will give it in the next section. A primitive nonnegative
tensor .o/ is irreducible, but the converse is false; see [5]. In [18,32], the authors
proposed an updated version of the Ng-Qi-Zhou method [20] and it has been
proved that this algorithm is always convergent for any irreducible nonnegative
tensors. Furthermore, Zhang and Qi [31], Zhang et al. [32] established the linear
convergence of the Ng-Qi-Zhou method and its updated version for essentially
positive tensors and weakly positive tensors, respectively. A weakly positive
tensor is irreducible, but the converse is false; see [32].

In this paper, we establish, in Section 3, the Q-linear convergence of power
algorithm [18,32] under the weak irreducibility condition; see Theorem 3.2 for
details. In addition, based on [30, Theorem 2.3], we present a convergent
algorithm for calculating the largest eigenvalue and a corresponding non-
negative eigenvector for any nonnegative tensors. Recently, A power algorithm
for polynomial eigenvalue problems has been introduced in [10] and the R-linear
convergence of the power algorithm has been established under the weak
primitivity condition. Furthermore, global linear convergence of this algorithm
has been studied in [13].
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Throughout this paper, we use R™ (resp. C") to denote the n-dimensional
real (resp. complex) space. Let

P,={zeR": 2;,>20,1<i<n}

and
int(P,) ={x e R": 2; >0,1<i<n}

Matrices are denoted by italic capitals (A, B, ...) and higher-order tensors are
written as calligraphic capitals (<7, 4, ...).

2 Preliminaries

In this section, we will give some definitions and results about nonnegative
matrices and nonnegative tensors, which will be used in the next section.

2.1 Nonnegative matrices

Let M be an n x n nonnegative matrix. The graph associated to M (see [28,
Chap. 2]), 4(M), is the directed graph with vertices 1,2, ...,n and an edge from
i to j if and only if M;; # 0. A directed graph is said to be strongly connected
if there is a directed path between any two distinct vertices. The matrix M
is called irreducible if the graph ¢ (M) is strongly connected. We say that M
is primitive if the graph ¢ (M) is strongly connected and the greatest common
divisor (gecd) of the lengths of its circuits is equal to one. An irreducible matrix
with a nonzero main diagonal is primitive ([19, Corollary 3.2]). Let o(M)
denote the spectrum of M, the set of all eigenvalues of M. The spectral radius
of M, denoted by p(M), is the maximum distance of an eigenvalue from the
origin, i.e.,

p(M) = max{|\|: A € o(M)}.

The classical Perron-Frobenius theorem for nonnegative matrices may be stated
as follows (see [28, Chap. 2]).

Theorem 2.1 If M is an irreducible nonnegative matriz, then M has an
eigenvector u € int(P,), unique up to a scale multiple, whose associated eigen-
value is the spectral radius of M, p(M). Moreover, p(M) is a simple root of
the characteristic equation of M. Furthermore, if the nonnegative matrix M is
primitive, then

p(M) > A, ¥ A€ a(M)\{p(M)}.

If Ais an n X n matrix, then the spectral norm [28] is defined as

Ax
4] = sup 1221
Here, || - || denotes a vector norm on the vector space R™. The relationships

between the spectral radius of A and the spectral norm of A are as follows.
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Proposition 2.1 [11,12] The spectral radius of an n x n matric A is
characterized by the equality

A) = inf |A,
p(4)= inf 4]

where A denotes the set of all possible spectral norms of A. For any ¢ > 0,
there exists a spectral norm || - || € A" such that

[Alle < p(A) +e.

2.2 Nonnegative tensors

Let o/ be an m-order n-dimensional nonnegative tensor. The spectral radius
of o/ is defined as

p(«/) = max{|A|: A is an eigenvalue of o/}

Definition 2.2 [3] An m-order n-dimensional tensor < is called reducible if
there exists a nonempty proper index subset I C {1,2,...,n} such that

Qiyig-ipy = 0, Viirel, Vig,...,ipy, ¢ I.

If o7 is not reducible, then we call & irreducible.

Let &/ be an m-order n-dimensional nonnegative tensor. The graph
associated to &7, ¥(47), is the directed graph with vertices 1,2,...,n and an
edge from i to j if and only if a; ,..;,, # 0 for some iy = j, 1 =2,3,...,m.

