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ABSTRACT. Circulant tensors naturally arise from stochastic process and spec-
tral hypergraph theory. The joint moments of stochastic processes are symmet-
ric circulant tensors. The adjacency, Laplacian and signless Laplacian tensors
of circulant hypergraphs are also symmetric circulant tensors. The adjacency,
Laplacian and signless Laplacian tensors of directed circulant hypergraphs are
circulant tensors, but they are not symmetric in general. In this paper, we
study spectral properties of circulant tensors and their applications in spec-
tral hypergraph theory and stochastic process. We show that in certain cases,
the largest H-eigenvalue of a circulant tensor can be explicitly identified. In
particular, the largest H-eigenvalue of a nonnegative circulant tensor can be
explicitly identified. This confirms the results in circulant hypergraphs and di-
rected circulant hypergraphs. We prove that an even order circulant By tensor
is always positive semi-definite. This shows that the Laplacian tensor and the
signless Laplacian tensor of a directed circulant even-uniform hypergraph are
positive semi-definite. If a stochastic process is mth order stationary, where
m is even, then its mth order moment, which is a circulant tensor, must be
positive semi-definite. In this paper, we give various conditions for an even
order circulant tensor to be positive semi-definite.

1. Introduction. Circulant matrices are Topelitz matrices. They form an impor-
tant class of matrices in linear algebra and its applications [5, 9, 29]. As a natural
extension of circulant matrices, circulant tensors naturally arise from stochastic
process and spectral hypergraph theory.

Denote [n] :={1,--+ ,n}. A real mth order n-dimensional tensor (hypermatrix)
A = (aj,..;,,) is a multi-array of real entries aj,...;, , where j; € [n] for [ € [m]. Let

2010 Mathematics Subject Classification. Primary: 15A18, 15A69.

Key words and phrases. Circulant tensors, circulant hypergraphs, directed circulant hyper-
graphs, eigenvalues of tensors, positive semi-definiteness.

The second author’s work was supported by the Hong Kong Research Grant Council (Grant
No. PolyU 502510, 502111, 501212 and 501913).

*Corresponding author: Liqun Qi.

1227


http://dx.doi.org/10.3934/jimo.2016.12.1227

1228 ZHONGMING CHEN AND LIQUN QI

A = (aj,...;,,) be a real mth order n-dimensional tensor. If for j; € [n — 1], € [m],
we have

Ajr-eejmn = Qa1 Gm 415
then we say that A is an mth order Toeplitz tensor. If for j;, k; € [n],k = j; + 1
mod(n), I € [m], we have

jyeeifn = Aky kg s (1)
then we say that A is an mth order circulant tensor. Clearly, a circulant tensor is
a Toeplitz tensor. By the definition, all the diagonal entries of a Toeplitz tensor are
the same. Thus, we may say the diagonal entry of a Toeplitz or circulant tensor.
In fact, if A = (a;,...;,,) is a Toeplitz tensor, we have that for j; € [n],l € [m],

Ajy-ejm = Ajr+k-jm+k> VO<k< min{n —J1,0 s — Jm}

When m = 3, the definition of Toeplitz tensors is consistent with Definition 3.1 of
[1]. Tensors which are circulant with respect to two modes were studied in [27].
Note that the circulant tensors considered here are circulant with respect to all the
modes.

We denote by T;, ,, the set of all real mth order n-dimensional tensors. Then T, ,,
is a linear space of dimension n™. Denote the set of all real mth order n-dimensional
circulant tensors by Cl, . Then C,, , is a linear subspace of T}, ,, with dimension
n™ 1. Let A = (aj,..j,,) € Trnn. If the entries aj,..;, are invariant under any
permutation of their indices, then A is called a symmetric tensor. Denote the
set of all real symmetric mth order n-dimensional tensors by S, ,. Then S, ,, is a
linear subspace of Tjy, 1.

Let A = (aj,..;,.) € Tin.n and x € R™. Then Ax™ is a homogeneous polynomial
of degree m, defined by

n
Ax™ = Z Ajy G Ly v v s Ly -
F1reerdm=1
Assume that m is even. If Ax™ > 0 for all x € R", then we say that A is
positive semi-definite. If Ax™ > 0 for all x € R",x # 0, then we say that A is
positive definite. Clearly, if m is odd, there is no nontrivial positive semi-definite
tensors. The definition of positive semi-definite tensors was first introduced in [21]
for symmetric tensors. Here we extend that definition to any tensors in T3, . To
the best of our knowledge, positive semi-definite tensors and their corresponding
homogeneous polynomials have applications in automatical control [21], magnetic
resonance imaging [3, 10, 25, 26] and spectral hypergraph theory [11, 16, 22].

In this paper, we study spectral properties of circulant tensors and their appli-
cations in spectral hypergraph theory and stochastic process. In the next section,
we study the applications of circulant tensors in stochastic process and spectral hy-
pergraph theory. In particular, we study what are the concerns of the properties of
circulant tensors in these applications. If a stochastic process is mth order station-
ary, where m is even, then its mth order moment, which is a circulant tensor, must
be positive semi-definite. Hence, in the following three sections, we give various
conditions for an even order circulant tensor to be positive semi-definite.

It is well-known that a circulant matrix is generated from the first row vector of
that circulant matrix [5, 9, 29]. We may also generate a circulant tensor in this way.
In Section 3, we define the root tensor A; € T),_; , and the associated tensor
A € Tin—1,n for a circulant tensor A € Cy, . We show that A is generated from
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A;. It is also well-known that the eigenvalues and eigenvectors of a circulant matrix
can be written explicitly [5, 9, 29]. After reviewing the definitions of eigenvalues and
H-eigenvalues of a tensor in T3, ,,, we show that for any circulant tensors A € Cy, 5,
with any m > 2, including circulant matrices in C ., the same n independent
vectors are their eigenvectors. For a circulant tensor A € C,, ,,, we introduce a one
variable polynomial f4(t) as its associated polynomial. Using f4(t), we may find
the n eigenvalues \i(A) for k =0,--- ,n— 1, corresponding to these n eigenvectors.
We call these n eigenvalues the native eigenvalues of that circulant tensor A. In
particular, the first native eigenvalue Ao(A), which is equal to the sum of all the
entries of the root tensor, is an H-eigenvalue of A. We show that when the associated
tensor is a nonnegative tensor, Ag(.A) is the largest H-eigenvalue of A. This confirms
the results in circulant hypergraphs and directed circulant hypergraphs.

In Section 4, we study positive semi-definiteness of an even order circulant tensor.
Recently, it was proved in [24] that an even order symmetric By tensor is positive
semi-definite, and an even order symmetric B tensor is positive definite. In this
section, for any tensor A € T, ,, we define a symmetric tensor B € Sy, , as its
symmetrization, and denote it sym(.A). An even order tensor is positive semi-
definite or positive definite if and only if its symmetrization is positive semi-definite
or positive definite, respectively. We show that the symmetrization of a circulant Bg
tensor is still a circulant By tensor, and the symmetrization of a circulant B tensor
is still a circulant B tensor. This implies that an even order circulant By tensor is
always positive semi-definite, and an even order circulant B tensor is always positive
definite. Thus, the Laplacian tensor and the signless Laplacian tensor of a directed
circulant even-uniform hypergraph are positive semi-definite. Some other sufficient
conditions for positive semi-definiteness of an even order circulant tensor are also
given in that section.

In Section 5, we study positive semi-definiteness of even order circulant tensors
with special root tensors. When the root tensor 4; is a diagonal tensor, we show
that in this case, the n native eigenvalues are indeed all the eigenvalues of that
circulant tensor 4, with some adequate multiplicities and more eigenvectors. We
give all such eigenvectors explicitly. Then we present some conditions for an even
order circulant tensor with a diagonal root tensor to be positive semi-definite. When
the root tensor A; itself is a circulant tensor, we call A a doubly circulant tensor.
We show that when m is even and A; is a doubly circulant tensor itself, if the
root tensor of A; is positive semi-definite, then A is also positive semi-definite.
An algorithm for determining positive semi-definiteness of an even order circulant
tensor with a diagonal root tensor, and its numerical experiments are also presented.

