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Abstract

We generalize the concept of the symmetric hyperdeterminants for symmetric ten-
sors to the E-determinants for general tensors. We show that the E-determinant inher-
its many properties of the determinant of a matrix. These properties include: solvabil-
ity of polynomial systems, the E-determinant of the composition of tensors, product
formula for the E-determinant of a block tensor, Hadamard’s inequality, Gersgrin’s
inequality and Minikowski’s inequality. As a simple application, we show that if the
leading coefficient tensor of a polynomial system is a triangular tensor with nonzero
diagonal elements, then the system definitely has a solution. We investigate the char-
acteristic polynomial of a tensor through the E-determinant. Explicit formulae for the
coefficients of the characteristic polynomial are given when the dimension is two.
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1 Introduction

Eigenvalues of tensors, proposed by Qi [26] and Lim [20] independently in 2005, have
attracted much attention in the literature and found various applications in science and
engineering, see [2, 3, 6, 7, 8, 17, 19, 21, 25, 27, 28, 29, 30, 31, 32, 36, 37| and references
therein. The concept of symmetric hyperdeterminant was introduced by Qi [26] to investi-
gate the eigenvalues of a symmetric tensor. Let 7 = (¢;,. ;) be an m-th order n-dimensional
tensor, x = (x;) € C" (the n-dimensional complex space) and 7x™~! be an n-dimensional
vector with its i-th element being > 77" | --- >
metric, its symmetric hyperdeterminant is the resultant Res(7x™!) (for the definition of

n
im=1

Liiy. i iy -+ ;. Then, when 7 is sym-

the resultant, see the next section). The symmetric hyperdeterminant of a symmetric tensor
is equal to the product of all of the eigenvalues of that tensor [26]. Recently, Li, Qi and
Zhang [19] proved that the constant term of the E-characteristic polynomial of tensor 7 (not
necessarily symmetric) is a power of the resultant Res(7x™"'). They further found that
the resultant Res(7x™!) is an invariant of 7 under the orthogonal linear transformation
group. Li, Qi and Zhang [19] pointed out that the resultant Res(7x™"!) deserves further
study, since it has close relation to the eigenvalue theory of tensors. In this paper, we study
Res(7x™!) systematically. Note that Res(7x™!) is different from the hyperdeterminant
investigated in [1, 4, 5, 10, 12, 13, 14, 22, 23, 24, 33, 35]. We now give the following definition.

Definition 1.1 Let 7 € T(C",m) (the space of m-th order n-dimensional tensors). Then
its E-determinant, denoted by Edet(T), is defined as the resultant of the polynomial system
Tx" 1 =0.

Here we use the prefix “E” to highlight the relation of Edet(7) with the eigenvalue theory

of tensors.
The rest of this paper is organized as follows.

In the next section, we present some basic properties of the E-determinant. Then, in
Section 3, we show that the solvability of a polynomial system is characterized by the E-

determinant of the leading coefficient tensor of the polynomial system.

A tensor 7 € T(C",m) induces a homogenous polynomial map T :C" — C" as
x — Tx™ 1 Let U € T(C" p) and V € T(C" q) for p,q > 2, and homogenous poly-
nomial maps U and V be induced by U and V respectively. In Section 4, we show that the
composition of ¢ and V is another homogenous polynomial map W induced by a tensor W €
T (C", (p — 1)(q¢ — 1) + 1). We show that Edet(W) = 0 if and only if Edet(U)Edet(V) = 0.



We conjecture that
Edet(W) = (Edet(U)) " (Edet(V))®~ V"
and prove that this conjecture is true when min{p, ¢} = 2.

Block tensors are discussed in Section 5. We give an expression of the E-determinant of
a tensor which has an “upper triangular structure”, based on the E-determinants of its two

diagonal sub-tensors.

As a simple application of the E-determinant theory, in Section 6, we show that if the
leading coefficient tensor of a polynomial system is a triangular tensor with nonzero diagonal

elements, then the system definitely has a solution.

Based upon a result of Morozov and Shakirov [23], in Section 7, we give a trace formula
for the E-determinant. This formula involves some differential operators. Using this formula,
we will establish an explicit formula for the E-determinant when the dimension is two. As

this needs to use some results in Section 8, we will do this in Section 9.

The E-determinant contributes to the characteristic polynomial theory of tensors. In
Section 8, we analyze various related properties of the characteristic polynomial and the E-
determinant. Especially, a trace formula for the characteristic polynomial is presented, which
has potential applications in various areas, such as scientific computing and geometrical
analysis of eigenvalues. We also generalize the eigenvalue representation for the determinant
of a matrix to the E-determinant of a tensor. Under an assumption (Assumption 8.1), we
transform the positive semidefiniteness problem of an even order tensor to a computable

condition (see Proposition 8.1).

In Section 9, we give explicit formulae for the E-determinant and the characteristic

polynomial when the dimension is two.

We generalize some inequalities of the determinant for a matrix to the E-determinant for
a tensor in Section 10. Among them, we present generalizations of Hadamard’s inequality,
Gersgrin’s inequality and Minikowski’s inequality. These inequalities give estimations for

the E-determinant in terms of the entries of the underlying tensor.
Some final remarks are given in Section 11.

The following is the notation that is used in the sequel. Scalars are written as lowercase
letters (A, a,...); vectors are written as bold lowercase letters (x = (z;), ...); matrices
are written as italic capitals (A = (a;;), ...); tensors are written as calligraphic letters
(T = (tiy..i,,), - --); and, sets are written as blackboard bold letters (T,S,...).



Given a ring K (hereafter, we mean a commutative ring with 1 [18, Pages 83-84], e.g., C),
we denote by K[E] the polynomial ring consists of polynomials in the set of indeterminate
E with coefficients in K. Especially, we denote by K[7] the polynomial ring consists of
polynomials in indeterminate {t;, ; } with coefficients in K, and similarly for K[A], K[A],
KA, 77, etc.

For a matrix A, AT denotes its transpose and Tr(A) denotes its trace. We denote by N
the set of all positive integers and e; the i-th identity vector, i.e., the i-th column vector of
the identity matrix E. Throughout this paper, unless stated otherwise, integers m,n > 2

and tensors refer to m-th order n-dimensional tensors with entries in C.

2 Basic Properties of the E-Determinant

Let £ be the identity tensor of appropriate order and dimension, e.g., e;, ;. = 1 if and
only if iy = -+ = i, € {1,...,n}, and zero otherwise. The following definitions were
introduced by Qi [26].

Definition 2.1 Let 7 € T(C",m). For some A € C, if system (A —7T)x™ ! = 0 has a
solution x € C™\ {0}, then X is called an eigenvalue of tensor T and x an eigenvector of T

associated with \.

We denote by o(7) the set of all eigenvalues of tensor 7.

Definition 2.2 Let 7 € T(C",m). The E-determinant of A\ — T which is a polynomial in
(C[T]) [A], denoted by (), is called the characteristic polynomial of tensor 7T .

If X is a root of ¥(A) of multiplicity s, then we call s the algebraic multiplicity of eigenvalue
A. Denote by V(f) the variety of the principal ideal (f) generated by f [10, 11, 18]. Then,

we have the following result.

