SOS TENSOR DECOMPOSITION: THEORY AND APPLICATIONS*
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Abstract. In this paper, we examine structured tensors which have sum-of-squares (SOS) tensor
decomposition, and study the SOS-rank of SOS tensor decomposition. We first show that several classes
of even order symmetric structured tensors available in the literature have SOS tensor decomposition.
These include positive Cauchy tensors, weakly diagonally dominated tensors, Bp-tensors, double B-
tensors, quasi-double Bp-tensors, M By-tensors, H-tensors, absolute tensors of positive semi-definite
Z-tensors and extended Z-tensors. We also examine the SOS-rank of SOS tensor decomposition and
the SOS-width for SOS tensor cones. The SOS-rank provides the minimal number of squares in the
SOS tensor decomposition, and, for a given SOS tensor cone, its SOS-width is the maximum possible
SOS-rank for all the tensors in this cone. We first deduce an upper bound for general tensors that
have SOS decomposition and the SOS-width for general SOS tensor cone using the known results in
the literature of polynomial theory. Then, we provide an explicit sharper estimate for the SOS-rank
of SOS tensor decomposition with bounded exponent and identify the SOS-width for the tensor cone
consisting of all tensors with bounded exponent that have SOS decompositions. Finally, as applications,
we show how the SOS tensor decomposition can be used to compute the minimum H-eigenvalue of an
even order symmetric extended Z-tensor and test the positive definiteness of an associated multivariate
form. Numerical examples ranging from small size to large size are provided to show the efficiency of
the proposed numerical methods.
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1. Introduction

Tensor decomposition is an important research area, and has found numerous ap-
plications in data mining [18, 19, 20], computational neuroscience [5, 11], and statistical
learning for latent variable models [1]. An important class of tensor decomposition is
sum-of-squares (SOS) tensor decomposition. It is known that to determine a given even
order symmetric tensor is positive semi-definite or not is an NP-hard problem in gen-
eral. On the other hand, an interesting feature of SOS tensor decomposition is checking
whether a given even order symmetric tensor has SOS decomposition or not can be
verified by solving a semi-definite programming problem (see for example [14]), and
hence, can be validated efficiently. SOS tensor decomposition has a close connection
with SOS polynomials, and SOS polynomials are very important in polynomial theory
[3, 4, 12, 13, 35, 40] and polynomial optimization [16, 21, 22, 23, 34, 41]. It is known that
an even order symmetric tensor having SOS decomposition is positive semi-definite, but
the converse is not true in general. Recently, a few classes of structured tensors such
as B tensors [37] and diagonally dominated tensor [36], have been shown to be positive
semi-definite in the even order symmetric case. It then raises a natural and interesting
question: Will these structured tensors admit an SOS decomposition? Providing an
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2 SOS TENSOR DECOMPOSITION: THEORY AND APPLICATIONS

answer for this question is important because this will enrich the theory of SOS tensor
decomposition, achieve a better understanding for these structured tensors, and lead to
efficient numerical methods for solving problems involving these structured tensors.

In this paper, we make the following contributions in answering the above theo-
retical question and providing applications on important numerical problems involving
structured tensors:

(1) We first show that several classes of symmetric structured tensors available in
the literature have SOS decomposition when the order is even. These classes
include positive Cauchy tensors, weakly diagonally dominated tensors, By-
tensors, double B-tensors, quasi-double By-tensors, M By-tensors, H-tensors,
absolute tensors of positive semi-definite Z-tensors and extended Z-tensors.

(2) Secondly, we examine the SOS-rank for tensors with SOS decomposition and
the SOS-width for SOS tensor cones. The SOS-rank of tensor A is defined
to be the minimal number of the squares which appear in the sums-of-squares
decomposition of the associated homogeneous polynomial of A, and, for a given
SOS tensor cone, its SOS-width is the maximum possible SOS-rank for all the
tensors in this cone. We deduce an upper bound for the SOS-rank of general
SOS tensor decomposition and the SOS-width for the general SOS tensor cone
using the known result in polynomial theory [4]. We then provide a sharper
explicit upper bound of the SOS-rank for tensors with bounded exponent and
identify the exact SOS-width for the cone consists of all such tensors with SOS
decomposition.

