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to some configured components of that hypergraph. We show that the components of
an eigenvector associated with the zero eigenvalue of the Laplacian or signless Laplacian
tensor have the same modulus. Moreover, under a canonical regularization, the phases
of the components of these eigenvectors only can take some uniformly distributed val-

Ifgﬁ;’fds' ues in {exp(%) | j € [k]}. These eigenvectors are divided into H-eigenvectors and
Eigenvector N-eigenvectors. Eigenvectors with maximal support are called maximal. The maximal
Hypergraph canonical H-eigenvectors characterize the even (odd)-bipartite connected components of
Laplacian the hypergraph and vice versa, and maximal canonical N-eigenvectors characterize some
Partition multi-partite connected components of the hypergraph and vice versa.

© 2014 Elsevier B.V. All rights reserved.

1. Introduction

In this paper, we study the eigenvectors associated with the zero eigenvalues of the Laplacian tensor and the signless
Laplacian tensor proposed by Qi [23]. It turns out that these eigenvectors are characterized by some configured components
of the underlying hypergraph and vice versa. This work is motivated by the classical results about bipartite graphs [5,2]. Our
analysis makes use of the recent rapid developments on both spectral hypergraph theory [17,10,6,23,19,15,27,26,32,31,30,
16,12] and spectral theory of tensors [3,4,8,9,16,17,15,11,18,20-22,24,28,33,34].

The study of Laplacian-type tensors for a uniform hypergraph has become an active research frontier in spectral hyper-
graph theory recently [10,15,32,30,23,12]. Notably, Qi [23] proposed a simple and natural definition £ — « for the Laplacian
tensor and D + 4 for the signless Laplacian tensor. Here 4 = (a;,..;,) is the adjacency tensor of a k-uniform hypergraph
and O = (d;,. ;) the diagonal tensor with its diagonal elements being the degrees of the vertices. Following this, Hu and
Qi proposed the normalized Laplacian tensor (or simply Laplacian) and made some explorations on it [12], which is the
analogue of the spectral graph theory investigated by Chung [5].

In spectral graph theory, it is well known that the multiplicity of the zero eigenvalue of the Laplacian matrix is equal to the
number of connected components of the graph, and the multiplicity of the zero eigenvalue of the signless Laplacian matrix
is equal to the number of bipartite connected components of the graph [2]. In this paper, we investigate these matrices’
analogues in spectral hypergraph theory. It turns out that, on the one hand, the situation is much more complicated, and,
on the other hand, the results are more abundant. We show the following (please see Section 2 for basic definitions):
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(i) Let k be even and G be a k-uniform hypergraph.

- (Proposition 5.1) The number of maximal canonical H-eigenvectors associated with the zero eigenvalue of the signless
Laplacian tensor equals the number of odd-bipartite connected components of G.

- (Proposition 5.2) The number of maximal canonical H-eigenvectors associated with the zero eigenvalue of the
Laplacian tensor equals the sum of the number of even-bipartite connected components of G and the number of
connected components of G, minus the number of singletons of G.

(ii) Let k be odd and G be a k-uniform hypergraph.

- (Proposition 5.3) The number of maximal canonical H-eigenvectors associated with the zero eigenvalue of the
Laplacian tensor equals the number of connected components of G.

- (Corollary 5.1) The number of maximal canonical H-eigenvectors associated with the zero eigenvalue of the signless
Laplacian tensor is equal to the number of singletons of G.

When we turn to N-eigenvectors, we have the following (the definitions for the various multi-partite connected components
are given in Section 6):

(i) (Proposition 6.1) Let G = (V, E) be a 3-uniform hypergraph. Then the number of maximal canonical conjugate N-
eigenvector pairs associated with the zero eigenvalue of the Laplacian tensor equals the number of tripartite connected
components of G.

(ii) Let G = (V, E) be a 4-uniform hypergraph.
- (Proposition 6.2) The number of maximal canonical conjugate N-eigenvector pairs associated with the zero
eigenvalue of the Laplacian tensor equals the number of L-quadripartite connected components of G.
- (Proposition 6.3) The number of maximal canonical conjugate N-eigenvector pairs of the zero eigenvalue of the
signless Laplacian tensor equals the number of sL-quadripartite connected components of G.
(iii) (Proposition 6.4) Let G = (V,E) be a 5-uniform hypergraph. Then the number of maximal canonical conjugate
N-eigenvector pairs of the zero eigenvalue of the Laplacian tensor equals the number of pentapartite connected
components of G.

The results related with N-eigenvectors can be generalized to any order k > 6. But it is somewhat complicated to describe
the corresponding configured components. Hence, only k = 3, 4, 5 are presented in this paper.

On top of the above results, we show in Proposition 3.1 that an hm-bipartite hypergraph has a symmetric spectrum, and
in Proposition 3.2 that when k is even the spectrum of the Laplacian tensor and the spectrum of the signless Laplacian tensor
of an hm-bipartite hypergraph are equal. We also show that zero is not an eigenvalue of the signless Laplacian tensor of a
connected k-uniform hypergraph with odd k (Proposition 4.1).

The rest of this paper is organized as follows. Some definitions on eigenvalues of tensors and hypergraphs are presented
in the next section. We discuss in Section 3 some spectral properties of hm-bipartite hypergraphs. Then we characterize the
eigenvectors associated with the zero eigenvalues of the Laplacian and signless Laplacian tensors of a uniform hypergraph
in Section 4. In Section 5, we establish the connection between maximal canonical H-eigenvectors associated with the
eigenvalue zero and some configured components of the hypergraph. The discussion is extended to N-eigenvectors in
Section 6. Some final remarks are made in the last section.

2. Preliminaries
Some preliminary definitions of eigenvalues of tensors and uniform hypergraphs are presented in this section.
2.1. Eigenvalues of tensors

In this subsection, some basic facts about eigenvalues and eigenvectors of tensors are reviewed. For comprehensive
references, see [20-22,8] and references therein.

Let C (R) be the field of complex (real) numbers and C" (R") the n-dimensional complex (real) space. For integers k > 3
and n > 2, areal tensor T = (t;, ;) of order k and dimension n refers to a multiway array (also called hypermatrix)
with entries t;, _; such thatt;, ; € Rforalli; € [n] := {1,...,n}andj € [k]. Tensors referred to are always k-th order
real tensors in this paper, and the dimensions will be clear from context. Given a vector X € C", define an n-dimensional
dimension, e.g., i;, ; = 1if and only if i; = ... = i, € [n], and zero otherwise when the dimension is n. The following
definition was introduced by Qi [20].