Throughout this paper, we assume that m,n > 2. We use small letters x, u, v, «,
-+, for scalers, small bold letters x,y,u,---, for vectors, capital letters A, B, - -,
for matrices, calligraphic letters A, B, - - -, for tensors. We reserve the letter i for the
imaginary unit. Denote 1; € R" as the jth unit vector for j € [n], 0 the zero vector
in R”, 1 the all 1 vector in R", and 1 the alternative sign vector (1, —1,1,—1,---)" €
R"™. We call a tensor in 15, ,, the identity tensor of 1), ,,, and denote it Z if all of
its diagonal entries are 1 and all of its off-diagonal entries are 0.

2. Applications in stochastic process and hypergraphs. In this section, we
study stochastic process, circulant hypergraphs and directed circulant hypergraphs.
We show that circulant tensors naturally arise from these applications. We study
what are the concerns on the properties of circulant tensors in these applications.
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2.1. Stochastic process. For a vector-valued random variable x = (x1,...,x,),
the joint moment of x is defined as the expected value of their product:

Mom(z1, -+ ,z,) = E{z122 - - 2, }.
The mth order moment of the stochastic vector x = (z1,...,2,) is a mth order
n-dimensional tensor, defined by
M, (x) = [Mom(x;,, - - - ,zim)]?ﬁ.. =1

By definition, we have: (i) M,,(x) is symmetric; (ii) when m = 2, My(x) is the
covariance matrix of the stochastic vector x with mean 0; (iii) if y = ATx with
A€ RN then M,,(y) = M,,(x)A™, where the product is defined in Section 3.
On the other hand, a discrete stochastic process x = {zg, k = 1,2,---} is called
mth order stationary if for any points t1,--- ,t,, € Z4, the joint distribution of

{xt17'.. 7xt7n}

is the same as the joint distribution of

{Tty 11, Tt 41 )

A stochastic process is stationary if it is mth order stationary for any positive integer
m. It is well-known that a Markov chain is a stationary process if the initial state
is chosen according to the stationary distribution. We can see that the mth order
moment of a mth order stationary stochastic process x, M,,(x), is a mth order
Toeplitz tensor with infinite dimension. In practice, it may be difficult to handle
this case. Instead, a stochastic process x = {z,k =1,2,---} can be approximated
by a stochastic process with period n, x" = {z}',k = 1,2,--- }, where z} = xy if
k = j mod(n). For example, x! = {1, 21, 21,71, -} and x> = {21, 29,71, T2, - }.
We can see that the mth order moment of x™ can be expressed by a mth order
n-dimensional tensor M,,(x™) since

Mom(z7,, -+, x7 ) = Mom(z7 -+, 27 ),
where i, = jr mod(n) for k € [m]. If the stochastic process x is mth order sta-
tionary, the mth order moment of the approximation with period n, M,,(x"), is a
circulant tensor of order m and dimension n.

Given a stochastic process x™ with period n, by Theorem 7.1 of Chapter 9 [28],
one can derive that x™ is the second order stationary if and only if My(x™) is
positive semi-definite. In general, M,,(x™) is positive semi-definite when the order
m is even.

Proposition 1. For a stochastic process x™ with period n, M,,(x") is positive
semi-definite when m is even.

Proof. For any o € R™, we have

n

M, (x")a™ = Z a;, - o, Mom(zf - -+ ) )

il’
i1, im =1

n n
— . n DR . 1
= Mom Qiy Ty s E i, T;
1

i1= T =1

(g}
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Then, M,,(x™)a™ > 0 since m is even, which means M,,(x™) is positive semi-
definite. O

This shows that positive semi-definiteness of curculant tensors is important. In
this paper, we will study conditions of positive semi-definiteness of circulant tensors.

2.2. Circulant hypergraphs. In the recent years, a number of papers appeared
in spectral hypergraph theory via tensors [4, 11, 12, 13, 14, 16, 19, 22, 23, 31, 30].

A hypergraph G is a pair (V, E), where V = [n] is the set of vertices and F is
a set of subsets of V. The elements of F are called edges. An edge e € E has the
form e = (j1, -+ ,jm), where j; € V for | € [m] and j; # ji if | # k. The order
of j1,-+ , Jm is irrelevant for an edge. Given an integer m > 2, a hypergraph G is
said to be m-uniform if |e| = m for all e € E, where |e| denotes number of vertices
in the edge e. The degree of a vertex j € V is defined as d(j) = |E(j)|, where
E(j)={e€ E:jce}. Ifforall j eV, the degrees d(j) have the same value d,
then G is called a regular hypergraph, or a d-regular hypergraph to stress its degree
d.

An m-uniform hypergraph G = (V, E) with V = [n] is called a circulant hy-
pergraph if G has the following property: if e = (j1,- - ,jm) € E, k; = j1 + 1
mod(n),l € [m], then € = (k1,--- , k) € E. Clearly, a circulant hypergraph is a
regular hypergraph.

For an m-uniform hypergraph G = (V, E) with V = [n], the adjacency tensor
A= A(G) is a tensor in S, ,,, defined by A = (aj,...;,.),

o 1 {1 if (j1,-++ ,jm) €EFE
I (m — 1)1 | 0 otherwise.
The degree tensor D = D(G) of G, is a diagonal tensor in S, ,, with its jth di-
agonal entry as d(j). The Laplacian tensor and the signless Laplacian tensor of G
are defined by L(G) = D(G) — A(G) and Q(G) = D(G) + A(G), which were ini-
tially introduced in [22], and studied further in [12, 14, 23]. The adjacency tensor,
the Laplacian tensor and the signless Laplacian tensors of a uniform hypergraph are
symmetric. The adjacency tensor and the signless Laplacian tensor are nonnegative.
The Laplacian tensor and the signless Laplacian tensor of an even-uniform hyper-
graph are positive semi-definite [22]. It is known [22] that the adjacency tensor,
the Laplacian tensor and the signless Laplacian tensor of a uniform hypergraph al-
ways have H-eigenvalues. The smallest H-eigenvalue of the Laplacian tensor is zero
with an H-eigenvector 1. The largest H-eigenvalues of the adjacency tensor and the
signless Laplacian tensor of a d-regular hypergraph are d and 2d respectively [22].
Clearly, the adjacency tensor, the Laplacian tensor and the signless Laplacian
tensor of a circulant hypergraph are symmetric circulant tensors.

aj

2.3. Directed circulant hypergraphs. Directed hypergraphs have found appli-
cations in imaging processing [6], optical network communications [17], computer
science and combinatorial optimization [7]. However, unlike spectral theory of undi-
rected hypergraphs, it is almost blank for spectral theory of directed hypergraphs.

A directed hypergraph G is a pair (V, A), where V' = [n] is the set of vertices and
A is a set of ordered subsets of V. The elements of A are called arcs. An arce € A
has the form e = (j1,- - ,jm), where j; € V for | € [m] and j; # ji if | # k. The
order of jo, -+, jm, is irrelevant. But the order of j; is special. The vertex j; is called
the tail of the arc e. It must be in the first position of the arc. The other vertices
jo2,++ ,Jm are called the heads of the arc e. Similar to m-uniform hypergraphs, we
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have m-uniform directed hypergraphs. The degree of a vertex 5 € V is defined as
d(y) = |A(j)], where A(j) ={e € A: jisatail of e}. If for all j € V, the degrees
d(j) have the same value d, then G is called a directed regular hypergraph, or a
directed d-regular hypergraph.