(3) Finally, as applications, we show how the derived SOS tensor decomposition
can be used to compute the minimum H-eigenvalue of an even order symmetric
extended Z-tensor and test the positive definiteness of an associated multivari-
ate form. Numerical examples ranging from small size to large size are provided
to show the efficiency of the proposed numerical methods.

The rest of this paper is organized as follows. In Section 2, we recall some basic
definitions and facts for tensors and polynomials. We also present some properties of
SOS tensor cone and its duality. In Section 3, we present SOS decomposition property
for various classes of structured tensors. In Section 4, we study the SOS-rank of SOS
tensor decomposition and SOS-width for a given SOS tensor cone. In particular, we
examine SOS tensor decomposition with bounded exponents and the SOS-width of the
cone constituted by all such tensors with SOS decomposition, and provide their sharper
explicit estimate. In Section 5, as an application for the derived SOS decomposition of
structure tensors, we show that the minimum H-eigenvalue of an even order extended
Z-tensor can be computed via polynomial optimization technique. Accordingly, this
also leads to an efficient test for positive definiteness of an associated multivariate form.
Numerical experiments are reported to illustrate the significance of the result. Final
remarks and some questions are listed in Section 6.

Before we move on, we briefly mention the notation that will be used in the se-
quel. Let R™ be the n dimensional real Euclidean space and the set consisting of all
positive integers is denoted by N. Suppose m,n €N are two natural numbers. Denote
[n]={1,2,---,n}. Vectors are denoted by bold lowercase letters i.e. x, y,---, matri-
ces are denoted by capital letters i.e. A,B,---, and tensors are written as calligraphic
capitals such as A,7T,---. The i-th unit coordinate vector in R"™ is denoted by e;. If
A= (ai1-“im)1§ij§na Jj=1,-+-,m, then |~A| = (‘ail‘ )1§ij5717 j=1,---,m.

tm

2. Preliminaries
A real mth order n-dimensional tensor A= (a;,...;,,) is a multi-array of real en-
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tries a@;,iy...i,,, where i; € [n] for j € [m]. If the entries a;,;,...;,, are invariant under any
permutation of their indices, then tensor A is called a symmetric tensor. In this paper,
we always consider symmetric tensors defined in R™. The identity tensor Z with order
m and dimension n is given by Z;,...;, =1 if iy =---=4,, and Z;,...;,, =0 otherwise.

We first fix some symbols and recall some basic facts of tensors and polynomials. Let
m,neN. Consider S, ,:={A:A is an mth-order n-dimensional symmetric tensor}.
Clearly, Sy, » is a linear space under the addition and multiplication defined as below:
for any t€R, A= (ail---im)lﬁih“-,imﬁn and B= (bir'-im)lﬁih-“,imﬁnv

i

“tm

A-’-BZ (aili..im +bi1--<im)1§i1,---,im§n and tA: (tail...im)lgil’...,imgn.

For each A,B€S,, ,, we define the inner product by

n

<.A,B> = Z ai1--~imbi1~~~im'
i1, Em =1

1/2
n

The corresponding norm is defined by ||A||=(<A,A>)1/2: Z (ai,..i, )*
i1, im =1

For a vector x € R", we use z; to denote its ith component. Moreover, for a vector

x €R"™, we use x™ to denote the mth-order n-dimensional symmetric rank one tensor

induced by x, i.e.,

(Xm)iliz---im =T Tiy T,y Vil,“',im € {1,---,n}.