Definition 2.1. Let 7 be a k-th order n-dimensional real tensor. For some A € C, if the polynomial system (A4 — 7) X! =
0 has a solution x € C"\ {0}, then A is called an eigenvalue of the tensor 7 and x an eigenvector of 7 associated with A. If an
eigenvalue A has an eigenvector X € R", then A is called an H-eigenvalue and x an H-eigenvector. If an eigenvector x € C"
cannot be scaled to be real,'then it is called an N-eigenvector.

1 We see that when x is an eigenvector, then «ax is still an eigenvector for all nonzero « € C. An eigenvector X can be scaled to be real means that
there is a nonzero a € C such that ax € R". In this situation, we prefer to study this ax, which is an H-eigenvector, rather than the others in the orbit
{yx|y e C\{0}}
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It is easy to see that an H-eigenvalue is real. However, an H-eigenvalue may still be associated with some N-eigenvectors.

We may rescale the eigenvector such that the components have maximum modulus one. We call such an eigenvector
canonical. In the following, unless stated otherwise, all eigenvectors referred to are canonical eigenvectors. This convention
does not introduce any restrictions, since the eigenvector defining equations are homogeneous. An eigenvector x of the
eigenvalue zero is called maximal if there does not exist another eigenvector of the eigenvalue zero such that its support is
strictly contained in that of x.

The algebraic multiplicity of an eigenvalue is defined as the multiplicity of this eigenvalue as a root of the characteristic
polynomial x4 (1). To give the definition of the characteristic polynomial, determinant theory is needed. For determinant
theory of a tensor, see [8].

Definition 2.2. Let 7 be a k-th order n-dimensional real tensor and A be an indeterminate variable. The determinant
Det(Ad — 7) of A4 — 7, which is a polynomial in C[A] and denoted by x4 (}), is called the characteristic polynomial of
the tensor 7.

It is known that the set of eigenvalues of 7 equals the set of roots of x4+ (1); see [8, Theorem 2.3]. If A is a root of x5 (X) of
multiplicity s, then we call s the algebraic multiplicity of the eigenvalue X. Let c(n, k) = n(k — 1)"~'. By [8, Theorem 2.3],
X7 (1) is a monic polynomial of degree c(n, k). The set of all the eigenvalues of 7 (with algebraic multiplicities) is the
spectrum of 7.

Sub-tensors are involved in this paper. For more discussions on this, see [8].

Definition 2.3. Let 7 be a k-th order n-dimensional real tensor and s € [n]. Consider a subset S = {ji, ..., js} of [n] with
Jji € [n]for k € [s]. The k-th order s-dimensional tensor U with entries u;, ;, = iy i, foralliq, ..., i € [s]is called the

sub-tensor of 7~ associated to the subset S. We usually denote U as 7 (S).

For a subset S C [n], we denote by |S] its cardinality. For x € C", x(S) is defined as an |S|-dimensional sub-vector of x
with its entries being x; fori € S, and supp(x) := {i € [n] | x; # 0} is its support.

2.2. Uniform hypergraphs

In this subsection, we present some basic concepts concerning uniform hypergraphs which will be used presently. Please
refer to [1,5,2,12,23] for comprehensive references.

In this paper, unless stated otherwise, a hypergraph means an undirected simple k-uniform hypergraph G with vertex set
V, which is labeled as [n] = {1, ..., n}, and edge set E. By k-uniformity, we mean that for every edge e € E, the cardinality
le| of e is equal to k. Throughout this paper, k > 3 and n > k. Moreover, since the trivial hypergraph (i.e., E = @) is of little
interest, we consider only hypergraphs having at least one edge in this paper.

For a subset S C [n], we denoted by Es the set of edges {e € E | S Ne # ¥}. For a vertexi € V, we simplify E; as E;.
This is the set of edges containing the vertex i, i.e., E; := {e € E | i € e}. The cardinality |E;| of the set E; is defined as the
degree of the vertex i, which is denoted by d;. Then we have that k|E| = Zie[n] d;. If d; = 0, then we say that the vertex i is
isolated or it is a singleton. Two different vertices i and j are connected to each other (or the pair i and j is connected), if there
is a sequence of edges (eq, ..., ey) such thati € ey, j € ey and e, Ne, # @ forallr € [m — 1]. A hypergraph is called
connected, if every pair of different vertices of G is connected. Aset S C V is a connected component of G, if every two vertices
of S are connected and there is no vertex in V \ S that is connected to any vertex in S. For convenience, an isolated vertex is
regarded as a connected component as well. Then, it is easy to see that for every hypergraph G, there is a partition of V into
pairwise disjoint subsets V = V; U - - - U V; such that every V; is a connected component of G. Let S C V, the hypergraph
with vertex set S and edge set {e € E | e C S} is called the sub-hypergraph of G induced by S. We will denoted it by Gg.

The following definition for the Laplacian tensor and signless Laplacian tensor was proposed by Qi [23].

Definition 2.4. let G = (V,E) be a k-uniform hypergraph. The adjacency tensor of G is defined as the k-th order n-
dimensional tensor 4 whose (iyis - - - iy)-entry is:
1
Qiiy..ipy = 1 (k= 1)!
0 otherwise.

if {iy, iz, ..., ik} € E,

Let O be a k-th order n-dimensional diagonal tensor with its diagonal element d;_; being d;, the degree of vertex i, for all
i € [n]. Then D — A is the Laplacian tensor of the hypergraph G, and D + + is the signless Laplacian tensor of the hypergraph G.

Let G = (V, E) be a hypergraph with connected components V = V,U- - -UV, forr > 1. By reordering the indices if nec-
essary, A = (aj,..,) can be represented by a block diagonal structure according to Vs, ..., V,, ie, a;,..;, = Ounlessi; € V,
forj € [k] and some | € [r]. By Definition 2.1, the spectrum of « does not change when reordering the indices. Thus, in the
sequel, we assume that + is in the block diagonal structure with its ith block tensor being the sub-tensor of 4 associated to
Vifori € [r].Itis easy to see that A(V;) is the adjacency tensor of the sub-hypergraph Gy, for all i € [r]. Similar conventions
are assumed to the signless Laplacian tensor and the Laplacian tensor. By similar discussions as [12, Lemma 3.3], the spectra
of the adjacency tensor, the signless Laplacian tensor, and the Laplacian tensor are the unions of the spectra of its diagonal
blocks respectively, with adequate multiplicity consideration; see [6,8,12,23].
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Fig. 1. Examples of the three kinds of bipartite hypergraphs in Definitions 2.5-2.7. (i) is an hm-bipartite 3-uniform hypergraph; (ii) is an odd-bipartite
4-uniform hypergraph; and (iii) is an even-bipartite 4-uniform hypergraph. An edge is pictured as a closed curve with the containing solid disks the vertices
in that edge. Different edges are in different curves with different colors. A solid disk in dotted margin is a singleton of the hypergraph. The bipartition is
clear from the different colors (also the dashed margins from the solid ones) of the disks in the connected component.