Definition 2.3 [10] An m-order n-dimensional tensor 7 is called weakly
irreducible if 9 (<) is strongly connected. If ¥ (/) is strongly connected and
the greatest common divisor (ged) of the lengths of its circuits is equal to one,
then &7 is called weakly primitive.

We have the following proposition.

Proposition 2.2 [10] If nonnegative tensor <f is irreducible, then <f is weakly
wrreducible. For m = 2, & is irreducible if and only if &7 is weakly irreducible.

Let .# be the m-order n-dimensional unit tensor whose entries are

17 2‘1:2‘2:"':1.7717
Lijigei,, = 2.1
fraim { 0, otherwise. 2.1)
Proposition 2.3 [13] If nonnegative tensor of is weakly irreducible, then <7 +
S is weakly primitive.

In [3], the Perron-Frobenius theorem and the well-known Collatz [7]
minimax theorem for irreducible nonnegative matrices have been extended to
irreducible nonnegative tensors. In the following, we state these results for
reference.
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Theorem 2.2 [3] If &7 is an irreducible nonnegative tensor of order m and
dimension n, then there exist \g > 0 and x¢g > 0, xg € R"™ such that

At = Azl (2.2)

Moreover, if \ is an eigenvalue with nonnegative eigenvector, then A = \g. If A
is an eigenvalue of <7, then |A| < Ap.

Theorem 2.3 [3] Assume that </ is an irreducible nonnegative tensor of order
m and dimension n. Then

) JZ{xmfl . ] dmmfl .
min max (7_1)2 = )\ = max min ( — )Z, (2.3)
z€int(P) >0 x;n z€int(P) ;>0 .%';n

where Ay is the wunique positive eigenvalue corresponding to the positive
etgenvector.

Let &/ be a nonnegative tensor. For any vector x € P,, we define the
following sequence {.o7®)z}:

d Wz = of ()1, 20 = (o7 Wg)lmmi],
Az = of (zDym=1 2 = (7@ )l

ey

o By = of (Z=Dym=1 (k) = (d(k)x)[ﬁ}, k>2.

Definition 2.4 [5] A nonnegative tensor </ is primitive if there exists a
positive integer k such that «/*)z € int(P,) for any nonzero = € P,,.

Clearly, positive tensors and essentially positive tensors [5,22] are primitive.
A primitive nonnegative tensor .7 is irreducible, but the converse is false [5].
We have the following result.

Theorem 2.4 [5,18] Suppose that <7 is an irreducible nonnegative tensor. Let
B = + F. Then, we have

(i) A is primitive;

(il) if A is the largest eigenvalue of 2 and u is a positive eigenvector of A

associated with X\, then A — 1 is the largest eigenvalue of </ and u is a positive
eigenvector of & associated with A — 1.

3 A power algorithm

In this section, we state a power type algorithm for calculating the largest
eigenvalue of a nonnegative tensor &/ by applying the algorithm proposed in
[20] to tensor B = o/ + .7, and establish the Q-linear convergence of this power
algorithm under a weak irreducibility condition.
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For any nonnegative column vector x € R", we define ¢: P, — P by
n
olx) = w;. (3.1)
i=1

Algorithm 3.1
Step 0 Choose z1) € int(P,). Let Z = o/ + .7, and set k := 1.

Step 1 Compute
yk) = B(xF)ym=1,

(k).
A, = min 7((‘71) )i
W50 (z;)m=1
_ (k)
A = max ((Zé) )
a:gk)>0 ((L‘ )mfl

Step 2 If A\ = A, then let A = )\ and stop. Otherwise, compute
(y®)) =)
H((y )l ))

L(k+1)

)

replace k by k+ 1 and go to Step 1.

Theorem 3.1 Suppose that nonnegative tensor < is weakly irreducible. Let
B = o +.7 and assume that X is the largest eigenvalue of %B. Then, Algorithm
3.1 produces a value of \ and a corresponding eigenvector u in a finite number
of steps, or generates three convergent sequences {\.}, {Mx}, and {z*)} such
that

lim A, = lim Ay =X, lim 2® =«

k—o00 k—o0 —00
Furthermore, A—1 is the largest eigenvalue of o/ associated with the eigenvector
U.