Similarly, an m-uniform directed hypergraph G = (V, A) with V = [n] is called a
directed circulant hypergraph if G has the following property: if e = (jq,-- -,
Jm) € A, ki = ji+1 mod(n),l € [m], then € = (k1,- - , k) € A. Clearly, a directed
circulant hypergraph is a regular directed hypergraph.

For an m-uniform directed hypergraph G = (V, A) with V' = [n], the adjacency
tensor A = A(G) is a tensor in Ty, ,,, defined by A = (aj,...;,, ),

Jdm = (m — 1)1 | 0 otherwise.

Then, the degree tensor D = D(G) of G, is a diagonal tensor in Ty, ,,, with its jth
diagonal entry as d(j). The Laplacian tensor and the signless Laplacian tensor of
G are defined by £L(G) = D(G) — A(G) and Q(G) = D(G) + A(G).

The adjacency tensor, the Laplacian tensor and the signless Laplacian tensors
of a uniform directed hypergraph are not symmetric in general. The adjacency
tensor and the signless Laplacian tensor are still nonnegative. In general, we do not
know if the Laplacian tensor and the signless Laplacian tensor of an even-uniform
directed hypergraph are positive semi-definite or not. We may still show that the
smallest H-eigenvalue of the Laplacian tensor of an m-uniform directed hypergraph
is zero with an H-eigenvector 1, and the largest H-eigenvalues of the adjacency
tensor and the signless Laplacian tensor of a directed d-regular hypergraph are d
and 2d respectively.

Clearly, the adjacency tensor, the Laplacian tensor and the signless Laplacian
tensor of a directed circulant hypergraph are circulant tensors. In general, they are
not symmetric.

3. Eigenvalues of a circulant tensor. It is well-known that the other row vectors
of a circulant matrix are rotated from the first row vector of that circulant matrix

[5, 9, 29]. We may also regard a circulant tensor in this way. In order to do this, we
(k)

introduce row tensors for a tensor A = (aj,...j,,) € Trmn. Let A = (a;,”; )€
Tin—1,n be defined by ag-]f,),,jm_l = Qijye-j, - We call Ag the kth row tensor of A
for k € [n]. Let A be a circulant tensor. Then we see that the row tensors Ay for
k =2,---,n, are generated from A; = (ay,...,._,), where aj,..;, |, = ag.)“jmil.

We call A; the root tensor of A. We see that ¢y = a...1 is the diagonal entry of
A. The off-diagonal entries of A are generated by the other entries of A;. Thus,
we define ./le = (djl'“jm—l) S Tmfl’n by @1..1 = 0 and djl"'jm—l = Qjyfp_s if
(j1,"*+ ydm—1) # (1,-++,1), and call A; the associated tensor of A.

We may further quantify this generating operation. Let A = (aj,...5,,) € Tmn
and Q = (gjx) € To,n. Then as in [21], B = (bi,...k,,) = AQ™ is defined by

n

bklkm = E : ajl"'jnijlkl e q]mkm’
Jiy s im=1
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for ki,--- .k € [n]. Now we denote P = (p;i) € T», as a permutation matrix
with pj;41 =1 for j € [n — 1], pr1 = 1 and pji = 0 otherwise, i.e.,
o1 --- 0 O
0 0 1 0
P=|:0 0o . . (2)
0 R |
10 -~ 0 O

Then, from the definition of circulant tensors, we have the following proposition.

Proposition 2. Suppose that A € Cy, ,, and P is defined by (2). Then for k € [n],
we have

Apy1 = Akpmfl,
where Apy+1 = Aj.

We may also use the definition of circulant tensors to prove the following propo-
sition. As the proof is simple, we omit the proof here.

Proposition 3. Suppose that A € T,, , and P is defined by (2). Then the following
three statements are equivalent.

(a). A€ Cpp.

(b). AP™ = A.

(c). For any C € Cy,,, AC™ € Cyp -

We may denote a circulant matrix C € Cy , as

Co C1 tt Cp—2 Cp—1
Cp—1 Co 4] Cp—2
C= Cn—1 Co (3)
e . L .
C1 C2 ot Cp—1 Co

It is well-known [5, 9, 29] that the eigenvectors of C are given by
o1z T
Vi = (1,0.)](;,&)]%7"' y W 1) ) (4)

where wy = e*%" for k+ 1 € [n], with corresponding eigenvalues A\, = fo(wy),
where fo is the associated polynomial of C', defined by

fC(t) = Co +Clt+"'+cn71tn_l,

We may also extend this result to circulant tensors. Note that vg = 1 is a real
vector.
For A = (aj,...;,,) € Trnp and x = (21, ,2,)" € C", let Ax™~! be a vector
in C™ whose jth component is defined as
n
(AX™Nj = Y Qg ia - T

J2,-dm=1

and let xIm=1 = ("1 0 am )T If Ax™! = AU for some A € C' and
x € C™\ {0}, then X is called an eigenvalue of A and x is called an eigenvector
of A, associated with A. If x is real, then A is also real. In this case, they are

called an H-eigenvalue and an H-eigenvector respectively. The largest modulus of
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the eigenvalues of A is called the spectral radius of A, and denoted as p(A).
The definition of eigenvalues was first given in [21] for symmetric tensors. It was
extended to tensors in Ty, 4, in [2].

Suppose that A € Cy, . Let its root tensor be A; = (o,...;,._,). Define the
associated polynomial f4 by

n
fa®)= Y g, L (5)
Jiy s jm—1=1
Theorem 3.1. Suppose that A € Cy, p, its root tensor is A1 = (ay,...j,._,), and
its associated tensor is Ay = (&;,...5,,_,). Denote the diagonal entry of A by co =
a1..1 = ay...1. Then any eigenvalue A of A satisfies the following inequality:

n

D D (6)
Jiyer s m—1=1

Furthermore, the vectors vy, defined by (4), are eigenvectors of A, with correspond-
ing eigenvalues A\, = A\p(A) = fa(wy), where f4 is the associated polynomial of A,
defined by (5). In particular, A always has an H-eigenvalue

n
Ao = Ao(A) = Z Q1 fm—1> (7)
Jir s dm—1=1
with an H-eigenvector 1, and when n s even,

n
1 1 —mA1
Mg =Az(A) = D g, (S (8)
Jis s dm—1=1
is also an H-eigenvalue of A with an H-eigenvector 1.

Proof. By the definition of circulant tensors and Theorem 6(a) of [21], all the ei-
genvalues of A satisfy (6). Let A; be the jth row tensor of A for j € [n]. Let P be
defined by (2) and k+1 € [n]. It is easy to verify that Pvj = wpvy. To prove that
(Vk, Ak) is an eigenpair of A, it suffices to prove that for j € [n],

Al = A, (9)

We prove (9) by induction. By the definition of the associate polynomial, we see
that (9) holds for j = 1. Assume that (9) holds for j — 1. By Proposition 2, we
have
.AjVZLil = .Aj71Pm71V2n71
= ‘Ajfl(PVk)mil
Aj—r(wpve) ™
= w]zn—lAj_len—l

— w]'gnfl)\kwl(cj*”(m*l)

= DD,

This proves (9). The other conclusions follow from this by the definition of H-
eigenvalues and H-eigenvectors. The proof is completed. O

However, unlike a circulant matrix, these n pairs of eigenvalues and eigenvectors
are not the only eigenpairs of a circulant tensor when m > 3. We may see this from
the following example.
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Example 1. A circulant tensor A = (ajr) € C33 is generated from the following
root tensor

a b c
./41 == b C d s (10)
c d b

where a = 5.91395, b = 2.47255, ¢ = 2.92646, d = 8.49514. By Theorem 3.1, we see
that it has eigenvalues A\g = 39.1013, \; = 14.8057 4 1.1793; and Ay = 14.8057 —
1.1793:. Using the polynomial system solver Nsolve available in Mathematica,
provided by Wolfram Research Inc., Version 8.0, 2010, we may verify that these three
eigenvalues are indeed eigenvalues of A. However, we found that A has three more
eigenvalues A3 = 4.92535, Ay = —2.08688 + 13.6795¢ and A5 = —2.08688 — 13.6795.