In the following, we introduce three kinds of bipartite hypergraphs. It will be shown that the first class of uniform
hypergraphs has symmetric spectra, and the latter two classes of uniform hypergraphs characterize maximal canonical
H-eigenvectors associated with the zero eigenvalues of the Laplacian and signless Laplacian tensors.

Definition 2.5. Let G = (V, E) be a k-uniform hypergraph. It is called hm-bipartite if there is a disjoint partition of the vertex
setVasV = VUV, suchthat Vy, V, # @ and every edge in E intersects V; in exactly one vertex and V, the other k— 1 vertices.

We use the name hm-bipartite, since a head is selected from every edge and the rest is the mass.

Definition 2.6. Letkbe evenand G = (V, E) be a k-uniform hypergraph. It is called odd-bipartite if there is a disjoint partition
of the vertex set V as V = V; U V; such that Vy, V, # (J and every edge in E intersects V; in an odd number of vertices.

Definition 2.7. Let k > 4 be even and G = (V, E) be a k-uniform hypergraph. It is called even-bipartite if there is a disjoint
partition of the vertex set V as V = V; U V, such that Vi, V, # @ and every edge in E intersects V; in an even number of
vertices.

The idea of even-bipartite hypergraphs appeared in [ 12, Corollary 6.5]. In Fig. 1, we give preliminary examples on the three
kinds of bipartite hypergraphs defined above.

When G is an ordinary graph, i.e., k = 2, Definitions 2.5 and 2.6 reduce to the classic definition for bipartite graphs [2].
When k > 2, “bipartite” has various meaningful generalizations. In this paper, we investigate the proposed three general-
izations.

We note that unlike its graph counterpart, an even (odd)-bipartite connected component of an even-uniform hypergraph
G may have several bipartitions witnessing the bipartiteness. In counting the total number of even (odd)-bipartite connected
components, each connected component is counted with multiplicity equal to the number of decompositions into the ap-
propriate type of bipartition. Likewise, for a connected component V; of a hypergraph G, if it has two bipartitions of the
same type as S{ UT; = Vpand S, U T, = V, unless S; = S, or S; = Ts, the two bipartitions are regarded different. See the
following example.

Example 2.1. Let G = (V, E) be a 4-uniform hypergraph with vertex set [6] and edge set E = {{1, 2, 3,4}, {1, 3, 5, 6},
{1, 2, 3, 6}}. Then, G is connected and can be viewed as an even-bipartite hypergraph with bipartition V; := {1, 2, 5} and
V, = {3, 4, 6} by Definition 2.7. Meanwhile, G is an even-bipartite hypergraph associated to the bipartitions V; := {2, 3, 5}
and V, := {1, 4,6}; and V; := {1, 3} and V, := {2, 4, 5, 6}. Hence the number of even-bipartite connected components of
the hypergraph G is three. The three even-bipartitions of the hypergraph are pictured in Fig. 2.

3. HM-bipartite hypergraphs

This section presents some basic facts about the spectra of hm-bipartite hypergraphs.
The next proposition says that the spectrum of an hm-bipartite hypergraph is symmetric. The meaning of the symmetry
is clear from the statement of this proposition.

Proposition 3.1. Let G be a k-uniform hm-bipartite hypergraph. Then the spectrum of 4 is invariant under the multiplication
by any k-th root of unity.

Proof. As we assumed at the beginning of the paper, E # . Since G is hm-bipartite, let V; and V;, be a bipartition of V such
that|leNnVy| = 1foralle € E.



144 S. Hu, L. Qi / Discrete Applied Mathematics 169 (2014) 140-151

o %

O (i) (iii)
Fig. 2. The three even-bipartitions for the hypergraph in Example 2.1. The legend of the pictures is similar to that of Fig. 1.

Let o be any k-th root of unity. Suppose that . € C is an eigenvalue of A with an eigenvector being x € C". Then, let
y € C" be a vector such that y; = ax; whenever i € V; and y; = x; for the others. Fori € V;, we have

Ay D=0 [Ty=2 [T v=m"" =@ =@y
eckE; jee\{i} eck; jee\{i}

where the second equality follows from the fact that G is hm-bipartite which implies that exactly the rest of the vertices of
every e € E; other than i belong to V5, and the third from the eigenvalue equation for (A, X). For i € V,, we have

A= [Tw=ed ] x=ard" =@y,
eckE; jee\{i} ecE; jee\{i}

where the second equality follows from the fact that G is hm-bipartite which implies that exactly one vertex other than i
from every e € E; belongs to V1, and the third from the eigenvalue equation for (A, x).
Hence, by Definition 2.1, oA is an eigenvalue of +. The result follows. O

A hypergraph is called k-partite if there is a pairwise disjoint partition of V = V; U --- U Vj such that every edge
e € E intersects V; nontrivially (i.e., e N V; # @) for all i € [k]. Obviously, k-partite hypergraphs are hm-bipartite. Thus,
Proposition 3.1 generalizes [6, Theorem 4.2].

The next proposition establishes the connection of the spectra of the signless Laplacian tensor and the Laplacian tensor
for an hm-bipartite hypergraph.

Proposition 3.2. Let k be even and G be a k-uniform hm-bipartite hypergraph. Then the spectrum of the Laplacian tensor and
the spectrum of the signless Laplacian tensor are equal.

Proof. For a tensor 7 of order k and dimension n, its similar transformation? by a diagonal matrix P, denoted by P~1- 7 - P,
is defined as a k-th order n-dimensional tensor with its entries being

(P~'-T P, i = Pa,klﬂfi]...ikpiziz - Diip»  Vis € [n], s € [K].
Consequently, P~ - § - P = 4. We then have
Det(P~'- (AL —T)-P) = DetA\P~'-4-P—P'.-7.P)
= Det(AL —P~'- T -P).
By [7, Propositions 4.3 and 4.4], we get that
Det(P~'- (A4 — T) - P) = [Det(P~")]* D"Det(Ad — 7)[Det(P)]* "
= Det(Ad — 7).

These two facts, together with [8, Theorem 2.3], imply that 7 and P~! - 7 - P have the same spectrum for any invertible
diagonal matrix P, see also [28].