Theorem 2.1 Let 7 € T(C",m). Then ¢ € C[\,T] is homogenous of degree n(m — 1)"~!
and

V(X)) = o(T). (1)



When 7 is symmetric, Qi proved (1) in [26, Theorem 1(a)].

For f € K[x], we denote by deg(f) the degree of f. If every monomial in f has degree
deg(f), then f is called homogenous of degree deg(f). Given a system of polynomials
h := {hy,...,h,} with h; € C[x| being homogenous of degree r; € N;. The resultant

of the polynomial system h, denoted by Res,, ., (h) or simply Res(h), is defined as an

.....

irreducible polynomial in the coefficients of h such that Res(h) = 0 if and only if h = 0
has a solution in C" \ {0}. Furthermore, Res(h) is homogenous of degree II,.;r; in the
coefficients of h; for every j € {1,...,n}. So, it is homogeneous of total degree > " | II7,;r;
[13, Proposition 13.1.1], see also [23, Page 713]. These, together with Definition 1.1 and [10,
Theorem 3.2.3(b)], immediately imply the following proposition.

Proposition 2.1 Let 7 € T(C",m). Then,
(1) For everyi € {1,...,n}, let K; := C[{tjip.in. | Jid2,.. . im =1,...,n, j #i}]. Then
Edet(T) € K;[{tsiy..i,, | G2, sim = 1,...,n}] is homogenous of degree (m — 1)"71.
(ii) Edet(T) € C[T] is irreducible and homogeneous of degree n(m — 1)"~*.

(i1i) Edet(€E) = 1.
By Proposition 2.1, we have the following corollary.

Corollary 2.1 Let T € T(C",m). If for some i, tis, 4, =0 for all iy, ... i, € {1,...,n},

then Edet(T) = 0. In particular, the E-determinant of the zero tensor is zero.

Proof. Let K; := C[{tjiy.i,. | 7,92, im = 1,...,n, j # i}]. Then by Proposition 2.1 (i)
Edet(7) is a homogenous polynomial in the variable set {t;;, . | i2,...,%m = 1,...,n} with
coefficients in the ring K;. As t;, ;. = 0 for all 45,...,4,, € {1,...,n} by the assumption,
Edet(7) = 0 as desired. O

By Proposition 2.1 (ii), we have another corollary as follows.

Corollary 2.2 Let T € T(C",m) and o € C. Then

Edet(aT) = (Oz)n(””‘*l)n_1 Edet(T).



3 Solvability of Polynomial Equations

Let matrix A € T(C",2), we know that

e Det(A) = 0 if and only if Ax = 0 has a solution in C" \ {0}; and,

e Det(A) # 0 if and only if Ax = b has a unique solution in C" for every b € C".

We generalize such a result to the E-determinant and polynomial system in this section.

Theorem 3.1 Let 7 € T(C",m). Then,

(i) Edet(T) =0 if and only if Tx™ ' =0 has a solution in C"\ {0}.
(it) Edet(T) # 0 only if Tx™ ' = B™1x™2 4 ... + B*%* + Ax + b has a solution in C"
for every b € C", A € T(C",2), and B’ € T(C",j) forj=3,...,m — 1.

Proof. (i) It follows from Definition 1.1 immediately.

(ii) Suppose that Edet(7) # 0. For any b € C*, A € T(C",2), and B’ € T(C",j) for

j=3,...,m— 1, we define tensor U € T(C""* m) as follows:
( tivipin, Vije{l,....n}, j€{1,...,m},
—b;, Vipe{l,...,ntandig=--- =i, =n+1,
o —@ii, Yi,ie €{l,...,n}andig=---=1in=n+1, ©)
et —bF o Vi, i €{l,. . onfand gy = =iy =n+ 1,
Vk=3,...,m—1,
L 0 otherwise.

By Corollary 2.1, we have that Edet(U/) = 0. Hence, by (i), there exists y := (x7,a)? €
C"™1\ {0} such that Uy™ ' = 0. Consequently, by (2) and the first n equations in Uy™ 1 =

0, we know that
Tx™ ' —aB™ Ix™2 . ™8 — ™2 Ax — ™ b = 0. (3)

Furthermore, we claim that a # 0. Otherwise, from (3), 7x™~! = 0 which means Edet(7) =

0 by (i). It is a contradiction. Hence, from (3) we know that X is a solution to
Tx™ ' =B Ix™? 4 ... 4 B*%® + Ax + b.

The proof is complete. O



So, like the determinants of linear equations, the E-determinants are criterions for the
solvability of non-linear polynomial equations. It is interesting to investigate whether
Tx™ 1 = B ix™m2 4 ... 4+ B3x% + Ax + b has only finitely many solutions whenever
Edet(7) # 0.

4 Composition of Homogenous Polynomial Maps

Let 7 € T(C",m). Then it induces a homogenous polynomial map from C™ to C" defined
as x — Tx™ 1. We denote this homogenous polynomial map as T. Let U € T(C", p) and
VY € T(C", q) with p,q > 2. Then, the composition map denoted as U oV in the usual sense
is well-defined. Actually, 2/ oV : C* — C" and <Z] o ]A)) (x) :=U <1>(X)> = U (Vxr )t
Then, it is easy to see that

[(Z/{ o V) ] Z um lp qu 1)12 e (qufl)ip , VxeCh Vi=1,...,n. (4)

By the definition of 7 for tensor 7, we can see that there exists a tensor W such that

W =U o V. Furthermore, it is easy to get the following result.

Proposition 4.1 Let U € T(C",p) and V € T(C", q) with p,q > 2. Then, with W €
T(C" 1+ (p—1)(q — 1)) defined as

Wijiy 2)-+3in.0)~I(ip.2) - Ilipa) *— Z Wits...ipVizj(iy 2)-Gig.a) * " Vindip2)~Iip.a)? (5)
we have W =UoV. So, it is reasonable to define the composition of U andV asUUoV = W.

Note that when p = ¢ = 2, i.e., both & and V are matrices. Then the composition
U oV reduces to the usual multiplication of matrices, and moreover it is uniquely defined.
Nonetheless, when m > 2, there exist many W’s satisfying W = U o V. Hence, we need (5)
to make the composition of U/ and V uniquely defined.

Proposition 4.2 Let U € T(C",p) and V € T(C", q) with p,q > 2. Then, we have

EdetUoV) =0 <= Edet(U)Edet(V) = 0.

Proof. The proof for “ < ”: Suppose that Edet(V) = 0, by Theorem 3.1 (i), there exists
x € C"\ {0} such that Vx?~! = 0. From (4), it is easy to see that (U o V) xP~D~1) = 0.
By Theorem 3.1 (i) again, we know that Edet(U/ o V) = 0.
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Now, if Edet(V) # 0, then Edet(d) = 0 by the hypothesis, which implies that there
exists x € C" \ {0} such that UxP~! = 0. Since Edet(V) # 0, by Theorem 3.1 (ii), we know
that for x there exists y € C"\ {0} such that Vy?~! = x. Consequently, by (4), we get that
U o V)y?~Da=1) = 0. By Theorem 3.1 (i), Edet(U o V) =

The proof for “ = ”: Suppose that Edet(UoV) = 0. By Theorem 3.1 (i), there exists y €
C"\ {0} such that (Z/{ o V) y®=Nl—1) = 0. If Edet(V) = 0, then we are done. If Edet(}) # 0,
then x := Vy? ! # 0. Consequently, it holds that Ux?~! = (U o V)yP~Nl=1) = 0. By
Theorem 3.1 (i) again, we know that Edet(U) = 0. Therefore, Edet(U)Edet(V) = 0. 0

The following corollary is a direct consequence of [26, Theorem 1(b)] and Proposition
4.2.