Thus, for a circulant tensor A, we call the n eigenvalues A\;(A) for k + 1 € [n],
provided by Theorem 3.1, the native eigenvalues of A, call Ao(.A) the first native
eigenvalue of A, and call Az (A) the alternative native eigenvalue of A when
n is even.

We now show that the first native eigenvalue Ag(A) plays a special role in certain
cases.

Theorem 3.2. Suppose that A € C,, ., and its associated tensor is A =
(g 1) If Ay is a nonnegative tensor, then the first native eigenvalue Ao(A) is
the largest H-eigenvalue of A. If Ay is a non-positive tensor, then the first native
eigenvalue \o(A) is the smallest H-eigenvalue of A.

Proof. By Theorem 3.1, we have

XA =co+ D @

Ji, s jm—1=1

By this and (6), the conclusions hold. O

We may apply this theorem to the adjacency, Laplacian and signless Laplacian
tensors of a circulant hypergraph or a directed circulant hypergraph. Then we
see that the smallest H-eigenvalue of the Laplacian tensor is zero, the largest H-
eigenvalue of the adjacency tensor is d, the largest H-eigenvalue of the signless
Laplacian tensor is 2d, where d is the common degree of the circulant hypergraph
or the directed circulant hypergraph. These confirm the results in Section 2.

When n is even, the alternative native eigenvalue Az (A) also plays a special role
in certain cases. In order to study the role of the alternative native eigenvalue,
we introduce alternative and negatively alternative tensors. We call a tensor B =
(bjy...j.) € Trn an alternative tensor, if bj,...; (—1)2k=17+=™ > (. We call B
negatively alternative if —B is alternative.

Then, by definition, we have the following proposition.

Proposition 4. Suppose B € T, ,, and let By, be the kth row tensor of B for k € [n].
Then B € T, », is alternative if and only if By, is alternative when k is odd and By,
is negatively alternative when k is even. In particular, By is alternative if B is
alternative.

Proof. By definition, we have for k € [n],

Dk (— ) D IRy (F) DA (L)L > g,
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It means that when k is odd,
k m—1 . —m
A, (DS g
and when k is even,

m—

b(k) (_1)21:11jl—m+1 <0.

Jiim—1

So the proof is completed. O

However, when A is circulant, A may be not alternative even if A; is alternative.
A simple counter-example can be given as follows.

Example 2. A circulant tensor A = (a;) € Cs 2 is given by

1 -1 3 -1
A=) as (5T
We can see that A; and As are alternative but by Proposition 4, A is not alternative.

On the other hand, when m and n are even, we can see that a circulant tensor
is alternative if and only if its root tensor is alternative.

Proposition 5. Suppose A € Cyp, , where m and n are even. Then, A is (nega-
tively) alternative if and only if its root tensor Ay is (negatively) alternative.

Proof. By Proposition 4, we only prove that A is alternative if its root tensor Ay
is alternative. Let Ay be the kth row tensor of A for k € [n]. We first show that

Ay is negatively alternative since A; is alternative. For any ji, -, Jm—1 € [n], let
s be the number of the indexes that are equal to 1. Without loss of generality, we
assume j; = --- = js = 1. By Proposition 2, we have
(2) ol g —mel
o, (DT
) )i G-
=, (CBERG
(1) mo (-1
= an~~~ﬂjs+1—1~“j7n—1—1(71)Zl75+1(m )
= agll-?-njaﬂ—l---]’mfl—l(71)ns+zlﬁ;il(ﬁil)im+l(*1)milins

< 0.

The last inequality holds because A; is alternative and m — 1 — ns is odd for any
s € [m — 1] U {0} since m and n are even. By induction, one can obtain that Ay
is alternative when k is odd and Ay is negatively alternative when k is even, which
means that A is alternative by Proposition 4. O

Theorem 3.3. Let n be even. Suppose that A € Cp, ., and its associated tensor
is Ay = (&j,...j,_,). If A1 is an alternative tensor, then the alternative native
eigenvalue Az (A) is the largest H-eigenvalue of A. If Ay is a negatively alternative
tensor, then the alternative native eigenvalue A= (A) is the smallest H-eigenvalue

of A.
Proof. Let n be even. By Theorem 3.1, we have

n
Ap(A)=cot D gy, (1) L
Ji s im—1=1

By this and (6), the conclusions hold. O

Note that the native eigenvalues other than A\¢(A) and Az (A) are in general not
H-eigenvalues.
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4. Positive semi-definiteness of even order circulant tensors. Let j, € [n]
for I € [m]. Define the generalized Kronecker symbol [21, 24] by

o = L=
Jigm 0 otherwise.

Suppose that A = (aj,...;,,) € Trn.n. We say that A is a By tensor if for all j € [n]
Y Wha 20 (11)

and

1
W Z AjjoGm Z Qjko- ks if 6jk2~~~km =0. (12)
J2, s m=1
If strict inequalities hold in (11) and (12), then A is called a B tensor [24]. The
definitions of B and By tensors are generalizations of the definition of B matrix [20].
It was proved in [24] that an even order symmetric B tensor is positive definite and
an even order symmetric By tensor is positive semi-definite. We may apply this
result to even order symmetric circulant By or B tensors. What we wish to show is
that an even order circulant B tensor is positive definite and an even order circulant
By tensor is positive semi-definite, i.e., we do not require the tensor to be symmetric
here. In this way, we may apply our result to directed circulant hypergraphs. The
tool for realizing this is symmetrization.
By the definition of circulant tensors, it is easy to see that for A = (aj,...;,,) €
Cmon, A is a circulant By tensor if and only if

n

S gy, 20 (13)

Jis s im=1
and
1 n
nim : : ajl“'jm Z maX{a’kl‘“k'nl : 5k1"'km, = O} (14)
Jissim=1

If strict inequalities hold in (13) and (14), then A is a circulant B tensor.

It was established in [21] that an even order real symmetric tensor has always
H-eigenvalues, and it is positive semi-definite (positive definite) if and only if all
of its H-eigenvalues are nonnegative (positive). This is not true in general for a
non-symmetric tensor. In order to use the first native eigenvalue or the alternative
eigenvalue of a nonsymmetric circulant tensor to check its positive semi-definiteness,
we may also use symmetrization.

We now link a general tensor A € T}, ,, to a symmetric tensor B € Sy, .

Let A € Ty, . Then there is a unique symmetric tensor B € S, , such that
for all x € R", Ax™ = Bx™. We call B the symmetrization of A, and denote it
sym(A). Thus, when m is even, a tensor A € T, ,, is positive semi-definite (positive
definite) if and only if all of the H-eigenvalues of sym(.A) are nonnegative (positive).

We call an index set (kq,- - , k) a permutation of another index set (j1, -, jm)
if (k1,---, k) is a rearrangement of (ji,- -, jm), denote this operation by o, and
denote o(j1, -+ ,jm) = (k1,- -+, km). Denote the set of all distinct permutations of
an index set (j1, -+ ,Jm), by X(j1,** , jm). Note that |X(j1, - ,7jm)]|, the cardinal-
ity of 3(j1,- -, jm), is variant for different index sets. For example, if j; = -+ = jn,,
then |X(j1, -+ ,dm)| = 1; but if all of jq,-- -, j,, are distinct, |S(j1,- -, jm)| = ml
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Let A = (aj,.
to see that

) € Thn and sym(A) = B = (bj,...;,,). Then it is not difficult

ZO‘EEUL“‘ Jm) aa(j1,~~ vjm)
bjl"'jm = 3 B . (15)
215 )
For any A € T, ,,, we use D(A) to denote a diagonal tensor in Ty, ,,, whose diagonal
entries are the same as those of A.