We note that an mth order n-dimensional symmetric tensor uniquely defines an
mth degree homogeneous polynomial f4 on R™: for all x=(z1,---,7,)T €R",

(2.1) faAR)=AX" = > gy, Ty Tiy T,

i1,52,,im €[n]

Conversely, any mth degree homogeneous polynomial function f on R™ also uniquely
corresponds a symmetric tensor. Furthermore, a tensor A is called positive semi-definite
(positive definite) if f4(x)>0 (fa(x)>0) for all xe R™ (x € R™\{0}).

We now recall the following definitions on eigenvalues and eigenvectors for a tensor
[36].
DEFINITION 2.1. Let C be the complex field. Let A= (ai,i,..i,,) be an order m dimension
n tensor. A pair (A\,x)€CxC"\ {0} is called an eigenvalue-eigenvector pair of tensor
A, if they satisfy

Ax™ = x[m—1,
where Ax™~ 1 and x™= are all n dimensional column vectors given by

n

m—1
.AX = E Qijyeipy Lig ** Liy,
b2y im=1 1<i<n

and xIm—1 :(xgn_l,...,xﬁfl)TGR”. If the eigenvalue )\ and the eigenvector x are

real, then A is called an H-eigenvalue of A and x is its corresponding H-eigenvector
[36]. An important fact which will be used frequently later on is that an even order
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symmetric tensor is positive semi-definite (definite) if and only if all H-eigenvalues of
the tensor are nonnegative (positive).

Suppose that m is even. In (2.1), if f4(x) is a sums-of-squares (SOS) polynomial,
then we say A has an SOS tensor decomposition (or an SOS decomposition, for
simplicity). If a given tensor has SOS decomposition, then the tensor is positive semi-
definite, but not vice versa. Next, we recall a useful lemma which provides a test for
verifying whether a homogeneous polynomial is a sums-of-squares polynomial or not.
To do this, we introduce some basic notions.

For all xeR", consider a homogeneous polynomial f(x)=)"_ fax® with degree m
(m is an even number), where o= (a1, --,0,) € (NU{0})", x*=2" - 28" and |a|:=
Z?:lozizm. Let fp,; be the coefficient associated with zi*. Let e; be the ith unit
vector and let

(2.2) Qp={a= (a1, -,an) €(NU{0})": fo #0 and a#me;, i=1,---,n}.

Then, f can be decomposed as f(x)=> 1, fm,ixg'L+za€foaXa~ Recall that 2N
denotes the set consisting of all the even numbers. Define '

X)=Y fmir = > |falx®,
=1

a€Ay
where
(2.3) Ap:={a=(a1,,an)EQs: fo <0 or a¢ (2NU{0})"}.

LEMMA 2.2. [9, Corollary 2.8] Let f be a homogeneous polynomial of degree m, where
m is an even number. If f is a polynomial which always takes nonnegative values, then
f is a sums-of-squares polynomial.

2.1. SOS tensor cone and its dual cone. In this part, we study the cone
consisting of all tensors that have SOS decomposition, and its dual cone [30]. We use
SOS;,,» to denote the cone consisting of all order m and dimension n tensors, which have
SOS decomposition. The following simple lemma from [14] gives some basic properties
of SOSy, .

LEMMA 2.3. (cf.[14]) Let m,n €N and m be an even number. Then, SOS,, ,, is a closed
conver cone with dimension at most I(m,n)=("*""").

For a closed convex cone C, we recall that the dual cone of C' in S, ,, is denoted by
C?® and defined by C% = {AGSmm (A,C)>0 for all CeC}. Let M= (my, iy,...i,,) €
Sim.n- We also define the symmetric tensor sym(M @ M) € Sayy, p, by

sym(M @ M)x*™ = (Mx™)? = Z My eeein, My o

1<iy,im,d1, e dm Sn

Ty T Ty T
Moreover, in the case where the degree m=2, SOS, and its dual cone are equal, and
both reduce to the cone of positive semidefinite (n x n) matrices. Therefore, to avoid
triviality, we consider the duality of the SOS tensor cone SOS,, ,, in the case where m
is an even number with m >4.