Corollary 4.1 LetU € T(C",p) and V € T(C",q) with p,q > 2. Then, U oV has zero as

its eigenvalue if and only if one of U and V has zero as its eigenvalue.

We have the following conjecture.

Conjecture 4.1 LetU € T(C",p) and V € T(C",q) with p,q > 2. Then, we have

Edet(U o V) = (Edet(U)) ™" (Edet(V))* V" |

When p = ¢ = 2, this conjecture is true as it reduces to the Cauchy-Binet formula for
matrices, i.e, for A, B € T(C",2), it holds that Det(AB) = Det(A)Det(B) [15, Page 22]. In

the remainder of this section, we show that this conjecture is true when min{p, ¢} = 2.

Given a set E C C", we denote by I(E) C Clx] the ideal of polynomials in C[x]| which
vanishes identically on E. Given a set of polynomials F := {f,..., fs : f; € C[x]}, we

denote by V(F) C C™ the variety of F, i.e., the set of the common roots of polynomials in F
10, 18].

The following proposition follows from (5), Proposition 4.2 and [10, Theorem 3.3.5(a)].

Proposition 4.3 Conjecture 4.1 is true if p =2, i.e., if G € T(C",2) and V € T(C",q) for
q > 2, then,

Edet(G o V) = (Det(G) V""" Edet(V).

Now, we prove the following result.



Proposition 4.4 Conjecture 4.1 is true if ¢ = 2, i.e., if U € T(C",p) and G € T(C",2) for
p > 2, then

Edet(U o G) = Edet(Ud) (Det(G))*™D" .

Proof. If G is singular, then the conclusion follows from Proposition 4.2. We now assume
that G is nonsingular. By the fact that (U o G)xP~' = U (Gx)"" for any x € C" and
G € T(C",2), we see that

I(V(Edet(U o G))) = I (V(Edet(t4)))

for any nonsingular G € T(C", 2). Hence, Edet(UoG) € T (V(Edet(U o G))) = I (V(Edet(U))).
Since Edet(U) € C{U] is irreducible, by Hilbert’s Nullstellensatz [11, Theorem 4.2], we have
that

Edet(U o G) = p(U, G)Edet () (6)

for some p(U,G) € ClU,G]. Let R :=U o G. By Proposition 2.1 (ii), Edet(R) = Edet(U o
G) € C[R] is homogenous of degree n(p — 1)"~! in variables r;, _; ’s. Hence, by (5), it is
homogenous of degree n(p — 1)"~! in variables u;,. ;,’s and homogenous of degree n(p —1)"
in variables g;;’s. Since Edet(U) € C[U] is homogenous of degree n(p —1)"~! by Proposition
2.1 (ii) again, p(U, G) is independent of U and homogeneous of degree n(p — 1)" in variables
gi;'s. Let U = £, it holds that

(D) gujg)P
(€0 C)x = £ (G = 5
(> GnjTi)P !
Consequently, by [10, Theorem 3.3.2(b)], we have
(>5=1 91525)
Edet(€ 0 G) = |Res : = (Det(G))P V"
(Z;'L:1 InjT;)

Therefore, by Proposition 2.1 (iii) and (6), we conclude that p(U,G) = (Det(G))(p_l)n and
complete the proof. O

(p—1)"

The following is a direct corollary of Propositions 4.3 and 4.4.

Corollary 4.2 Let T € T(C",m) and G € T(C",2). Then,

n—1

Edet(G o T) (Det(G))™ 2m=D"" = Edet(T o G).



5 Block Tensors

In the context of matrices, if a square matrix A can be partitioned as

(1)

with square sub-matrices B and C, then Det(A) = Det(B)Det(C'). We now generalize this

property to tensors. The following definition is straightforward.

Definition 5.1 Let T € T(C",m) and 1 < k < n. Tensor U € T(C*,m) is called a sub-
tensor of T associated to the index set {j1,...,jx} C {1,...,n} if and only if uy. 4, =
iy i, Jor all iy, ... in € {1,...,k}.

Theorem 5.1 Let 7 € T(C",m). Suppose that there exists an integer k satisfying 1 <
k<n-—1andty, ; =0 foreveryi € {k+1,...,n} and all indices iy, ..., i, such that
{ig, ... im0 {1,... k} #0. Denote by U € T(C*, m) and V € T(C**,m) the sub-tensors
of T associated to {1,...,k} and {k+1,...,n}, respectively. Then, it holds that

Edet(T) = [Edet(d))™ V" " [Edet(V)]™ V" . ©)

Proof. We first show that
Edet(7) =0 <= Edet(U)Edet(V) = 0. (8)
Suppose that Edet(7) = 0. Then there exists x € C" \ {0} such that 7x™! = 0.

Denote by u € C* the vector consists of 1,..., 2, and v € C"* the vector consists of
Tkaly- -, Ty. If v #0, then Edet(V) = 0, and otherwise Edet(U/) = 0. Hence, we have

Edet(7) =0 = Edet(d)Edet(V) = 0.
Conversely, suppose that Edet(U)Edet(V) = 0. If Edet(U) = 0, then there exists u €
C*\ {0} such that Yu™ ' = 0. Denote x := (u?,0)” € C*\ {0}, then 7x™! = 0, which
implies Edet(7) = 0 by Theorem 3.1 (i). If Edet(U) # 0, then Edet(V) = 0, which implies

that there exists v.€ C"*\ {0} such that Vv"™~! = 0. Now, by vector v and tensor 7, we

construct vector b € CF as
b = Z tigagmVja—k "+ * Vit VI € {1, K} (9)

10



matrix A € T(CF,2) as
Qij += Z Ligo...am H Vgw—k, Vi, j € {1,..., k} (10)
(g25--yqm)€ED qu>k

with D := {(q2,...,qm) | ¢ = j, forsome p=2,...,m, and ¢ =k +1,...,n,l # p}; and,
tensors B € T(CF,s) for s =3,...,m — 1 as

B g = O tiggn || Vow—tr Yirdor o dm € {1, K} (11)
(g2,....qm)€D® qu>k
with
D° = {(qo,---,qm) | {@ss---q,} = {J2,--.,js} for some pairwise different o, ...,

in{2,....m},and g =k+1,...,n,0 ¢ {ta,...,ts}}.

Since Edet(U) # 0, by Theorem 3.1 (ii),
Uu" '+ B a4+ B’ + Au+b =0

has a solution u € C*. Let x := (u”,v)T € C"\ {0} as v € C"*\ {0}. By (9), (10) and
(11), we have that

(Tx™ 1), = (Uu™' + B" a2 4.+ Bru® + Au+b) =0, Vi=1,. .k

i
Furthermore,

(’Txm_l).