By the diagonal block structure of H — + and D + 4, we can assume that E # ¢} and G is connected. Since G is hm-
bipartite, let V; and V; be a bipartition of V such that [eNV;| = 1forall e € E. Let P be a diagonal matrix with its ith diagonal
entry being 1ifi € V; and —1if i € V,. By direct computation, we have that

Pl (D—A) - P=D+ A

Then, the conclusion follows from the preceding discussion since P is invertible. [

2 Thisisa special case of matrix-tensor multiplication. Please refer to [7,28] for more properties of general matrix-tensor multiplication.
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When k is odd and G is nontrivial, we do not have P! - (D — 4) - P = D + +. Thus, it is unknown whether the spectrum
of the Laplacian tensor and the spectrum of the signless Laplacian tensor are equal or not in this situation. On the other hand,
when k > 4 is even, at present we are not able to prove the converse of Proposition 3.2, which is well-known in spectral
graph theory as: a graph is bipartite if and only if the spectrum of the Laplacian matrix and the spectrum of the signless
Laplacian matrix are equal [2].

There are fruitful connections between the structure of hypergraphs and their spectra [12,23]. In the sequel, the
discussion concerns the eigenvectors associated with the zero eigenvalues of the Laplacian and signless Laplacian tensors.
To this end, we establish some basic facts about the eigenvectors associated with the eigenvalue zero in the next section.
For the Laplacian, there are similar results in [ 12, Section 6].

4. Eigenvectors associated with the zero eigenvalue

The next lemma characterizes the eigenvectors associated with the zero Laplacian and signless Laplacian eigenvalues of
a uniform hypergraph.

Lemma 4.1. Let G be a k-uniform hypergraph and V;, i € [s] be its connected components with s > 0. If X is an eigenvector

associated with the zero eigenvalue of the Laplacian or signless Laplacian tensor, then x(V;) is an eigenvector of (D — 4)(V;) or

(D + A)(V;) corresponding to the eigenvalue zero whenever x(V;) # 0. Furthermore, in this situation, supp(x(V;)) = V;, and
2a4

Xj = y exp(——~/—1) for some nonnegative integer «; for all j € V; and some y € C \ {0}.

Proof. The proof for the signless Laplacian tensor and that for the Laplacian tensor are similar. Hence, only the former is
given.

Similar to the proof of [12, Lemma 3.3], we have that for every connected component V; of G, x(V;) is an eigenvector of
(D + A)(V;) corresponding to the eigenvalue zero whenever x(V;) # 0.

Suppose that x(V;) # 0. The case for V; being a singleton is trivial. In the following, we assume that V; has more than two

vertices. We can always scale x(V;) with some nonzero y € C such that % is positive and of the maximum modulus 1 for

some j € V;. Thus, without loss of generality, we assume that x(V;) is a canonical eigenvector of (D + 4)(V;) and x; = 1 for
some j € V;. Then the jth eigenvalue equation is

k-1 k-1
0=[@+Ax"] =d¥ "+ [[x=d+) [] x (1)
ecEj tee\{j} ecE; tee\(j)

Since d; = |{e | e € E;}|, we must have that

[[ x=-1. veek

tee\{j}
This implies that

thz—l, Ve € E;. (2)

tee

Since the maximum modulus is 1, X, = exp(6;+/—1) for some 6; € [0, 2rr] for all t € e with e € E;. For another vertex s
which shares an edge with j, we have

0=[(@+AX"] =dxt !+ Z 1_[ Xe.
ecEs tee\({s}
Similarly, we have
X = — l_[ x;, Ve e€E;.
tee\{s}

Thus,
xL‘ = —th, Ve € E;.

tee
The fact that s and j share one edge, together with (2), implies that xf = 1. Similarly, we have that

XX=1, Vsee, eck.

_ 2ot

As Gy, is connected, by induction, we can show that x§ = 1forall s € V;. Consequently, 6, = <t for some integers o, for
allt e V.. O

With Lemma 4.1, parallel results as those in [12, Section 6] can be established for the signless Laplacian tensor and the
Laplacian tensor. In particular, we have the following result.
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Theorem 4.1. Let G be a k-uniform connected hypergraph.
(i) A nonzero vector X is an eigenvector of the Laplacian tensor D — A corresponds to the zero eigenvalue if and only if there
exist nonzero y € C and integers «; such that x; = y exp(zo"” ~—=1) fori e [n], and

Zocj =o.k, Ve€eE, (3)
jee
for some integer o, withe € E.
(ii) A nonzero vector X is an eigenvector of the signless Laplacian tensor £ + + corresponds to the zero eigenvalue if and only if
there exist nonzero y € C and integers «; such that x; = y exp(z""” +/—1) forie [n], and

k
> = ock +5, VeeF, (4)

jee
for some integer o, associated with each e € E.

An immediate consequence of Theorem 4.1 is that the signless Laplacian tensor of a k-uniform connected hypergraph
with odd k does not have zero as an eigenvalue, since % is a half-integer, and (4) can never be fulfilled in this situation.

Proposition 4.1. Let k be odd and G be a k-uniform connected hypergraph. Then zero is not an eigenvalue of the signless Laplacian
tensor.

When we restrict the discussion of Lemma 4.1 to H-eigenvectors, we get the following corollary. We state it explicitly
here for convenience, since it will be used in the next section.

Corollary 4.1. Let G be a k-uniform hypergraph and V;, i € [s] be its connected components with s > 0. If Xis an H-eigenvector
associated with the zero eigenvalue of the Laplacian or signless Laplacian tensor, then x(V;) is an H-eigenvector of (D — #4)(V;)
or (D + A)(V;) corresponding to the eigenvalue zero whenever x(V;) # 0. Furthermore, in this situation, supp(x(V;)) = V;, and
up to a real scalar multiplication x; = £1 for j € V..

By Corollary 4.1, we get that a maximal canonical H-eigenvector x € R", associated with the zero eigenvalue of the Laplacian
or signless Laplacian tensor must be of this form: x; is 1, —1 or O for all i € [n].

5. H-eigenvectors

In this section, we establish the connection between the H-eigenvectors associated with the zero eigenvalues of the
Laplacian and signless Laplacian tensors and the even (odd)-connected components of the underlying hypergraph.

We note that canonical eigenvectors are considered in this section. Then, when we do the number count, we always
consider a maximal canonical H-eigenvector x and its reciprocal —x as the same.

The next proposition, together with Corollary 4.1, generalizes [2, Theorem 1.3.9] which says that the multiplicity of the
eigenvalue zero of the signless Laplacian matrix of a graph is equal to the number of bipartite connected components of this
graph.