Proof By Proposition 2.3, Z is weakly primitive. Hence, from [10, Corollary

5.1] and the result (ii) of Theorem 2.4, this theorem holds. O
Let
Fla) = 227, G(2) = F)li), H@) =S8 (59
¢(G())
Clearly, the sequence {z(*)} in Theorem 3.1 is generated by
25D = )Y, k=1,2,.., (3.3)

and ¢(z®)) =1forall k =1,2,....
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Theorem 3.2 Let </, B, and {:c(k)} be as in Theorem 3.1. Then, the
convergence rate of the sequence {x(k)} 18 Q-linear, i.e., there exists a vector
norm || - || such that

251 — ]

lim sup <1

hooo  [l2F) —ull

Theorem 3.2 can be proved in a similar argument as [10, Corollary 5.2]. In
the following, we will use an alternative way to prove Theorem 3.2. To do this,
we need the following two lemmas.

Lemma 3.1 Let &7 and B be as in Theorem 3.1. For any x € int(P,), F'(z),
the Jacobian of F at x, is a primitive matriz.

Proof Let x € int(P,) and M = F'(z). Clearly, for any 4,5 = 1,2,...,n,
M;; > 0 if and only if b;;,..;, # 0 for some iy = j, | = 2,3,...,m. Hence,
G (M) =%(A). By Theorem 2.4, £ is primitive, so it is irreducible. Therefore,
by Definition 2.3 and Proposition 2.2, 4(%) (= ¢¥(M)) is strongly connected.
Therefore, M is irreducible. Since b;;...;, # 0 for i = 1,2, ....n, we have M;; # 0,
i=1,2,...,n. By [19, Corollary 3.2], M is primitive. O

Lemma 3.2 Let o/, B, \, and u be as in Theorem 3.1, and let H'(u) be the
Jacobian of the function H at u. Then,
p(H'(u)) < 1.

Proof For A and u in Theorem 3.1, we have

F(u) =M™ gu) = 1.
Hence,

1 1

G(u) = (F(u) 77 = A7 1u.

Let )
A =Am-1, V= F'(u),

the Jacobian of the function F' at u. By simple computation, the Jacobian of
G at u is

m—1

Since u is a positive vector, we have
9(G'(u)) =9 (V).
Hence, by Lemma 3.1, G'(u) is a primitive matrix.
Since G'(u) is primitive, by Theorem 2.1, the eigenvalues vy,vs, ..., v, of

G'(u) can be ordered in such a way that

vi = p(G'(w)) > [va] = [vs| = -+ = Jual.
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For all t > 1, we have

tAiu = G(tu)
= G(u) + (t — 1)G' (u)u+o(t — 1)
= Mu+ (t = DG (w)u + ot — 1).
Hence,
(t—Dhu=(t—1)G (u)u+o(t — 1),
which implies
G'(u)u = \u.

By Theorem 2.1, Ay = v1 and u is an eigenvector of G’'(u) associated with the
eigenvalue v1.
Since

P(G(u) = d(Au) = Ay,
by simple computation, we have
_G'w)  Gu)eG'(u)  G'(u) — ueG'(u)
DN A2 B M ’

H'(u)

where e is the n-dimensional row vector of all ones. Let
M =G (u), Q=M —ueM.

In the following, we will prove that the spectral radius of @ is equal to |ve|. To
this end, we only need to show that the spectrum of @ is

J(Q) = {0,?)2,’[)3, ...,Un}.

Since
o(u) =eu =1,

we have
QTet = (M —ueM)Tel = MTet — MTeTuTe = MTeT — MTeT = 0.

Hence, e is an eigenvector of QT associated with the eigenvalue 0. We consider
two cases for MT.
Case 1 MT = G'(u)T is diagonalizable, i.e., MT is semi-simple.

We may assume that for i = 2,3, ...,n, w' is an eigenvector of M associated
with the eigenvalue v;, and the set {w’: i = 2,...,n} is linearly independent.
For i =2,3,...,n, since

viutw' = u" M ' = \Mutw',

T

we obtain u " w" = 0. Hence,

QTw' = (M — ueM)Tw' = M w' — MTeTuTw' = MY w' = vw'.