7

= (W), =0, Vi=k+1,...,n.
Consequently, 7x™~! = 0 which implies Edet(7) = 0 by Theorem 3.1 (i).

Hence, we proved (8). In the following, we show that (7) holds. Since Edet(U), Edet(V) €
C[T], by (8), we have

V(Edet(U)Edet(V)) = V(Edet(7)),
which implies that
I(V(Edet(7))) = I(V(Edet(U)Edet(V))).

By Proposition 2.1 (ii), both Edet(i/) € C[i/] and Edet(V) € C[V] are irreducible. These,
together with Edet(7) € I(V(Edet(7))) = I(V(Edet(U)Edet(V))) = (Edet(U)Edet(V)) and
Hilbert’s Nullstellensatz [11, Theorem 4.2], imply

Edet(7) = p(7)Edet(U)Edet(V) (12)

11



for some p(7") € C[T]. Now, suppose that
Edet(7) = ¢(7) (Edet(U))" (Edet(V))™ (13)

for the maximal 1,7, € Ny and ¢(7) € C[T]. Suppose that ¢(7) = [, (¢(7))" is the
decomposition of ¢ into irreducible components. Then, by (13), we have Edet(U/)Edet(V) €
I(V(Edet(U)Edet(V))) = I(V(Edet(7))) = (ITr; :(7)Edet(U)Edet(V)). This, together
with Hilbert’s Nullstellensatz [11, Theorem 4.2], implies
k
(Edet(t/)Edet(V))" = w(T) [ [ ¢:(7)Edet(t)Edet(V) (14)

i=1
for some r € Ny and w(7') € C[T].
Now, we claim that ¢(7") = 1. Since otherwise, every ¢; is co-prime with both Edet(/)

and Edet(V) as ri,7y being maximal. While, this contradicts the equality (14). Conse-
quently, by (13),

Edet(T) = (Edet(t4))™ (Edet(V))™.

Comparing the degrees of the both sides with Proposition 2.1 (ii), we get (7). The proof is
complete. O

6 A Simple Application: Triangular Tensors

Let T = (ti,..i,,) € T(C",m). Suppose that t;,..;,, = 0 if min{is,---,4,,} < i;. Then T

is called an upper triangular tensor. Suppose that ¢ = 0 if max{ig, -, 4y} > 4. Then

i i
T is called a lower triangular tensor. If 7 is either upper or lower triangular, then 7 is

called a triangular tensor. In particular, a diagonal tensor is a triangular tensor.

By Theorem 5.1, we have the following proposition.

Proposition 6.1 Suppose that T € T(C",m) is a triangular tensor. Then
Edet(T) = H(ti...i)(mfl)nil.
i=1

By Definition 2.2 and the above proposition, we have the following corollary.

12



Corollary 6.1 Suppose that T € T(C",m) is a triangular tensor. Then

and the algebraic multiplicity of t; ; is (m — 1)" foralli=1,...,n
With Theorem 3.1, we have the following simple application of the E-determinant theory.

Theorem 6.1 Suppose that T is a triangular tensor with nonzero diagonal elements. Then
Tx™ 1t = B 1Ixm=2 4 ...+ B3x? + Ax + b has a solution in C" for every b € C*, A €
T(C",2), and B’ € T(C",j) forj=3,...,m—1.

We can show that the composition of two upper (lower) triangular tensors is still an
upper (lower) triangular tensor, and Conjecture 4.1 is true for two upper (lower) triangular

tensors. We do not go to the details.

7 A Trace Formula of the E-Determinant

For the determinant, one generalization of Newton’s identities:

Det(E + A) = Zk:!( Z jl)jTr(Aj)>

7=1

is of irreplaceable importance in the theory of the determinant. Very recently, Morozov
and Shakirov [23] generalized it to the context of the resultant of a homogenous polynomial
system. In this section, we present a trace formula for the E-determinant based on the result
of Morozov and Shakirov [23].

Let 7 € T(C",m). Define the following differential operators:

0

Z Z 112...9m aa”2 tt aau \V/Z = 1 (15)

12=1 im=1

where A is an auxiliary n x n variable matrix consists of elements a;;’s. It is clear that for

every i, g; is a differential operator which belongs to the operator algebra C[0A], here 0A is

the n x n matrix with elements %’s. In order to make the operators in (15) convenient to
ij

use and the resulting formulae tidy, we reformulate g; in the following way:

R 0 0
g; =: Z Wiy i 7y " L Vi=1,. (16)

Oay
1<ip<ig<--<im<n iz iim

13



While, the corresponding g; is defined as

gl(x) a Z Witg..im LTig = * " Lipy s Vi = 17 <o, N (17)

1<z <ig<--<im<n
Then, by direct computation we have

(gz)s (Z az‘ﬂ’j)

0 otherwise.

_ { (s(m — D) [g:(x)]’ if t = s(m — 1),

A=0

We now have the following proposition.
Proposition 7.1 Let 7 € T(C",m). Then,

log Det(E — A)

log Edet(E —T) = H [Z Wm——_lilf)'(gz)k

=1 A=0

So,

Edet(€ —T) = exp (H [ m_—]%(@)’“ log Det(E — A)

)

_ T G ] THAM DS k)
Ty o (T) = (m— 1) H[((m_l)ki)!] e "

=1

-----

Proof. The results follow from [23, Sections 4-7]. We omit the details. O

Note that we can derive the expansion of the right hand side of (18) by using multi-Schur

polynomials in terms of Try,  x,(7)’s. Then, a trace formula for Edet(7") can be derived.

77777

Motivated by [9, 23], we define the d-th trace of tensor 7 as

Tra(T) = (m—=1)""| Y Hﬁ Tr( A1)

S ki=d =1

= d Y Trgw (7). (20)

Yo ki=d

14



Then, it follows from (18), (19) and (20) that

Bdet(€ — T) = exp (i _Trdcgﬂ) | (21)

d=0

We remark that (21) is a generalization of the well known identity
log Det(E — A) = Tr (log(E — A))

for A € T(C",2), i.e., a square matrix, by noticing that log(E — A) = —> "7, ATk. In order

to derive the expansion of the right hand side in (21), we need Schur polynomials which are

defined as:

Ity
po(to) = 1, and py(t1, ..., t Z > = Yooyp>1, (22)
1!

=1d;>0,5%_, dj=k

where {to,t1,...} are variables. Let ¢ty = 0, we obtain the following expansion:

exp (Z tkak) =1+ Zpk(tl, o tp)af
k=0 k=1

This, together with (21), implies

Edet(7) = Edet(€ — (& —T))

_ 1—|—Zpk< (€ - T),...,—W). (23)

Now, we improve (23) to give an expression of Edet(7") with only finitely many terms.

To this end, we need the following proposition.
Proposition 7.2 Let 7 € T(C",m). Then, the followings hold:

(1) for every d € Ny, Try(T) € C[T] is homogenous of degree d;

Trk

(ii) for every k € Ny, py (—w, c > € C[T] is homogenous of degree k; and,

(iii) for any integer k > n(m — 1)""1 py (—%, . T/rk > € C[T] is zero.