Proposition 5.1. Let k be even and G be a k-uniform hypergraph. Then the number of maximal canonical H-eigenvectors associ-
ated with the zero signless Laplacian eigenvalue equals the number of odd-bipartite connected components of G.

Proof. Suppose that V; C V is an odd-bipartite connected component of G. If V; is a singleton, then 1 is a maximal canonical
H-eigenvector of (D + A)(Vq) = 0 by definition. In the following, we assume that Gy, has at least one edge. Let V; = SUT
be an odd-bipartition of the sub-hypergraph Gy, such that every edge of Gy, intersects with S in an odd number of vertices.

Then S, T # ¢, since k is even. Lety € Rl be a vector such that y; = 1 wheneveri € S and y; = —1 whenever i € T. Then,
fori €S,
[(@+ Ay ] =dyf '+ [ w
eck; jee\{i}
= d; — d;
= 0.
Here the second equality follows from the fact that for every e € E;, the number of y; = —1 is odd.

Next, fori e T,

[(@+ Ay ] =dyf "'+ [ w

eck; jee\{i}
= —di+d
=0.

Here the second equality follows from the fact that for every e € E;, the number of y; = —1 other than y; is even.
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Thus, for every odd-bipartite connected component of G, we can associate it with a canonical H-eigenvector correspond-
ing to the eigenvalue zero. Since d; = |{e | e € E;}|, it is easy to see that this vector y is a maximal canonical H-eigenvector.
Otherwise, suppose that x with supp(x) C supp(y) is a canonical H-eigenvector of (£ + +4)(V;) corresponding to the eigen-
value zero. Since Vj is a nontrivial connected component of G and X # 0, we must have aj € V; such thatx; # 0 and there
is an edge containing both j and s with x; = 0. The jth eigenvalue equation is

0=[(D+ A)yk’l]j =dx~" + Z 1_[ Xt.

eck; tee\{j}

We have | ]_[tee\m x¢| < 1and [xj] = 1.Since x, = 0 and there is an edge containing both s and j, we have | Zeesj ]_[tee\{j} X

< l{e|e€E}| —1 < |{e]| e € Ej}| = d;. Thus, this results a contradiction to the eigenvalue equation. Hence, y is maximal.
Obviously, if Sy UT; = V; and S, U T, = V; are two different odd-bipartitions of the connected component V, then the
constructed maximal canonical H-eigenvectors are different. So the number of odd-bipartite connected components of G
is not greater than the number of maximal canonical H-eigenvectors associated with the zero eigenvalue of the signless
Laplacian tensor.

Conversely, suppose that x € R" is a maximal canonical H-eigenvector corresponding to the eigenvalue zero, then
supp(x) is a connected component of G by Corollary 4.1. Denote by V, this connected component of G. If Vy is a singleton, then
itis an odd-bipartite connected component by Definition 2.6. In the following, we assume that Vy has more than one vertex.

For allj € Vp,

0=[@+AW "] =dx "+ > ] x (5)

eck;j see\{j}

Let S UT = Vy be a bipartition of V; such that x; > 0 whenever s € S and x; < 0 whenever s € T. Since X is canonical and
[Vo| > 1, we must have S # . This, together with (5), implies that T # ¢. From (5), we see that for every edge e € E; with
j €S, |leNT| must be an odd number; and for every edge e € E; withj € T, |eNT| must be an odd number as well. Then V;
is an odd-bipartite component of G. Hence, every maximal canonical H-eigenvector corresponding to the eigenvalue zero
determines an odd-bipartite connected component of G. Obviously, the odd-bipartite connected components determined
by a maximal canonical H-eigenvector x and its reciprocal —x are the same.

Combining the above results, the conclusion follows. O

The next proposition is an analogue of Proposition 5.1 for the Laplacian tensor.

Proposition 5.2. Let k be even and G be a k-uniform hypergraph. Then the number of maximal canonical H-eigenvectors
associated with the zero Laplacian eigenvalue equals the sum of the number of even-bipartite connected components of G and the
number of connected components of G, minus the number of singletons of G.

Proof. By similar proof of that for Proposition 5.1, we see that if V; is an even-bipartite connected component of G, then we
can construct a maximal canonical H-eigenvector of £ — «. By the proof and the definition of even-bipartite hypergraph, we
see that this maximal canonical H-eigenvector contains negative components whenever this connected component is not a
singleton. Meanwhile, by Definition 2.1 and Corollary 4.1, for every connected component of G, the vector of all ones is a max-
imal canonical H-eigenvector corresponding to the eigenvalue zero. The two systems of maximal canonical H-eigenvectors
have common members at the singletons of G. Thus, the number of maximal canonical H-eigenvectors associated with the
zero Laplacian eigenvalue is not smaller than the sum of the number of even-bipartite connected components of G and the
number of connected components of G, minus the number of singletons of G.

Conversely, suppose that X is a maximal canonical H-eigenvector associated with the zero eigenvalue of the Laplacian ten-
sor. Then, by Corollary 4.1 and a similar proof to that in Proposition 5.1, supp(X) is a connected component of G. If X contains
both positive and negative components, then supp(x) must be an even-bipartite connected component. When X contains
only positive components, we can only conclude that supp(x) is a connected component. When supp(x) is a singleton, the
two systems of maximal canonical H-eigenvectors have common members. Thus, we can see that the number of maximal
canonical H-eigenvectors associated with the zero Laplacian eigenvalue is not greater than the sum of the number of even-
bipartite connected components of G and the number of connected components of G, minus the number of singletons of G.

Combining these two conclusions, the result follows. O

The next proposition is an analogue of Proposition 5.2 for k odd.
Proposition 5.3. Let k be odd and G be a k-uniform hypergraph. Then the number of maximal canonical H-eigenvectors associated
with the zero Laplacian eigenvalue equals the number of connected components of G.

Proof. By a similar proof of that in Proposition 5.2, we can see that a maximal canonical H-eigenvector of the eigenvalue
zero can only have positive components, since k is odd. Then, the result follows. O

The next proposition follows from Proposition 4.1. We highlight it here to make the statements in this section more
complete.

Proposition 5.4. Let k be odd and G be a k-uniform connected hypergraph. Then the signless Laplacian tensor has no zero
H-eigenvalue.
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The next corollary is an analogue of Proposition 5.3 for the signless Laplacian tensor, which follows from Proposition 5.4.

Corollary 5.1. Let k be odd and G be a k-uniform hypergraph. Then the number of maximal canonical H-eigenvectors associated
with the zero signless Laplacian eigenvalue is equal to the number of singletons of G.