Efficient algorithms for computing the largest eigenvalue of a nonnegative tensor 163

This means that w' is an eigenvector of QT associated with the eigenvalue v;, i =
2,3, ...,n. Now, we prove the set {eT, w’, i = 2,...,n} is linearly independent.
Suppose

atel + aw? + -+ auuw™ =0, (3.4)

and
#0’ i:2’3”"’p’
Vi .
=0, 1=p+1,...,n.

Then, we have
a1QTel + QT w? + - + 4, QTw" = aguaw? + -+ + apvpw? = 0.
Since set {w': i = 2,...,n} is linearly independent, we obtain
ay =3z =--=a,=0.
Hence, by (3.4), we have
are’ + ap w4+ ™ = 0. (3.5)

Then,
arMTeT + oszrlMTpr + ot ay MTw™

T T 1
=M e + ap+1vp+1wp+ + o apuw”
= alMTeT
=0.

It follows from M™e™ > 0 that oy = 0. Hence, by (3.5), we have
ap+1wp+1 + -+ aw” = 0.
Since set {w': i =p+1,...,n} is linearly independent, we obtain
app1 =+ =a, =0.

Therefore,
alz"':anzov
which implies that the set {eT, w’, i = 2,...,n} is linearly independent. Thus,
the spectrum of @ is
J(Q) = U(QT) = {Oa V2, U3, ..., Un}'

Case 2 M7 is defective.
In this case, we may assume that M T has distinct eigenvalues v (= A1), va,
.., Vq, ¢ < n, and these eigenvalues can be ordered in such a way that

v1 (= A1) > || = [us] = -+ = [uy.
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Then, M T has the form
MY =XxJXx 1
where
J = diag{Jl, JQ, ceey Jq}

is in Jordan canonical form (see, e.g., [12]). The Jordan blocks J;, i = 1,2, .., ¢,
are square matrices of various sizes, each having the form

F 1 -

1

Ui

where v; is an eigenvalue of M. We suppose that J; = [A\;] and X; is the i-th
column vector of X, ¢ = 1,2,...,n. For each Jordan block J;, i = 2,3, ...,q, we
assume that the size of J; is l;. Since MT = X JX !, we have

MT X5 = 19X,

MT X3 =v3X35+ Xo,
MTXy = 02Xy + X,
MYX, 1 = v Xy 41 + Xp,
MTXl2+2 - U3Xl2+27

T
M Xl2+3 = U3Xl2+2 + Xl2+17

Similarly, as in Case 1, we have
UTXQ = 0, QTX2 = ’U2X2.

Then,
’UQUTXg = UTMTXg - UTXQ = )\1UTX3,

and we obtain uT X35 = 0. Hence,
QT X5 = (M —ueM)T X5 = MT X3 — MTeTuT X3 = v, X5 4+ Xo.

Similarly, we have
QT Xy = v2 Xy + X3,

.
T
Q Xl2+1 = UQXlg-i-l + Xlga
T
Q X12+2 — /U3X12+25

T
Q X12+3 = U3X12+2 + Xlg-}—l)



Efficient algorithms for computing the largest eigenvalue of a nonnegative tensor 165

Similarly, as in Case 1, we can prove the set {eT, X;, i = 2,...,n} is linearly
independent. Let Y = [eT, X, i = 2,...,n]. Then we have

QTY = Ydiag{[0], J2, ..., J, }.
Therefore, the spectrum of @ is

o(Q) = a(Q") = {0, vy, v, Vgt

In summary, we have the spectral radius of @,

p(Q) = |va|(< A1).

Therefore,

i) = p(52) = 52l <1, O

Now, we give the proof of Theorem 3.2 as follows.