Proof. (i) By the formulae of §;’s as in (15), it is easy to see that

> H € C[T,04]

1lk; dll

15



is homogeneous, and more explicitly, homogenous of degree d in the variable 7 and homo-
geneous of degree (m — 1)d in the variable 0A. It is also known that

Tl"(Ak) = Z e Z Qiyig Qigig * ** Qigy_yip Vigin € C[A] (24)
=1  ip=1

is homogeneous of degree k. These, together with (20), implies that Try(7) € C[T] is

homogenous of degree d as desired.
(ii) It follows from (i) and the definitions of Schur polynomials as in (22) directly.

(iii) From Proposition 2.1 (ii), it is clear that Edet(€ — 7') is an irreducible polynomial
which is homogenous of degree n(m — 1)"~! in the entries of B := & — 7. Since the entries
of B consist of 1 and the entries of tensor 7, the highest degree of Edet(€ — 7T') viewed as a

polynomial in C[7] is not greater than n(m — 1)"~'. This, together with (ii) which asserts

that pk(—%, ce Tr’“ L)y ¢ C[T] is homogenous of degree k, implies the result (iii).

The proof is complete. O

By Proposition 7.2 and (23), we immediately get
Edet(7) = Edet(€ — (5 — 7))

n(m—1)"
T (6~ T Tep(E — T
- 1+ Z pk( “1 )—%» (25)

This is a trace formula for the E-determinant. It involves the differential operators g;’s.

In Section 9, we will give an explicit formula when n = 2.

8 The Characteristic Polynomial

By Definition 2.2, for any 7 € T(C™, m), its characteristic polynomial is ¢(\) = Edet(AE—
7). The characteristic polynomial of a tensor was proposed by Qi in [26], and investigated
by Cooper and Dutle in [9] very recently for spectral hypergraph theory. Following up Qi
[26], Morozov and Shakirov [23] and Cooper and Dutle [9], we discuss some properties of

the characteristic polynomial of a tensor related to the E-determinant.

Theorem 8.1 Let T € T(C",m). Then

b(\) = Edet(\e —T)

16



n(m—1)""1

n—1 n—1 T T T T
_ )\n(mfl) + Z )\n(mfl) 7kpk (_ 'rl( ) o Tk( ))
k=1

1 7 ’ k
= ILeon (A —X)™,

where m; 1s the algebraic multiplicity of eigenvalue ;.

Proof. The first equality follows from Definition 2.2, and the last one from Theorem 2.1.

By Proposition 7.2 and (25), we can get

n(m—1)""1
Y(1) =Edet(E-T) = 1+ > (—Trll(T),...,—Tr’“(T)>. (26)

Consequently, when A\ # 0,

P(\) = Edet(\e —T)

= A <m1>“Edet(5—§)
I Hn(m_m—lpk (_Tn(g) _Tm(%))
o 1k
T (D), DD
AU 1 7k
e O e (T (T) Ty (T)
= A + Z A pk(—T,...,—T).

k=1

Here the second equality comes from Corollary 2.2; the third from (26); and, the fourth from
Proposition 7.2. Hence, the result follows from the fact that the field C is of characteristic

zero. The proof is complete. O

Theorem 8.1 gives a trace formula for the characteristic polynomial of tensor 7 as well

as an eigenvalue representation for it.

For the sequel analysis, we present the following hypothesis.

Assumption 8.1 Let 7 € S(R",m) (the subspace of T(R™,m) consists of symmetric ten-
sors). Suppose that for every megative eigenvalue A of T, it possesses a real eigenvector

associated to \.

When m = 2, Assumption 8.1 holds. Note that the tensors in [26, Examples 1 and 2| satisfy
Assumption 8.1.

17



A tensor 7 € S(R™,m) is called positive semidefinite if and only if x* (7x™"1) > 0 for

all x € R™. Obviously, m being even is necessary for positive semidefinite tensors.

Lemma 8.1 Let 7 € S(R™,m) and m be even. Suppose that Assumption 8.1 holds. Then,

T is positive semidefinite if and only if all the real eigenvalues of T are nonnegative.

Proof. If all the real eigenvalues of 7 are nonnegative, then 7 is positive semidefinite by
26, Theorem 5].

If 7 is positive semidefinite and it has a negative eigenvalue, then 7 has a real eigenvector
associated to this eigenvalue by the hypothesis. As 7 is symmetric, this eigenvector violates
the definition of positive semidefiniteness by [26, Theorem 3]. Consequently, if 7 is positive

semidefinite, then all its real eigenvalues are nonnegative. a

The following classical result on real roots of a polynomial is Déscartes’s Rule of Signs
[34, Theorem 1.5].

Lemma 8.2 The number of positive real roots of a polynomial is at most the number of sign

changes in its coefficients.

Let sgn(-) be the sign function for scalars, i.e., sgn(a) = 1 if a > 0, sgn(0) = 0 and
sgn(a) = —1if a <O0.

Corollary 8.1 Let T € T(R",m), and

n(m—1)
n—1 n—1 Tr T Tr T
by = e e (LI I,

k=1
Suppose that

Tr (T Tr.(T

sgn |\ pg | — rl( )7"'7_M :(_1)k
1 k

for all py, (—@, cl M) # 0 with 1 < k < n(m — 1)""1. Then, all the real roots

of ¥ are nonnegative.

Proof. Suppose that m is even and n is odd. Then, n(m — 1)"~! is odd. Consequently,

n(m—1)""

B(A) = p(=A) = A" Z e DA o (‘

Try(7) _Trk(7)>
e p .

18



Then, by Lemma 8.2, ¢ defined as above has no positive real root, since the sign of the

coefficient of ¢ is negative when it is nonzero. Hence, 1) has no negative real root.

The proofs for the other cases for m and n are similar. Consequently, the result follows.

The proof is complete. a

Proposition 8.1 Let m be even, T € S(R",m), and

n(m—1)""1

_qyn-1 et Tr(T) Tre(T)
n(m—1) n(m—1) k N 2Tk
Y(A) = A + kgl A pk< L - .

Suppose that Assumption 8.1 holds. Then, T is positive semidefinite if

sgn (pk (— Tﬁlm, - Tr’fk(T)» () (27)

for all py, (—%, c —%) # 0 with 1 < k < n(m — 1)""'. Furthermore, when n is
even and all the complex eigenvalues of T have nonnegative real parts, then T is positive
semidefinite if and only if (27) holds for all py (—%, . —%) £ 0 with 1 <k <

n(m —1)"%

Proof. The first result follows from Lemma 8.1 and Corollary 8.1 directly.

Now, we prove the second result. By Lemma 8.1, all the real roots of polynomial v are
nonnegative. Consequently, all the real roots of polynomial ¢()) := ¢)(—\) are nonpositive.
Suppose that ¢ has negative roots {—aj, ..., —as} with the corresponding multiplicity set
{mq,...,ms}; zero root with multiplicity k; and, complex root pairs {(u1, fi1), - - ., (i, fi¢) }
with the corresponding multiplicity set {rq,...,rs}. Consequently,

G(A) = NIy (A + )™ Ty (N + (i + )X+ [pal)™.