6. N-eigenvectors

In this section, we establish the connection between maximal canonical N-eigenvectors associated with the zero
eigenvalues of the Laplacian and signless Laplacian tensors and some multi-partite connected components of the underlying
hypergraph.

Canonical N-eigenvectors are considered in this section. In counting the number of such vectors, we always consider a
maximal canonical eigenvector x and its multiplication exp(0+/—1)Xbyany 6 € [0, 27r] as the same. Actually, by Lemma 4.1,
only 6 = 2"‘7” for integers « are involved.

6.1. 3-uniform hypergraphs
In this subsection, 3-uniform hypergraphs are discussed.

Definition 6.1. Let G = (V, E) be a 3-uniform hypergraph. If there exists a partition of V. = V; U V, U V3 such that
Vi, Vo, V3 £ 4, and for every edge e € E, either e C V; for some i € [3] or e intersects V; nontrivially for all i € [3],
then G is called tripartite.

We prefer to use tripartite to distinguish it from the concept of 3-partite. Note that if a connected component V, of G is
tripartite, then |Vp| > 3. As for bipartite hypergraphs introduced in Section 2, if a connected tripartite hypergraph G has
two tripartitionsas V = V; UV, U V3 = §; U S, U S3, unless (with a possible renumbering of the subscripts of S;, i € [3])
S; =V;, j € [3], the two tripartitions are regarded different. Please see Fig. 3 as an example. In that figure, the partition (i)
and the partition (iii) are considered different.

The next lemma helps to establish the connection.

Lemma 6.1. Let G = (V, E) be a k-uniform hypergraph. Then X € C" is a canonical N-eigenvector associated with the zero
eigenvalue of the Laplacian or signless Laplacian tensor if and only if the conjugate X* of X is a canonical N-eigenvector of the zero
eigenvalue of the Laplacian or signless Laplacian tensor.

Proof. Since the Laplacian tensor and the signless Laplacian tensor of a uniform hypergraph are real, the conclusion follows
immediately from the definition of eigenvalues. O

With the above lemmas and the definitions, we are in a position to present the following result.

Proposition 6.1. Let G = (V, E) be a 3-uniform hypergraph. Then the number of maximal canonical conjugate N-eigenvector
pairs of the zero Laplacian eigenvalue equals the number of tripartite connected components of G.

Proof. If V; is a tripartite connected component of G, then let Vo = RUSUT be a tripartition of it. Let vectory € C/o! be such
thaty; = 1 wheneveri € R; y; = exp(% +/—1) whenever i € S; and y; = exp(“F+/—1) whenever i € T. By Definition 6.1
and Theorem 4.1(i), we see that y is an N-eigenvector of (D — 4)(Vp) corresponding to the eigenvalue zero. By Lemma 4.1,
we see that the image of y under the natural inclusion map C|Vy| — C" is a maximal canonical N-eigenvector. By Lemma6.1,
the conjugate of y is also a maximal canonical N-eigenvector. Moreover, the maximal canonical N-eigenvector constructed
in this way from the tripartition Vo = RUSUT only can be either y or y*. Hence the number of maximal canonical conjugate
N-eigenvector pairs associated with the zero eigenvalue of the Laplacian tensor is not less than the number of tripartite
connected components of G.

Conversely, assume that x € C" is a maximal canonical N-eigenvector associated with the zero eigenvalue of the
Laplacian tensor. By Lemma 4.1, V; := supp(X) is a connected component of G. Since X is an N-eigenvector, Vj is a nontrivial
connected component of G, i.e,, |Vy| > 1. This, together with Lemma 4.1, implies that we can get a tripartition of Vj as
Vo = RU S U T such that R consists of the indices such that the corresponding components of x are one; S consists of
the indices such that the corresponding components of x are exp(%”\/—_n; and T consists of the indices such that the

corresponding components of X are exp(%-v/—1).

It is easy to see that R # ¥, and S U T # ¢ since X is an N-eigenvector. The fact that x is an eigenvector corresponding
to the eigenvalue zero, together with Theorem 4.1(i), implies that both S and T are nonempty. Otherwise, the equations
in (3) cannot be fulfilled. By (3) again, we must have that for every edge e € E(Gy,) (i.e., Ey,) eithere C R, SorT;ore
intersects R, S and T nontrivially. Consequently, Vj is a tripartite connected component of G. We also see from Definition 6.1,
Lemma 6.1 that the tripartite connected component of G determined by x* is the same as that of X. Hence, the number of
maximal canonical conjugate N-eigenvector pairs of the zero eigenvalue of the Laplacian tensor is not greater than the
number of tripartite connected components of G.

Combining the above two conclusions, the result follows. O
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® (ii) (iii)

Fig. 3. The three tripartitions of the 3-uniform hypergraph in Example 6.1. The tripartitions are clear from the groups of disks in different colors (also with
dotted, dashed and solid margins).

In the following, we give an example to illustrate the result obtained.

Example 6.1. Let G = (V, E) be a 3-uniform hypergraph with V = [7] and
E ={{1,2,3},{3,4,5}, {5,6,7}}.
By Definition 6.1, there are three tripartitions of G as
{1}, {2}, {3.4,5,6,7}; {1,2,3},{4},{5,6,7}; and {1, 2, 3, 4, 5}, {6}, {7}.

These tripartitions are pictured in Fig. 3. By Proposition 6.1, there are three maximal canonical conjugate N-eigenvector pairs
associated with the zero eigenvalue of the Laplacian tensor. By Proposition 5.3, there is only one maximal H-eigenvector
associated with the zero eigenvalue of the Laplacian tensor, i.e., the vector of all ones, since G is connected.

We note that the tripartitions in (i) and (iii) of Fig. 3 are essentially the same. The numbering which is used to distinguish
the tripartitions (i) and (iii) above was added manually. Then, there is a gap between Proposition 6.1 and the complete
characterization of the intrinsic tripartite connected components of a uniform hypergraph.

We try to generalize the result in this subsection to k-uniform hypergraphs with k > 4. However, the definitions for
multi-partite connected components of k-uniform hypergraphs with bigger k are somewhat complicated. Thus, only k = 4
and k = 5 are presented in the next two subsections respectively. Neater statements are expected in the future.

6.2. 4-uniform hypergraphs
In this subsection, 4-uniform hypergraphs are discussed.