Proof of Theorem 3.2 From Proposition 2.1 and Lemma 3.2, there exist an
£ > 0 and a spectral norm || - || € .4 such that

IH' (w)lle < p(H'(u)) +& < 1.
It follows from (3.3) that
25—y = Hz®) — H(uw) = H' (u) (% — u) + o(||z® —ul|,).
Since ||2¥) — u||. tends to 0 as k goes to infinity, we obtain

Hx(k—H) - u”s

limsup ——s———— < [[H'(u)|]: < p(H'(u)) +€ <1,
oo 2 — |
which means that the convergence rate of the sequence {z(®)} is linear. O

In Theorem 3.2, we have established the Q-linear convergence of Algorithm
3.1 for weakly irreducible nonnegative tensors. Numerical results reported in
[18,20,32] show that Algorithm 3.1 performs well for irreducible nonnegative
tensors. However, for some reducible nonnegative tensors, Algorithm 3.1 may
not produce the largest eigenvalue. Consider the following three examples.

Example 3.1 The order-3 3-dimensional tensor & is given by
dinn =dsgzz =1, doge =2,
d;jr, = 0, elsewhere.

Example 3.2 The order-3 3-dimensional tensor .% given by

fiir = f3z3 = fio1 = faz1 =1,  faze =2,

fijk =0, elsewhere.
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Example 3.3 The order-3 3-dimensional tensor .# given by

mi11 = m333 = Mmi21 = 1, Mo = 2,

m;jr = 0, elsewhere.

By Proposition 2.2, 2, %, and .# are reducible tensors because ¥(2),
G(.F), and Y (.4) are not strongly connected, respectively. We choose z(1) =
[10,10,10]T. By Algorithm 3.1, we cannot obtain the largest eigenvalue for these
tensors within 1000 iterations.

For a nonnegative tensor, a weak Perron-Frobenius theorem has been given
in [30], which we state as follows.

Theorem 3.3 [30] If o/ is a nonnegative tensor of order m and dimension
n, then p() is an eigenvalue of &/ associated with a nonnegative eigenvector

yeR" y#£0.

4 An algorithm for spectral radius of any nonnegative tensors

In this section, based on Theorem 3.3, we present a convergent algorithm for
computing the spectral radius for any nonnegative tensor <.

Let & denote the order-m n-dimensional tensor with every entry being
one. For any nonnegative tensor o7 and any 7 > 0, o/ + 7& is an irreducible
nonnegative tensor.

Algorithm 4.1 Let tol > 0 be given. Choose a sequence
TI>T> - >T1>-->0

satisfying limg ..o 7w = 0. Compute the largest eigenvalue A of & and
corresponding eigenvector u by using Algorithm 3.1. If Algorithm 3.1 can
produce A and u successfully, then stop. Otherwise, go to next step.

For k=1,2,..., let &/F = &/ + 7.& and do
1. Compute the largest eigenvalue A* of 7% and corresponding eigenvector
u® by using Algorithm 3.1.
2. If k > 2 and ||A\¥ — A\¥=1|| < tol then output u* and A\*, and terminate the
algorithm.
End
Theorem 4.1 Suppose that </ is a nonnegative tensor and p(</) is the
spectral radius of <. Then, Algorithm 4.1 produces the spectral radius p(<?)

and a corresponding eigenvector u, or generates two convergent sequences {\¥}
and {u*} such that

lim A = p(«7), lim u* =,

k—o0 k—oo

respectively.
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Proof See the proof of [30, Theorem 2.3]. O
In order to show the viability of Algorithm 4.1, we used Matlab to test it
on Examples 3.1-3.3. Throughout the computational experiments, we choose

tol =10"%, 7, =0.001 x107%, k=1,2,....

Our numerical results are reported in Table 1, which show that Algorithm 4.1
is able to produce the largest eigenvalue for reducible nonnegative tensors. In
Table 1, k denotes the number of iterations, \* and u* denote the largest eigen-
value of @7* and corresponding eigenvector at the final iteration, respectively.

Table 1 Numerical results of Algorithm 4.1 for Examples 3.1-3.3

Example k AP u®
3.1 4 2.0000 (0.0003, 1.0000, 0.0003) ™
3.2 11 2.0000 (0.7071,0.7071, 0.0000) T
3.3 5 2.0000 (0.7071,0.7071, 0.0001) T

To conclude this section and the whole paper, we remark that ill-poses
problem may happen when the parameter 75 in Algorithm 4.1 is small enough.
Thus, we need a stable procedure to control the sequence {7}, which is one of
our future research topics.
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