Hence, all the coefficients of ¢ are nonnegative by the assumption that all the complex
eigenvalues of 7 have nonnegative real parts. Moreover, n(m — 1)"~1 is even, since n is
even. These, together with the definition of ¢, imply (27) immediately.

The proof is complete. O

Remark 8.1 Proposition 8.1 is meaningful: we do not need to compute all the real eigen-
values of 7 associated with real eigenvectors, even the smallest, as [26, Theorem 5]. All we
need is to check the condition (27), when the additional hypotheses in Proposition 8.1 are
satisfied.
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Here are some properties concerning the coefficients of 1(\).
Proposition 8.2 Let 7 € T(C",m). Then,
(i) pr(=Tr(T)) = =Tr(T) = =(m = )" ' 320, tii i and,
n(m—1)n-1

(1) Prm-1yn-1 (_w7 o _M) — (=1)"m=D"" Bdey(T).

Proof. (i) By (22), we know that p;(—Tr1 (7)) = —Try (7). Furthermore, by (20), it is easy
to see that

n

T (T) = (m—1)"! Z (LTr(Am—l)

— (m — 1)!
(m—1)"1 < [ z 0 o | —1
- " tiio i Tr(A™
(m—1)! Z Z Z 2 Dagg, Day;,, X )
i=1 Liz=1 im=1 J
- X biig. iy =
(m —1)! ; ; imZZI T Oas, - o, 1
: Z s Z Qiyip Qigiz = Qi 9y 1 Qi 1y
i1=1 im—1=1
-1 n—1 " o 0
= m-V™ _> ' biiig— """ —“<aii>m_1
(m 1) S aau aau

= (m—-1)"" Xn:tuz
i—1

Here, the fourth equality follows from the fact that: (a) the differential operator in the right

hand side of the third equality contains only items a%_*’s for x € {1,...,n} and the total
degree is m — 1; and, (b) only terms in Tr(A™!) that contain the same %’s of total degree

m — 1 can contribute to the result and this case occurs only when every x = i by (24).

Consequently, the result (i) follows.

(ii) By Theorem 8.1, it is clear that

TI‘1 (T) _Trn(m_l)nl(T))

$(0) = Bdet(—T) = P11 (— i T

Moreover, Edet(—7) € C[7] is homogenous of degree n(m — 1)"~! by Proposition 2.1 (ii),
which implies Edet(—T) = (—1)""D"""Edet(7). Consequently, the result follows. 0

Corollary 8.2 Let 7 € T(C",m). Then,
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(i) Z)\ieo‘(’]') miAi = (m — 1)n_1 Z?zl ti.i = Tri(T), and

(ZZ) H)\ieg(']')/\;m = Edet(T)
Here m; is the algebraic multiplicity of eigenvalue \;.

Proof. The results follow from the eigenvalue representation of ¢(A) in Theorem 8.1 and

the coefficients of 1(\) in Proposition 8.2 immediately. O

Remark 8.2 In [26], Qi proved the results in Corollary 8.2 for 7 € S(R™, m). By Theorem
3.1 and Corollary 8.2, we see that the solvability of homogeneous polynomial equations is

characterized by the zero eigenvalue of the underlying tensor.

9 Explicit Formulae When n = 2

We discuss more on the characteristic polynomial ¢)(\) and the E-determinant Edet(7) of
atensor 7 € T(C",m) in this section. Note that the trace formulae of both the characteristic
polynomial and the E-determinant depend on the d-th traces of the underlying tensor for all
d=1,...,n(m—1)""1. Nevertheless, it is very complicated [9, 23]. So, we give preliminary
results on the computation of the d-th traces of a tensor. In particular, we give explicit
formulae of Try(7) of the tensor 7 for any order and dimension, and the characteristic
polynomial ¥(\) and the E-determinant Edet(7") of the tensor 7 when n = 2.

The following lemma is a generalization of Proposition 8.2 (i).

Lemma 9.1 Let 7 € T(C",m). We have

R (m(@l)k)! Tr(Am=1ky = ¢k (28)

forallk >0 andi€{1,...,n}. So,

Proof. By (15) and (24), similar to the proof of Proposition 8.1 (i), we have

k

0 —
(3:)* (A Z Z g, Zmaa B Tr(A™=DF)

io=1 im=1
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k
0
- lz D a]

Qi

io=1 im=1
n n
E T E Wiyig Qigiz " * Qi 1yp—1%(m—1)k Vigm—1)xi1
i1=1 i(m—l)l@':1

0 o 1"
. N\ (m—=1)k
|:t'n...z aaii aam:| (au)

= ((m—Dk)t:

9%...1)

which implies (28), and hence (29). O

Before further analysis, we need the following combinatorial result.

Lemma 9.2 Leti # j, k> 1, h > 1 and s € {1,...,min{h, k}(m — 1)} be arbitrary but
fived. Then, the number of term (a;) ™ Y=%(a;;)*(a;)*(a;;)" ™=V~ in the expansion of
Tr( AE+Rm=1)) 45

k(m—1) h(m—1)—1 h(m —1) k(m—1)—1
S L N e IS

Proof. For the convenience of the sequel analysis, we define a packaged element of i as an

ordered collection of a;;, a;;’s and aj; with the form:
Qij Ajj -+ Ajj Aji-
———
p

The number p of a;;’s in a packaged element of ¢ can vary from 0 to the maximal number.

A packaged element of j can be defined similarly.

Note that any term in

TI‘(A Qiyig Qigig al(k+h)(m—1)—11(k+h)(m—1)al(k+h)(m_1)11

=1 Akyn)(m-1)=1

which results in (a;)*™Y7%(a;;)*(aj:)*(a;;)"™ D~ has and only has either the packaged
elements of ¢ or the packaged elements of j if we count from the left most in the expression,
and is totally determined by the numbers of a;;’s in the packaged elements and the positions

of the packaged elements in the expression

QivizQiis """ Dy py(m—1) 19 (kth) (m—1) Vit n) (m—1)11 (30)

So, the number of term (aii)k(m_l)_s(aij)s(aﬂ)s(ajj)h(m_l)_s in the expansion

TI"(A Qi1ioAigig al(k+h)(m—1)—1Z(k+h)(m—1)al(k+h)(m_1)11

i1=1 U(k+h)(m—1)=1
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is totally determined by the number of cases how the packaged elements are arranged mul-

tiplying the number of cases of the positions of the packaged elements in the expression
(30).

In the following, we consider only the situation of packaged elements of :. The other sit-

uation is similar. Note that there are altogether s packaged elements of i in every expression
(30) which results in (a;)*™ Y75 (a;;)* (az:)%(a;;) 1.

Firstly, note that there are h(m — 1) — s aj;’s in (@) ™Y =%(a;;)* (a;:)*(aj;)"m=D=s.