With this preparation, we are now ready to prove the following theorem.

Theorem 4.1. Let A= (aj,...j,,) € T n. Then we have the following conclusions:

(a). D(A) = D(sym(A)).

(b). If A—D(A) are nonnegative (or non-positive or alternative or negatively
alternative, respectively), then sym(A) —D(sym(A)) are also nonnegative (or non-
positive or alternative or negatively alternative, respectively).

(c). The symmetrization of a Toeplitz tensor is still a Toeplitz tensor. The
symmetrization of a circulant tensor is still a circulant tensor.

(d). The symmetrization of a circulant By tensor is still a circulant By tensor.
The symmetrization of a circulant B tensor is still a circulant B tensor.

(e). Suppose that A € C, ,,. Then we have

Ao(A) = Ao(sym(A)).

If the associated tensor of a circulant tensor is nonnegative (or non-positive), then
the associated tensor of the symmetrization of a circulant tensor is also nonnegative
(or non-positive).

(f). Suppose A € Cy, r, where m and n are even. Then, we have

An(A) = Az (sym(A)).

Proof. We have (a) and (b) from (15) directly.
(c). Let A= (aj,...j,,) € Tm,n be a Toeplitz tensor, and sym(A) = B = (bj,...5,.)-
By (15)a for Ji € [Tl - l]vl € [m]v

o _ 2062(117'“ m) Yo (1, sdm)
e =0, 2 jm)
Zer(jﬁL--- Jm+1) Go(Gi+1, im+1)
(G141, jm + 1)
- bj1+]_...j,m+1.

b

Thus, sym(A) = B is a Toeplitz tensor. When A is a circulant tensor, we may
prove that sym(A) is a circulant tensor similarly.

(d). Let A = (aj,...,.) € Cpn.nn and sym(A) = B = (bj,...;,.).- By (¢), B € Cpy .
Suppose now that A ia By tensor. By (15) and (13), we have

n n
E bjl-“jm = E Ajyeeifom Z 0.
Jisesjm=1 Ji,jm=1

By (15) and (14), we have

1 = 1 =
— Y b 2 e > @y, = max{ak, .k, : Ok, k,, =0}
1 dm=1 1 dm=1

max{bkl...km : 5k1--~km = 0}

Y

Thus, B is also a By tensor. Similarly, if A is a B tensor, then B is also a B tensor.
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(e). Let A € Cyy . The equality A\g(A) = Ao(sym(A)) holds because
1 1
Ao(A) = E-Avgl = Esym(A)Vgl = Xo(sym(A)).

The last conclusion follows from (b).
(f). For k+1 € [n], let wy, and vi be defined in (4). By Theorem 3.1, one can
obtain

e (AT = Avit = sym(A)WVE = A (sym(A))vivIm 1,
By simple computation, we have
n 1_“’17:"1 o . m
T m=1] _ m(-1) _ ) qoam =0 ifw" #1,
V.V = w =
kT Z k { mo if W = 1.
j=1
In particular, since m and n are even, we have w%? = (—=1)™ = 1. Tt follows that
An(A) = Az (sym(A)). O
In fact, from the proof of Theorem 4.1, we can see that Ag(A) = Ag(sym(A))
if wi* = 1. And the equality Ao(A) = Ao(sym(A)) holds since wy = 1. Note that

when m is odd, the equality A= (A) = A= (sym(A)) may not hold. See Example 2.
By computation, sym(A) € Cs5 o is generated by the root tensor

1 1/3
We can see that A1 (A) = 6 and A\ (sym(A)) = 2/3. On the other hand, we can also
see that Ag(A) = Ao(sym(A)) = 2 and A1 (A) is the largest H-eigenvalue of A since
A is alternative.
We now have the following corollaries.

Corollary 1. An even order circulant By tensor is positive semi-definite. An even
order circulant B tensor is positive definite.

Proof. Suppose that A is an even order circulant By tensor. Then by (d) of Theorem
4.1, B = sym(.A) is also an even order circulant By tensor. Since B is symmetric,
by [24], it is positive semi-definite. Since A is positive semi-definite if and only if
sym(A) is positive semi-definite. The other conclusion holds similarly. O

Note that an even order By tensor may not be positive semi-definite. Let

10 10
am (00
Then A is a By tensor. Let x = (1,—9)". Then x" Ax = —8. Thus, 4 is not
positive semi-definite.
In the next corollary, we stress that we may use (13) and (14) instead of (11) and

(12) to check an even order circulant tensor is positive semi-definite or not. The
conditions (13) and (14) contain less number of inequalities than (11) and (12).

Corollary 2. Suppose that A= (aj,...j,,) € Cm.n and m is even. If (13) and (14)
hold, then A is positive semi-definite. If strict inequalities hold in (13) and (14),
then A is positive definite.

We may apply these two corollaries to directed circulant hypergraphs.

Corollary 3. The Laplacian tensor and the signless Laplacian tensor of a directed
circulant even-uniform hypergraph are positive semi-definite.
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As positive semi-definiteness of the Laplacian tensor and the signless Laplacian
tensor of an even-uniform hypergraph plays an important role in spectral hyper-
graph theory [11, 12, 13, 14, 16, 22, 31, 30], The above result will be useful in the
further research for directed circulant hypergraphs.

We may have some other corollaries of Theorem 4.1 as follows.

Corollary 4. Suppose that m is even. If the associated tensor of a circulant tensor
A is non-positive, then A is positive semi-definite if and only if M\o(A) is nonnega-
tive.

Corollary 5. Suppose that m and n are even, A € Cy, n, and its associated tensor
Ay is negatively alternative. Then A is positive semi-definite if and only if An (A) >
0.

Proof. By definition, we can see that the associate tensor A; is the root tensor of
A—D(A). By Proposition 5, one can derive that A —D(A) is negatively alternative
since m and n are even. By Theorem 4.1 (b), it follows that sym(A) — D(sym(A))
is also negatively alternative. Again, by Proposition 5, syn{(A)l is also negatively
alternative. By Theorem 3.3, in this case, An (sym(A)) is the smallest H-eigenvalue
of sym(A). By Theorem 4.1 (e), we have Az (A) = Az (sym(A)). The conclusion
follows now. O

Corollary 6. Suppose that m is even. Suppose that A € C,, y, is positive semi-
definite, and its diagonal entry is co. Then cg > 0 and Ao(A) > 0. If furthermore
that n is even, then An (A) > 0.

We may further establish a sufficient condition for positive semi-definiteness of
an even order circulant tensor.

Theorem 4.2. Suppose that m is even, A = (aj,...j,.) € Cpn, the diagonal entry

of A is co, and the associated tensor of A is Ay = (&j,...j,._,). If A is diagonally

dominated, i.e.,
n

0> > gl (16)
Jiy s im—1=1
then A is positive semi-definite. If strict inequality holds in (16), then A is positive
definite.

Proof. Let A—D(A) = (bj,...j,.) € Cm.n. Then A € Cp, ,, is diagonally dominated
if and only if

1 n
o>~ > bl
J1y s, gm=1
On the other hand, suppose that (16) holds. Let sym(A) — D(sym(A)) =
(€jyejm) € Cmon. By the definition of symmetrization, it follows that

1y im=1 |C51im |

)

c = % Z;‘Ll’... Jm=1 |bj1-~-jm|
= %Zjlg...gjm 0€X(j1, sdm) |b0(j1,“wjm)‘
= %Zjlf“'éjm Zoez(jlw'vjm) ba(jl?"‘vjm)
= %Zjlg..gjm |2(j13"' aj7n)||cj1"'jm
= S Zim 2o0€S (i1 i) (oG )
O

<
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which means that sym(A) € Cy, » is also a diagonally dominated tensor. By Theo-
rem 3 of [24], we can derive that all the H-eigenvalues of sym(.A) are nonnegative.
So A is positive semi-definite. Similarly, if strict inequality holds in (16), we may
prove that A is positive definite. O

Note that Corollary 2 does not imply Theorem 4.2, and Theorem 4.2 does not
imply Corollary 2. Thus, they are two different sufficient conditions for positive
semi-definiteness of even order circulant tensors.