Definition 6.2. Let G = (V, E) be a 4-uniform hypergraph. If there exists a partition of V = V; U V, U V3 U V4 such that
at least two of V;, i € [4] are nonempty, and for every edge e € E, either e C V; for some i € [4] or one of the following
situations happens:

(i) leNnVy]=2and |eN V3| = 2;

(i) leNVy| =2and [eNVy| = 2;
(iii) leNVy =2, leNV,] = 1,and |e N V4]
(iv) leNVs] =2, [eNnVy] = 1,and |e N V4|

then G is called L-quadripartite.

1,
1,

Similarly, we prefer to use L-quadripartite to distinguish it from the concept of 4-partite. Here the prefix “L” is for the Laplacian
tensor.

Definition 6.3. Let G = (V, E) be a 4-uniform hypergraph. If there exists a partition of V = V; U V, U V3 U V4 such that
at least two of V;, i € [4] are nonempty, and for every edge e € E, either e C V; for some i € [4] or one of the following
situations happens:
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i) leNVq] =3and |eN V3|
(ii) leNV3] =3 and |e N V4]
(iii) |e N Vo] = 3 and |e N V4|
(iv) leNVy] =3 and |e N V5|
)
)
)

’

1
1
1;
1

v) l[eNnVy] =2and|eNV,| =2;
(vi) leNVy| =2and |eN V3| =2;
(vii) l[eNV3] =2and |eNVy| = 2;
(viii) e intersects V; nontrivially for all i € [4],

then G is called sL-quadripartite.

Here the prefix “sL” is for the signless Laplacian tensor. For a connected L(sL)-quadripartite hypergraph G which has two
L(sL)-quadripartitions V = V;U--- UV, = S;U- - - US,, unless (with a possible renumbering of the subscripts of S;, i € [4])
Sj =V;, j € [4], the two L(sL)-quadripartitions are regarded different.

With similar proofs as that for Proposition 6.1, we can get the following two propositions. However, we give the key
points of the proof for the next proposition as an illustration.

Proposition 6.2. Let G = (V, E) be a 4-uniform hypergraph. Then the number of maximal canonical conjugate N-eigenvector
pairs of the zero Laplacian eigenvalue equals the number of L-quadripartite connected components of G.

Proof. Let Vj be an L-quadripartite connected component of G with the L-quadripartition being S; U S, U S3 U S4. Without
loss of generality, we can assume that S; # . Then, we can associate it with a maximal canonical N-eigenvector x € C",
defined by

2(G—1
X; .= exp (%«/—1) ,  Wheneveries§;, je[4].

By Definition 6.3, we can conclude that the other maximal canonical N-eigenvectors y with y; = 1 fori € S; can only
be y = x*. Consequently, an L-quadripartite connected component of G determines a maximal canonical conjugate N-
eigenvector pair. The converse is obvious. Then the result follows from a similar proof as that of Proposition 6.1. O

Proposition 6.3. Let G = (V, E) be a 4-uniform hypergraph. Then the number of maximal canonical conjugate N-eigenvector
pairs of the zero signless Laplacian eigenvalue equals the number of sL-quadripartite connected components of G.

6.3. 5-uniform hypergraphs

In this subsection, 5-uniform hypergraphs are discussed.

Definition 6.4. Let G = (V, E) be a 5-uniform hypergraph. If there exists a partition of V. = V; U - - - U V5 such that at least
three of V;, i € [5] are nonempty, and for every edge e € E, either e C V; for some i € [5] or one of the following situations
happens:

|
|
|
|
leNVs] =3, leNVi| =1,and |e N V4|
leNVy =3, leNnVi|=1,and e N V,|

|

1,

()|eﬁVz|= , leNVs|=2,and leNVq| = 1;
(i) leNV3]| =2, leNVy] =2,and [eN V]| = 1;
(iii |eﬂV1|:3, leNVy]=1,and leN V5| = 1;
(iv) lenVq] =3, leNnV3] =1,and [eN V4| = 1;
=3, leNVy =1and |leNnVs| =1;

=1;

=1;

=1;

(viii) leNVs| =3, [eNV,] =1,and leN V3
(ix) e intersects V; nontrivially for alli € [5

then G is called pentapartite.

For a connected pentapartite hypergraph G which has two pentapartitions V = V; U --- U Vs = 51 U - - - U Ss, unless (with
a possible renumbering of the subscripts of S;, i € [5])S; =V}, j € [5], the two pentapartitions are regarded as different.
With a similar proof as that of Propositions 6.1 and 6.2, we obtain the next proposition.

Proposition 6.4. Let G = (V, E) be a 5-uniform hypergraph. Then the number of maximal canonical conjugate N-eigenvector
pairs of the zero Laplacian eigenvalue equals the number of pentapartite connected components of G.

7. Final remarks

In this paper, the relations of the eigenvectors associated with the zero eigenvalues of the Laplacian and signless Laplacian
tensors of a uniform hypergraph, with some configured components of that hypergraph, are discussed. It is different from
the recent work [23,12] which mainly concentrates on the discussions of HT -eigenvalues of the Laplacian tensor, the signless
Laplacian tensor and the Laplacian. H-eigenvectors and, more importantly, N-eigenvectors are discovered to be applicable in
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spectral hypergraph theory. It is shown that the H-eigenvectors and N-eigenvectors associated with the zero eigenvalues of
the Laplacian and signless Laplacian tensors can characterize some intrinsic structures of the underlying hypergraph. More
work on the other eigenvalues of these Laplacian-type tensors are expected in the future. In particular, a general statement
on the connection between the N-eigenvectors and the configured components of a hypergraph is our next topic.

After the first draft of this paper, several new results related with this paper appeared. The concept of odd-bipartite
hypergraph introduced in this paper has found further applications. It was proved in [23] that the largest H-eigenvalue
of the Laplacian tensor of a k-uniform hypergraph G is always less than or equal to the largest H-eigenvalue of the signless
Laplacian tensor of G. In [ 14], it was proved that if G is connected, then equality holds here if and only if k is even and G is odd-
bipartite. This generalized a classical result in spectral graph theory: the largest eigenvalue of the Laplacian matrix of a graph
Gis always less than or equal to the largest eigenvalue of the signless Laplacian matrix of G, and when G is connected, equality
holds if and only if G is bipartite. In [ 13], a k-uniform hypergraph G is called a cored hypergraph if each edge of G has at least

one vertex with degree one. It was proved there that an even-uniform cored hypergraph is odd-bipartite. Sunflowers, loose
k

and general loose s-paths with 1 < s < 3, loose cycles and general loose s-cycles with 1 < s < g hypertress and squids are
examples of cored hypergraphs. In [25], it was proved that all the even-uniform s-paths and all the even-uniform non-regular
s-cycles are odd-bipartite for 1 < s < k — 1, though for s > % s-paths and s-cycles are not cored hypergraphs. An s-cycle is
regular if and only if k = q(k —s) for some integer q. A sufficient and necessary condition for an even-uniform regular s-cycle
to be odd-bipartite was also given in [25]. Finally, a question raised at the end of Section 4 of this paper about the relation

between the Laplacian and signless Laplacian spectra of a k-uniform hypergraph when k is odd, was answered in [29].