Then we have
h(m—1)—=s+(s—1) \ [ hm—-1)-1
s—1 B s—1

different cases of s packaged elements of i with every case results in (a;;)*(aj;)*(a;;)"™ D=5,
Secondly, for an arbitrary but fixed case of s packaged elements of 7 in the first step, we get
k(m — 1) “mixed” elements consist of the s packaged elements and the rest k(m — 1) — s

a;;’s. Consequently, there are exactly

(um—n>

cases of the expression (30), under which the expression (30) results in the term

(az)" =72 (a;5)% (az:)* (aj;)"m=D ==

Consequently, the number of term (a;)*™=Y75(a;;)*(a;:)*(a;;)*™ D~ in the expansion

Tr(A(k+h)(m—1)) is
k(m —1) h(m—1)—1
s s—1

in the situation of packaged elements of i.

By the symmetry of ¢ and j, we can prove similarly that, in the situation of pack-

aged elements of j, the number of term (a;)*"™ 7% (a;;)* (a;:)* (a;;)*™ =1~ in the expansion

Tr(A(k+h)(mfl)) is
h(m —1) k(m—1)—1
S s—1 '

Hence, we have that the number of term (a;)*™~Y=%(a;;)*(a;;)* (a;;) ™1~ in the expansion
Tr(A®+Mm=1)) is altogether

k(m —1) h(m—1)—1 h(m — 1) E(m—1)—1
S L R e IS
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The proof is complete. O

In the sequel, let g and g be defined as in (16)and (17), respectively.

Lemma 9.3 Let 7 € T(C",m). For arbitrary i < j, and h,k > 1, we have

(9:)"(g5)" (hk) (m—1)
(i = D)1 (k(m = 1)1 1A )
htk min{h,k}(m—1)

= Gim—n) 2 > SHH% i gL i B

s=1 (a1,..,05)EDS, (by,....bx)EEs  p=1g=1 bq

with D° = {(a1,...,a) | a1 +---+ap, =35, 0 < q, §m—1Vp: 1,...,h} and E* :=
{(by,...,bg) |1+ +b, =5 0<b,<m—-1Vg=1,...,k}.

Proof. Let w := min{h,k}(m — 1), D* := {(a1,...,ap) | a1 +---4+an =5, 0 < q, <
m—1Vp=1,...,h}and E® := {(by,...,bg) | b1+ +br =5, 0< b, <m—1Vg=1,...,k}
for all s =1,...,w. By (16) and (24), we have

(9:)"(9;)" Tr(AHR 1)

_ . “
— 0 0 9 0 (h+k)(m—1)
— wu i Wi . Tr(A )
2 Bag,  Oag 12m Oa;;
Lio<--<im it2 iim L jo < <jm JJj2 Jim |
_ - h -~ ok
Z 0 0 0 0
= Wiiy...im e E  Wijaem T
Liz<-<im Dai, 8% o< dajj,  Oayy, |
Z T Z Wiyig Qigiz " * " Qi iy (m—1)— 18 (htk) (m—1) Y (h k) (m—1) 1
i1=1  i(hpk)(m_1)=1

w h k
- Z Z H kuz] .. .jwjuj...j

5=1 (a1,...,an)€D?, (b1,...,bg)EES p=1 ¢=1 he by

P h(m—1)—s ) s o s ) k(m—1)—s
a&n’ 8aij Gaﬁ 8ajj
1

= Z Z HHw g Wi i
\sf—/

s=1 (ay,...,ap)EDS, (b1,...,b,)EEs p=1 q=1 by

5 (s(m — 1)) (h(m — 1) — 1)! + (A(m — 1) (k(m — 1) — 1)1 .
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Here, the third equality follows from Lemma 9.2. Consequently, (31) follows. O

Especially, the following is a direct corollary of Lemma 9.3.

Corollary 9.1 Let T € T(C",m). For arbitrary i < j, we have

A A m—1
9i9; o(m—1)y _ ( 2s >
= Tr(A ) = Wy i1 Wi g -

s=1
s m—1—s

Given an index set L := {ky,..., k} with ks taking value in {1,...,n}, denote by H;(L)
the set of indices in L taking value i. We denote by |E| the cardinality of a set E.

Proposition 9.1 Let 7 € T(C",m). We have

TT(AQ(mfl))

W) = o= |3+

L i=1 i<j

m o —1
N 9
Z Liig..im

1<j s=1
[H; ({i2,....im })|=m—1—s, [H; ({i2,....im })|=s

>, Eida.im

5 ({72, dm D=8, [Hj ({7250 jm })[=m—1=s

Proof. The result follows from Lemma 9.1, Corollary 9.1, (15) and (16) immediately. O

When n = 2, we can get the coefficients of the characteristic polynomial 1)(\) explicitly
in terms of the entries of the underlying tensor by using Theorem 8.1, Lemmas 9.1 and 9.3.
It is an alternative to Sylvester’s formula [35]. In the following theorem, w, D*’s and E®’s

are defined as in those in Lemma 9.3.

Theorem 9.1 Let 7 € T(C* m). We have
k i
1 — T?”d. (T)
_ 2(m—1) 2(m—1)—k - J
YY) = N >a o o2 ——
k=1 i=1 dj>0722:1 dj=k Jj=1 J
with
Trd(’T)
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= (m—-1) {(ttlil...l + tg2“.2) + Z Z hk(m sth + k

h+k=d,h,k>1 s=1

Z H H Z Ui

(a1,-.,a,)EDS, (b1,...,bg ) EES p=1 ¢=1 \ [Hy({i2,...,im })|=m—1—ap, [Ha2({i2,..,im })|=ap

Z 2jo...jm

H1 ({52,-:3m })|=bp, [Ha ({j2,--.jm })|=m—1—bp

forde{l,...,2(m—1)}.

Note that as Edet(7) = (—1)"™=1"""4(0) by Theorem 8.1 and Corollary 2.2, when
n = 2, we get an explicit formula for Edet(7) as

2(m—1)

BT = 3 - Y] ‘Td—m

=1 45000, dj=2(m—1) J=1

When m = 3, we have the following corollary.

Corollary 9.2 Let T € T(C? 3). We have
V) = M NT(T) 4 N () — Tn(T))

n %/\ (=2 [Tr(T) + 6 Try (T) Tro(T) — A Trs(T))

+ 214 ((Tr (1)) = 6 [Tri(T)]? Tro(T) + 8Tri(T) Trs(T) + 3 [ Tro(T))? — 6 (7))

and
Edet(T) = 2—14 ([T (1)) = 6 [Tri(T))? Tro(T) + 8Tri(T) Trs(T) + 3 [ Tro(T))? — 6 Tr(T))
with

Tri(T) = 2(ti11 + taze),
Tn(T) = 2(?5%11 + t222) + 2(t112 + t191) (to12 + too1) + 4(t122t011),
(

T7"3<T) = 2 t?n + t222)
+§(
2

3
—I—§(7f212 + tao1) [(t112 + tio1)ti11] + 3torn [(tri2 + tio1)® + tisotine]

TT4(T) = 2(t41111+t42122)

ti12 + ti21) [(ta12 + ta21)ta20] + 3t1oa [(ta12 + ta21)” + 118222
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=t + ti21) [t300 (t212 + ta21)] + Stioo [ta2a (B2 + ta21)” + t599t011]

3 3
4 8
+§(t212 + ta91) [tTaa(t112 + t121)] + 575211 [t111(t112 + ti21)” + 111 t1oo]

+t111(t121 + t121)toa(tora + taor) + 3 [t111(ti21 + t112)] [t211 (P21 + t212)]
+2 [(tlzl +t112)? + t12275111} [t211t222 + (t212 + t221) } R

10 Inequalities of the E-Determinant

In this section, we generalize several inequalities of the determinants for matrices to the

E-determinants for tensors.