5. Circulant tensors with special root tensors. In this section, we consider
conditions for positive semi-definiteness of even order circulant tensors with special
root tensors, including diagonal root tensors and circulant root tensors.

5.1. Circulant tensors with diagonal root tensors. Suppose that A € C), 5,
and A, is its root tensor. Assume that A; = (¢j,...;,._,) is a diagonal tensor,
with o,..j, , = ¢j—1 if j1 = -+ = jm—1 = j € [n], and ay,...;,,_, = 0 otherwise.
In this case, we may give all the eigenvalues and eigenvectors (up to some scaling
constants) explicitly. Such a circulant tensor may be one of the simple cases of
circulant tensors. We study its properties such that we can understand more about
circulant tensors.

Theorem 5.1. Let circulant matriz C' be defined by (3). With the above assump-
tions, the n native eigenvalues N\, of A are all possible eigenvalues of A. They are

exactly the n eigenvalues of the circulant matriz C. For k+1 € [n], each eigenvalue
2nkli
A has the following eigenvectors yi = (1,1, m%, -+ npy *) |, where n = ewm—D

forl+1¢€[m-—1].

Proof. Let y = (y1, -+ ,yn)’ € C™\ {0} and )\ be an eigenpair of A. Define
¢j—n = ¢; for j € [n]. Then for j € [n], we have

n
—1 —1 —1
NPt = (Aym ) = > asy (17)
=1
Let x = (y7" Lyt -,y 1T, Then we see that (17) is equivalent to Ax = Cx,
ie., (A x) form an eigenpair of circulant matrix C. Now the conclusion can be
derived easily. O

It is easy to see that A, the circulant tensor with a diagonal root tensor discussed
above, is symmetric if and only if ¢; = 0 for j € [n — 1]. Thus, in general, such a
circulant tensor is not symmetric.

Now we discuss positive semi-definiteness of a circulant tensor with a diagonal
root tensor. First, by direct derivation, we have the following result.

Proposition 6. Let A € C,, ,, have a diagonal root tensor as described above. Then
for any x = (z1,-++ ,2,)" €R",

n n n
T 1] _ -1 -1
Axm =xTOxIm N = 3" jmal T =Y a2+ Y gz, (18)
=1

_j7l:1 =1

Gl

where C is the circulant matriz defined by (3).

Example 3. Let m =4 and n = 2. Let ¢9 = ¢; = 1. Then by Proposition 6,
Ax?t = 2t + 23wy + 223 + 25 = (x1 + 22)% (2 — 2120 + 22) >0

for any x € R2. Thus, A is positive semi-definite.
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By (7) and (8), we have
M) =Y e, (19)
3=0

and when n is even,

n—1
Az (A) = c;(—1). (20)
§=0
Let ¢ = (c1, -+ ,cpn1)! € R*7L Let k < 5. We say that c is k-alternative

if n = 2pk for some integer p, c(2q—1)r > 0 and cogx < 0 for ¢ € [p] and ¢; = 0
otherwise. When n = 2pk, let 1% be a vector in R” such that i;k) = 1 for
(2¢—2)k+1<j <(2¢—1)k and igk) = —1for (2¢q—1)k+1 < j < 2qk, for q € [p].

In the following, we give some necessary conditions, sufficient conditions, nec-

essary and sufficient conditions for an even order circulant tensor with a diagonal
root tensor to be positive semi-definite.

Theorem 5.2. Let A € C,,, have a diagonal root tensor as described at the
beginning of this section. Suppose that m is even. Then, we have the following
conclusions:

(a). If A is positive semi-definite, then co > 0 and \g(A) > 0. If furthermore n
is even, then Az (A) > 0.

(b). If
n—1
0> |, (21)
j=1

then A is positive semi-definite.
(¢c). If c is non-positive, then A is positive semi-definite if and only if (21) holds.
(d). If n = 2pk for some positive integers p and k, and c is k-alternative, then
A is positive semi-definite if and only if (21) holds.

Proof. (a). This follows from Corollary 6.

(b). This follows from Theorem 4.2.

(c). If c is non-positive, then the associated tensor of A is non-positive. By
Corollary 4, A is positive semi-definite if and only if

Ao(A) =D ¢; > 0.
=0

Since c is non-positive and ¢y > 0, the above inequality holds if and only if (21)
holds. This proves (c).

(d). Suppose that n = 2pk for some positive integers p and k, and c is k-
alternative. Then (21) holds in this case. By (b), A is positive semi-definite. On
the other hand, if (21) does not hold, Let x = 1) in (18). We have Ax™ < 0, i.e.,
A is not positive semi-definite. This proves (d). The theorem is proved. O
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Are there some other cases such that (21) is also a sufficient and necessary con-
dition such that A is positive semi-definite?

Suppose that m is even. Can we give all the H-eigenvalues of sym(.A) explicitly?
If so, we may determine A is positive semi-definite or not. Otherwise, can we
construct an algorithm to find the global optimal value of one of the following two
minimization problems when m is even? The two minimization problems are as
follows:

n n
min COE "+ g a—jzjry !
=1

ji=1

7 (22)
n
subject to Zx? =1,
j=1

and

n

n
min C()E x” + E -zt
=1 j

jil=1

Eid (23)
n
subject to ngn =1.
j=1

By Proposition 6, A is positive semi-definite if and only if the global optimal value of
(22) or (23) is nonnegative. In Subsection 5.3, we will give an algorithm to determine
positive semi-definiteness of an even order circulant tensor with a diagonal root
tensor.

5.2. Doubly circulant tensors. Let A € C,, ,. If its root tensor A; itself is a
circulant tensor, by Propositions 2 and 3, we see that all the row tensors of A are
duplicates of A, i.e., Ay = A; for k € [n]. We call such a circulant tensor A a
doubly circulant tensor.

Let A be an even order doubly circulant tensor. Suppose that A;; € 1525
is the root tensor of A;. A natural question is that if there is a relation between
Ai1 and A in terms of the positive semi-definiteness, i.e., if Aq; is positive semi-
definite, is A also positive semi-definite? And if A is positive semi-definite, is A1
also positive semi-definite? Unfortunately, the answers to these two questions are
both “no”. See the following example.

Example 4. Let Ay; = diag{d;,ds}. Then, for any x € %2, we have
Axt = (2 4 x0) A1 X3
= (21 +22)[di (2] +23) + da(afzz + 2321)]
= (1]1 + .%'2)2[(11.1'% + (d2 — d1)$1.’1?2 + dll’g]

Case 1. d; =1, dy = 5. Aj; is positive semi-definite. However, A is not positive
semi-definite since Ax* < 0 for x = (1,-2)".

Case 2. d; = 1, dy = —0.5. A is positive semi-definite since Ax* = (21 + x2)?[2?3 —
1.5z129 + x%] > 0. However, A;; is not positive semi-definite since do < 0.

However, we may answer this question positively if A; is also doubly circulant.
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Proposition 7. If A € T, 5 is a doubly circulant tensor and A, is its root tensor,
then for any x € R™, we have

n
Ax™ = E rp A x™ L
k=1

On the other hand, if m is even and Ay is doubly circulant, then we have the
following conclusions:
(a). A is doubly circulant.
(b). If Aq1 is positive semi-definite, then A is positive semi-definite.
(c). If A is positive semi-definite, then for any x € R"™ satisfying > ,_, T # 0,
we have
Allxm_2 Z 0)

where Ayy is the root tensor of Aj.