Acknowledgments

The authors are very grateful to Prof. Jia-Yu Shao and two referees for their careful reading and valuable comments.
This author’s work was supported by the Hong Kong Research Grant Council (Grant Nos. PolyU 501909, 502510, 502111
and 501212).

References

[1] C.Berge, Hypergraphs. Combinatorics of Finite Sets, third ed., North-Holland, Amsterdam, 1973.
[2] AE.Brouwer, W.H. Haemers, Spectra of Graphs, Springer, New York, 2011.
[3] K.C. Chang, K. Pearson, T. Zhang, Perron-Frobenius theorem for nonnegative tensors, Commun. Math. Sci. 6 (2008) 507-520.
[4] K.C. Chang, K. Pearson, T. Zhang, Primitivity, the convergence of the NQZ method, and the largest eigenvalue for nonnegative tensors, SIAM ]. Matrix
Anal. Appl. 32 (2011) 806-819.
[5] E.R.K. Chung, Spectral Graph Theory, Am. Math. Soc, 1997.
[6] J. Cooper, A. Dutle, Spectra of uniform hypergraphs, Linear Algebra Appl. 436 (2012) 3268-3292.
[7] S.Hu, Z.H. Huang, C. Ling, L. Qi, E-determinants of tensors, 2011. arXiv:1109.0348.
[8] S.Hu, Z.H. Huang, C. Ling, L. Qi, On determinants and eigenvalue theory of tensors, J. Symbolic. Comput. 50 (2013) 508-531.
[9] S.Hu, Z.H. Huang, L. Qi, Strictly nonnegative tensors and nonnegative tensor partition, Sci. China Math. 57 (2014) 181-195.
[10] S. Huy, L. Qi, Algebraic connectivity of an even uniform hypergraph, J. Comb. Optim. 24 (2012) 564-579.
[11] S.Hu, L. Qj, The E-eigenvectors of tensors, Linear Multilinear Algebra (2013) in press. arXiv:1303.2840.
[12] S.Hu, L. Qi, The Laplacian of a uniform hypergraph, J. Comb. Optim. (2013). http://dx.doi.org/10.1007/s10878-013-9596-x.
[13] S. Hu, L. Qi, J. Shao, Cored hypergraphs, power hypergraphs and their Laplacian eigenvalues, Linear Algebra Appl. 439 (2013) 2980-2998.
[14] S.Huy, L. Qj, J. Xie, The largest Laplacian and signless Laplacian eigenvalues of a uniform hypergraph, 2013. arXiv:1304.1315.
[15] G.Li, L. Qi, G. Yu, The Z-eigenvalues of a symmetric tensor and its application to spectral hypergraph theory, Numer. Linear Algebra Appl. 20 (2013)
1001-1029.
[16] L.-H. Lim, Singular values and eigenvalues of tensors: a variational approach, in: Proceedings of the IEEE International Workshop on Computational
Advances in Multi-Sensor Adaptive Processing, CAMSAP’'05, Vol. 1, 2005, pp. 129-132.
[17] L.-H. Lim, Foundations of numerical multilinear algebra: decomposition and approximation of tensors. Ph.D. Thesis, Standford University, USA, 2007.
[18] M. Ng, L. Qi, G. Zhou, Finding the largest eigenvalue of a non-negative tensor, SIAM J. Matrix Anal. Appl. 31 (2009) 1090-1099.
[19] K. Pearson, T. Zhang, On spectral hypergraph theory of the adjacency tensor, Graphs Combin. (2013). http://dx.doi.org/10.1007/s00373-013-1340-x.
[20] L. Qi, Eigenvalues of a real supersymmetric tensor, J. Symbolic. Comput. 40 (2005) 1302-1324.
[21] L.Qi, Rank and eigenvalues of a supersymmetric tensor, a multivariate homogeneous polynomial and an algebraic surface defined by them, J. Symbolic.
Comput. 41 (2006) 1309-1327.
[22] L. Qi, Eigenvalues and invariants of tensors, J. Math. Anal. Appl. 325 (2007) 1363-1377.
[23] L. Qi, HT -eigenvalues of Laplacian tensor and signless Laplacians, Commun. Math. Sci. (2013) in press. arXiv:1303.2186.
[24] L. Qi, Symmetric nonnegative tensors and copositive tensors, Linear Algebra Appl. 439 (2013) 228-238.
[25] L. Qi, J. Shao, Q. Wang, Regular uniform hypergraphs, s-cycles, s-paths and their largest Laplacian H-eigenvalues, Linear Algebra Appl. 443 (2014)

215-227.
[26] S. Rota Bulo, A game-theoretic framework for similarity-based data clustering. Ph.D. Thesis, Universita Ca’ Foscari di Venezia, Italy, 2009.

[27] S. Rota Bulo, M. Pelillo, A generalization of the Motzkin-Straus theorem to hypergraphs, Optim. Lett. 3 (2009) 187-295.

[28] J. Shao, A general product of tensors with applications, Linear Algebra Appl. 439 (2013) 2350-2366.

[29] ]J. Shao, L. Qj, S. Hu, Some new trace formulas of tensors with applications in spectral hypergraph theory, arXiv:1307.5690.

[30] J. Xie, A. Chang, H-eigenvalues of the signless Laplacian tensor for an even uniform hypergraph, Front. Math. China 8 (2013) 107-128.

[31] J. Xie, A. Chang, On the Z-eigenvalues of the adjacency tensors for uniform hypergraphs, Linear Algebra Appl. 439 (2013) 2195-2204.

[32] ]. Xie, A. Chang, On the Z-eigenvalues of the signless Laplacian tensor for an even uniform hypergraph, Numer. Linear Algebra (2013). http://dx.doi.
org/10.1002/nla.1910.

[33] Y. Yang, Q. Yang, Further results for Perron-Frobenius theorem for nonnegative tensors, SIAM J. Matrix Anal. Appl. 31 (2010) 2517-2530.

[34] Q. Yang, Y. Yang, Further results for Perron-Frobenius theorem for nonnegative tensors II, SIAM J. Matrix Anal. Appl. 32 (2011) 1236-1250.