10.1 Hadamard’s Inequality

We generalize Hadamrd’s inequality for matrices to tensors in this subsection. We assume

that m is an even integer in this subsection.

Lemma 10.1 Let T € S(R™,m) and U be a sub-tensor of T associated to any nonempty
subset of {1,...,n}. If T is positive semidefinite, then Edet(U) > 0.

Proof. It follows from the definitions of positive semidefiniteness and sub-tensors (Definition
5.1), and [26, Proposition 7). O

The following assumption is involved.

Assumption 10.1 Let T € S(R™,m). Suppose that o(T) consists of only real numbers.

Lemma 10.2 Let 7 € S(R",m), and suppose that Assumptions 8.1 and 10.1 hold. If T is
positive semidefinite and t; ; <1 for alli € {1,...,n}, then 1 > Edet(T) > 0.

Proof. By Lemma 10.1, Edet(7) > 0. Furthermore,
n(m—1"" > (m—=1)""> t.;
i=1
SR

Ai€o(T)

1
2 n(m _ 1)”71 (H)\IGO'(T))\:”’L) n(m—l)n_l
— n(m— 1" (Bdet(T)) e |
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where m; is the algebraic multiplicity of eigenvalue \;. Here the first inequality follows from
the assumption that ¢; ; < 1 for all i € {1,...,n}; the first equality from Corollary 8.2;
and, the last inequality from Assumptions 8.1 and 10.1 (which, together with the positive
semidefiniteness of 7', imply that 7 has only nonnegative eigenvalues) and the arithmetic
geometry mean inequality. This, together with Edet(7) > 0, implies Edet(7) < 1. The

proof is complete. O

Note again that the tensor in [26, Example 2| satisfies all the hypotheses in Lemma 10.2.

Theorem 10.1 Let T € S(R",m), D := Diag{ti_1,...,tn. n} be the diagonal matriz con-
sisting of diagonal elementsty 1,...,tn. n, and K := D wmoTo D_%, where D is invertible.
Suppose that Assumptions 8.1 and 10.1 hold for both T and IC. If T is positive semidefinite,
then 0 < Edet(T) < (H?thi__,i)(mfl)n_l.

Proof. If t;_; = 0 for some 4, then 7e]" := e/ (Te" ') = 0. Consequently, 7 has a zero
eigenvalue, since it is positive semidefinite and symmetric (see proof of [26, Theorem 5)).
This, together with Corollary 8.2, further implies Edet(7) = 0. Then, the results follow
trivially.

Now, suppose that matrix D is invertible. By the definition of positive semidefiniteness,
it is clear that K is positive semidefinite as well. Since it also satisfies Assumptions 8.1 and
10.1, consequently, 0 < Edet(K) < 1 by Lemma 10.2. Furthermore, by Propositions 4.3 and
4.4, it is easy to see that

_1)n71

;1 \m(m
Edet(K) = (Det(D’E)) Edet(T).
Hence,
Edet(T) = (I t; )™ V"7 Bdet(C) < (T yt, )™ D"
The proof is complete. a

Remark 10.1 When m = 2, Assumptions 8.1 and 10.1 are satisfied by matrices, so Theo-

rem 10.1 reduces to the well-known Hadamard’s inequality [16, Theorem 2.5.4].

10.2 Gersgorin’s Inequality

We generalize Gersgorin’s inequality for matrices [15, Problem 6.1.3] to tensors in this

subsection.
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Lemma 10.3 Let T € T(C",m) and p(T ) := maxyeo (1) |A| be its spectral radius. Then,
p(T) < max ( >, ItiiQ...im|> :
Proof. The result follows from [26, Theorem 6] immediately. O

Proposition 10.1 Let T € T(C",m). Then,

n (m—1)"~1
| Edet(T)| < H ( Z |tii2...im‘> : (32)

1<i<n

.....

-----

be defined as

Wiio. iy = ZZ i:;zﬁmmim| , Viyia, ooyl =1,...,0. (33)

Then, by Lemma 10.3, we have that p(i/) < 1. This, together with Corollary 8.2, further
implies that

.....

Edet ()] < 1.

Moreover, by Proposition 2.1(ii) and (33), it is clear that

Edet(7T
|Edet(U)| - | ¢ ( )l (m_l)n—l .
H ( Z |tii2...im|)
1<i<n \ig,....im=1
Consequently, (32) follows. The proof is complete. a

10.3 Minikowski’s Inequality

We give a partial generalization of Minikowski’s inequality for matrices [15, Theorem

7.8.8] to tensors in this subsection. We present the following lemma first.

Lemma 10.4 Let T € T(C",m). Then,

ANeo(T) <= 14+Xea&+T).
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Proof. It follows from Definition 2.1 directly. O

Proposition 10.2 Let 7 € S(R",m) and m be even, and suppose that Assumptions 8.1
and 10.1 hold. If T is positive semidefinite, then
1 1
[Edet(E + T)|nm=—0""T > 14 [Edet(T )] ntm=—""T .

Proof. Suppose that 0 < A\; < ... < A\y,—1)n—1 are the eigenvalues of tensor 7. Then, the

arithmetic geometric mean inequality implies that

B . ——\ n(m-1)
e (1) > (1+ SRV Vi A>

This, together with Corollary 8.2 and Lemma 10.4, implies the result. a

n—1

11 Final Remarks

In this paper, we introduced the E-determinant of a tensor and investigated its various
properties. The simple application in Section 6 demonstrates that the E-determinant theory

is applicable and worth further exploring.

Certainly, it is worth exploring if Conjecture 4.1 is true or not and what is the right
expression of the E-determinant of the composition if the conjecture is not true. There are
also many other issues for further research in the theory of the E-determinant, which is

surely one of the foundations of the eigenvalue theory of tensors. For example,

e How to remove Assumption 8.1 in Proposition 8.1, Assumptions 8.1 and 10.1 in Propo-
sition 10.2, Lemma 10.2 and Theorem 10.1, or to derive which class of tensors satisfies

these assumptions.

e More explicit formulae for the characteristic polynomials of general tensors, like those

in Theorem 9.1 and Corollary 9.2.

e More properties about the E-determinants. For example, given a matrix A, Laplace’s
formula [15, Page 7] reads:

n

Det(A) =Y (—1)"ay; My (34)

J=1

with minor M;; being defined to be the determinant of the (n—1) x (n—1) matrix that

results from A by removing the i-th row and the j-th column. If a generalization of
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(34) can be derived for the E-determinant of a tensor, many other useful inequalities,

for example, Oppenheim’s inequality, can be proved for the E-determinants.

Acknowledgement. We are grateful to Professor Bin Zhang for pointing out an error

in the proof of Theorem 5.1 in the previous version.
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