Proof. If A is doubly circulant, then we have A = A; for k € [n]. It follows that
for any x € R", one can obtain

n
Ax™ = E rp A x™ L
k=1

On the other hand, if A; is doubly circulant, then we have A is doubly circulant by
definition and

n n 2
Ax™ = g zp A xm T = E zp | Apx™2,
k=1 k=1

where A;; is the root tensor of A;. The conclusions (a)-(c) follow immediately. [

5.3. An algorithm and numerical tests. In Subsection 5.1, we show that
a circulant tensor with a diagonal root tensor is positive semi-definite if and only
if the global optimal value of (22) or (23) is nonnegative. In this subsection, we
present an algorithm to solve the minimization problem (22). Here, m is even, and
the norm || - || in this section is the 2-norm.

Suppose A € Cp, . The minimization problem

min Ax™

24
subject to ||x]| =1, (24)
can be equivalent to be written as
min  Ax!...x™
m
subject to Zijj =0 (25)

j=1
x| =1, e [m],
where
I, -1,
: L,
Ay ;A= : s, Ap =
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Denote f(x!,---,x™) := Ax!...x™. Then the augmented Lagrangian function of
(25) Lg(x', -+ ,x™, \) is defined as
2

1 m _ 1 m T - ~J ﬂ - ~J
LB(Xa"'aX ,A)—f(X,"',X )_/\ ;AJX] +§ ;AJX] )

with the given constant § > 0.
We use the alternating direction method of multipliers to solve (25).

Algorithm 1. Alternating direction method of multipliers for circulant tensors

Step 0. Given € > 0, w9 = [(x1)%, .-+ | (x™)? A\ € R" x -+ x R™ x R™" and set
k=0.
Step 1. Generate w**! from w*, i.e., for j € [m]
(x7)FH = arg min Lg[(x")*T! o (7D x (IR (x™)E AR (26)
xTx=1
and

AL AR = B3~ A (x0T
j=1

Step 2. If [|[wFt! — w*|| < ¢, stop. Otherwise, k := k + 1, go to Step 1.

Note that the subproblem (26) is exactly equivalent to a convex quadratic pro-
gramming on the unit ball, i.e.,

min x'x+b'x
subject to  ||x]| =1,

with a given vector b. It is well known that it has a closed form solution. So this
algorithm is easily implemented.

Under certain condition, the convergence of the algorithm has also been proved,
see [8, 15, 18]. Though the sequence generated from the algorithm may converge
to a KKT point, the following numerical results show that the iterative sequence
converges to the global minimal solution with a high probability if we choose the
initial point randomly. Note that all the diagonal elements of the root tensor are
generated randomly in [—10, 10].

Example 5. A circulant tensor A € C4 3 is generated from a diagonal root tensor
with cg = —4.75046, ¢; = 3.58365 and ¢y = 8.252.

Example 6. A circulant tensor A € Cy 4 is generated from a diagonal root tensor
with ¢y = 3.30134, ¢; = —9.68746, co = 2.31954 and c3 = 7.60276.

In the implementation of Algorithm 1, we set the parameters § = 1.2 and € =
1075, And the initial point is generated randomly. All codes were written by Matlab
R2012b and all the numerical experiments were done on a laptop with Intel Core
i5-2430M CPU 2.4GHz and 1.58GB memory. The numerical results are reported in
Table 1. In the table, k, £ and A denote the average number of iteration, average
time and average value derived after 100 experiments. A\* means the global minimal
solution derived by the polynomial system solver Nsolve available in Mathematica,
provided by Wolfram Research Inc., Version 8.0, 2010. The frequency of success is
also recorded. If [|A — A*|| < 1075, we say that the algorithm can find the global
minimal solution of (22) successfully.
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TABLE 1. Numerical results for Example 5 and Example 6
k t A A* Frequency of success
Example 5 62.73 0.35607 -6.39448 -6.39448 100%
Example 6 92.49 0.52795 -1.79658 -1.79658 100%

From Table 1, we can see that the alternative direction method of multiplies

can
test

be efficient for solving the minimization problem (22) in some cases. We also
some problems with larger scale. However, it may be hard to verify the value

derived by the algorithm since the solver Nsolve could not work for larger scale
problems.

[1]
2]

3]

(10]
(11]

(12]

[13]
[14]
[15]
[16]
[17]
18]
[19]

20]

REFERENCES

R. Badeau and R. Boyer, Fast multilinear singular value decomposition for structured tensors,
SIAM J. Matriz Anal. Appl., 30 (2008), 1008-1021.

K. C. Chang, K. Pearson and T. Zhang, On eigenvalue problems of real symmetric tensors,
J. Math. Anal. Appl., 350 (2009), 416-422.

Y. Chen, Y. Dai, D. Han and W. Sun, Positive semidefinite generalized diffusion tensor
imaging via quadratic semidefinite programming, SIAM J. Imaging Sci., 6 (2013), 1531—
1552.

J. Cooper and A. Dutle, Spectra of uniform hypergraphs, Linear Algebra Appl., 436 (2012),
3268-3292.

P. Davis, Circulant Matrices, Wiley, New York, 1979.

A. Ducournau and A. Bretto, Random walks in directed hypergraphs and application to semi-
supervised image segmentation, Computer Vision and Image Understanding, 120 (2014),
91-102.

G. Gallo, G. Longo, S. Pallottino and S. Nguyen, Directed hypergraphs and applications,
Discrete Appl. Math., 42 (1993), 177-201.

D. Han and X. Yuan, A note on the alternating direction method of multipliers, J. Optim.
Theory Appl., 155 (2012), 227-238.

R. Horn and C. Johnson, Matriz Ananlysis, Cambridge University Press, Cambridge, UK,
1990.

S. Hu, Z.-H. Huang, H.-Y. Ni and L. Qi, Positive definiteness of diffusion kurtosis imaging,
Inverse Probl. Imaging, 6 (2012), 57-75.

S. Hu and L. Qi, Algebraic connectivity of an even uniform hypergraph, J. Comb. Optim.,
24 (2012), 564-579.

S. Hu and L. Qi, The eigenvectors associated with the zero eigenvalues of the Laplacian
and signless Laplacian tensors of a uniform hypergraph, Discrete Appl. Math., 169 (2014),
140-151.

S. Hu and L. Qi, The Laplacian of a uniform hypergraph, J. Comb. Optim., 29 (2015),
331-366.

S. Hu, L. Qi and J.-Y. Shao, Cored hypergraphs, power hypergraphs and their Laplacian
H-eigenvalues, Linear Algebra Appl., 439 (2013), 2980-2998.

B. Jiang, S. Ma and S. Zhang, Alternating direction method of multipliers for real and complex
polynomial optimization models, Optimization, 63 (2014), 883—-898.

G. Li, L. Qi and G. Yu, The Z-ecigenvalues of a symmetric tensor and its application to
spectral hypergraph theory, Numer. Linear Algebra Appl., 20 (2013), 1001-1029.

K. Li and L. Wang, A polynomial time approximation scheme for embedding a directed
hypergraph on a ring, Inform. Process. Lett., 97 (2006), 203—207.

H. Z. Luo, H. X. Wu and G. T. Chen, On the convergence of augmented Lagrangian methods
for nonlinear semidefinite programming, J. Global Optim., 54 (2012), 599-618.

K. J. Pearson and T. Zhang, On spectral hypergraph theory of the adjacency tensor, Graphs
Combin., 30 (2014), 1233-1248.

J. M. Pefia, A class of P-matrices with applications to the localization of the eigenvalues of
a real matrix, STAM J. Matriz Anal. Appl., 22 (2001), 1027-1037 (electronic).


http://www.ams.org/mathscinet-getitem?mr=MR2447440&return=pdf
http://dx.doi.org/10.1137/060655936
http://www.ams.org/mathscinet-getitem?mr=MR2476927&return=pdf
http://dx.doi.org/10.1016/j.jmaa.2008.09.067
http://www.ams.org/mathscinet-getitem?mr=MR3085114&return=pdf
http://dx.doi.org/10.1137/110843526
http://dx.doi.org/10.1137/110843526
http://www.ams.org/mathscinet-getitem?mr=MR2900714&return=pdf
http://dx.doi.org/10.1016/j.laa.2011.11.018
http://www.ams.org/mathscinet-getitem?mr=MR543191&return=pdf
http://dx.doi.org/10.1016/j.cviu.2013.10.012
http://dx.doi.org/10.1016/j.cviu.2013.10.012
http://www.ams.org/mathscinet-getitem?mr=MR1217096&return=pdf
http://dx.doi.org/10.1016/0166-218X(93)90045-P
http://www.ams.org/mathscinet-getitem?mr=MR2983116&return=pdf
http://dx.doi.org/10.1007/s10957-012-0003-z
http://www.ams.org/mathscinet-getitem?mr=MR1084815&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2887193&return=pdf
http://dx.doi.org/10.3934/ipi.2012.6.57
http://www.ams.org/mathscinet-getitem?mr=MR2974300&return=pdf
http://dx.doi.org/10.1007/s10878-011-9407-1
http://www.ams.org/mathscinet-getitem?mr=MR3175063&return=pdf
http://dx.doi.org/10.1016/j.dam.2013.12.024
http://dx.doi.org/10.1016/j.dam.2013.12.024
http://www.ams.org/mathscinet-getitem?mr=MR3297926&return=pdf
http://dx.doi.org/10.1007/s10878-013-9596-x
http://www.ams.org/mathscinet-getitem?mr=MR3116407&return=pdf
http://dx.doi.org/10.1016/j.laa.2013.08.028
http://dx.doi.org/10.1016/j.laa.2013.08.028
http://www.ams.org/mathscinet-getitem?mr=MR3207777&return=pdf
http://dx.doi.org/10.1080/02331934.2014.895901
http://dx.doi.org/10.1080/02331934.2014.895901
http://www.ams.org/mathscinet-getitem?mr=MR3141890&return=pdf
http://dx.doi.org/10.1002/nla.1877
http://dx.doi.org/10.1002/nla.1877
http://www.ams.org/mathscinet-getitem?mr=MR2195219&return=pdf
http://dx.doi.org/10.1016/j.ipl.2005.10.008
http://dx.doi.org/10.1016/j.ipl.2005.10.008
http://www.ams.org/mathscinet-getitem?mr=MR2988201&return=pdf
http://dx.doi.org/10.1007/s10898-011-9779-x
http://dx.doi.org/10.1007/s10898-011-9779-x
http://www.ams.org/mathscinet-getitem?mr=MR3248502&return=pdf
http://dx.doi.org/10.1007/s00373-013-1340-x
http://www.ams.org/mathscinet-getitem?mr=MR1824055&return=pdf
http://dx.doi.org/10.1137/S0895479800370342
http://dx.doi.org/10.1137/S0895479800370342

CIRCULANT TENSORS WITH APPLICATIONS 1247

[21] L. Qi, Eigenvalues of a real supersymmetric tensor, J. Symbolic Comput., 40 (2005), 1302—
1324.

[22] L. Qi, Ht-eigenvalues of Laplacian and signless Laplacian tensors, Commun. Math. Sci., 12
(2014), 1045-1064.

[23] L. Qi, J.-Y. Shao and Q. Wang, Regular uniform hypergraphs, s-cycles, s-paths and their
largest Laplacian H-eigenvalues, Linear Algebra Appl., 443 (2014), 215-227.

[24] L. Qi and Y. Song, An even order symmetric B tensor is positive definite, Linear Algebra
Appl., 457 (2014), 303-312.

[25] L. Qi, G. Yu and E. X. Wu, Higher order positive semidefinite diffusion tensor imaging, SIAM
J. Imaging Sci., 3 (2010), 416-433.

[26] L. Qi, G. Yu and Y. Xu, Nonnegative diffusion orientation distribution function, J. Math.
Imaging Vision, 45 (2013), 103-113.

[27] M. Rezghi and L. Eldén, Diagonalization of tensors with circulant structure, Linear Algebra
Appl., 435 (2011), 422-447.

[28] H. Tijms, A First Course in Stochastic Models, John Wiley, New York, 2003.

[29] Wikipedia, Circulant matrix — wikipedia, the free encyclopedia, 2015, https://en.
wikipedia.org/wiki/Circulant_matrix, [Online; accessed 19-July-2015].

[30] J. Xie and A. Chang, H-eigenvalues of signless Laplacian tensor for an even uniform hyper-
graph, Front. Math. China, 8 (2013), 107-127.

[31] J. Xie and A. Chang, On the Z-eigenvalues of the signless Laplacian tensor for an even uniform
hypergraph, Numer. Linear Algebra Appl., 20 (2013), 1030-1045.

Received November 2014; 1st revision March 2015; 2nd revision October 2015

E-mail address: czm183015@mail.nankai.edu.cn
E-mail address: maqilq@polyu.edu.hk


http://www.ams.org/mathscinet-getitem?mr=MR2178089&return=pdf
http://dx.doi.org/10.1016/j.jsc.2005.05.007
http://www.ams.org/mathscinet-getitem?mr=MR3194370&return=pdf
http://dx.doi.org/10.4310/CMS.2014.v12.n6.a3
http://www.ams.org/mathscinet-getitem?mr=MR3148904&return=pdf
http://dx.doi.org/10.1016/j.laa.2013.11.008
http://dx.doi.org/10.1016/j.laa.2013.11.008
http://www.ams.org/mathscinet-getitem?mr=MR3230448&return=pdf
http://dx.doi.org/10.1016/j.laa.2014.05.026
http://www.ams.org/mathscinet-getitem?mr=MR2679434&return=pdf
http://dx.doi.org/10.1137/090755138
http://www.ams.org/mathscinet-getitem?mr=MR3017401&return=pdf
http://dx.doi.org/10.1007/s10851-012-0346-y
http://www.ams.org/mathscinet-getitem?mr=MR2794584&return=pdf
http://dx.doi.org/10.1016/j.laa.2010.03.032
http://www.ams.org/mathscinet-getitem?mr=MR2190630&return=pdf
http://dx.doi.org/10.1002/047001363X
https://en.wikipedia.org/wiki/Circulant_matrix
https://en.wikipedia.org/wiki/Circulant_matrix
http://www.ams.org/mathscinet-getitem?mr=MR3010474&return=pdf
http://dx.doi.org/10.1007/s11464-012-0266-6
http://dx.doi.org/10.1007/s11464-012-0266-6
http://www.ams.org/mathscinet-getitem?mr=MR3141891&return=pdf
http://dx.doi.org/10.1002/nla.1910
http://dx.doi.org/10.1002/nla.1910
mailto:czm183015@mail.nankai.edu.cn
mailto:maqilq@polyu.edu.hk

	1. Introduction
	2. Applications in stochastic process and hypergraphs
	2.1. Stochastic process
	2.2. Circulant hypergraphs
	2.3. Directed circulant hypergraphs

	3. Eigenvalues of a circulant tensor
	4. Positive semi-definiteness of even order circulant tensors
	5. Circulant tensors with special root tensors
	5.1. Circulant tensors with diagonal root tensors
	5.2. Doubly circulant tensors
	5.3. An algorithm and numerical tests

	REFERENCES