PROPOSITION 2.4. (Duality between tensor cones) Let n€N and m be an even
number with m>4. Then, we have SOS;, , = {A€ Sy n: (A,sym(M@M)) >0, V M€

Sm n} and Sosm n g Sosm n-

Proof. We define SOS » t0 be the cone consisting of all mth-order n-dimensional
symmetric tensors such that f 4(x):=(A,x™) is a polynomial which can be written as
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sums of finitely many homogeneous polynomials. We now see that indeed SOS?,W =

SOS;, . Clearly, SOSﬁlm CS0S,,,n. To see the reverse inclusion, we let A€ SOS,, ;.
Then, there exists [€ N and fi,---, f; are real polynomials with degree at most % such

that (A,x™) = Zi:l fi(x)?. In particular, for all >0, we have

l

" AX™) = (A, ()™ = 3 filtx)?

i=1

Dividing ¢"™ on both sides and letting t — +00, we see that (A4,x™) :Eé:1fi,%(x)2u
where f; m is the Zth-power term of f;, i=1,---,l. This shows that A€ SOSﬁLn. Thus,
we have SOSZWL =5085,,,n. It then follows that

(SOSum.n)® = (SOS", ) ¥ = {A€Spm.p: (A,C)>0 for all CeSOSE, .}

!
={A€Sn:(AC)>0 for all C:Zsym(Mi(@Mi),
i=1
MiES%’n,Z’ZL---,l}
={A€Smn: (AsymMaM)) >0 for all M€ Sm ,}.

We now show that SOS,,, ZSOSE , if m>4. Let f(x)=af+a3+23+6az3+
62313+ 62323 and let A€ Sy 3 be such that Ax*= f(x). Then, A has an SOS decom-
position and A; 1 11=A2222=1, Az333= i, A1133=A1122=A2233=1. We now
see that A¢&SOSS, . To see this, we only need to find M € S 3 such that (A,sym(M @
M)) <0. To see this, let M =diag(1,1,—4). Then, sym(M @ M)x*= (xT Mx)?= (22 +
x3—422)2. Direct verification shows that sym(M @ M)x*=x%+ 23+ 1623 + 22222 —
8.’5%1’% - S.T%CC% SO, sym(M@M)LLLl :sym(M®M)272’2,2 = ]., Sym(M®M)3,373’3 = 16,
sym(MQ@M)1122= %, sym(MQ@M)1133=sym(M QM) 033= —%. Therefore,

(A,sym(M@M)>:1+l+i-16+6<1~;) +6<1- <—§>) +6(1- (—§)> =-8<0,

and the desired results hold. O

Question: It is known from polynomial optimization (see [22, Proposition 4.9] or
[21]) that the dual cone of the cone consisting of all sums-of-squares polynomials (pos-
sibly nonhomogeneous) is the moment cone (that is, all the sequence whose associated
moment matrix is positive semi-definite). Can we link the dual cone of SOS,, ,, to the
moment matrix? Can the membership problem of SOS??W be solvable in polynomial
time?

3. SOS Decomposition of Several Classes of Structured Tensors

In this section, we examine the SOS decomposition of several classes of symmetric
even order structured tensors, such as positive Cauchy tensor, weakly diagonally dom-
inated tensors, By-tensors, double B-tensors, quasi-double Bgy-tensors, M By-tensors,
H-tensors, absolute tensors of positive semi-definite Z-tensors and extended Z-tensors.
For SOS decomposition of strong Hankel tensors, see [7, 27].

3.1. Characterizing SOS decomposition for even order Cauchy tensors.
Symmetric Cauchy tensors was first studied in [2]. Some checkable sufficient and neces-
sary conditions for an even order symmetric Cauchy tensor to be positive semi-definite
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or positive definite were provided in [2], which extends the matrix cases established in
[10].
Let c=(c1,c2, - ,cn)T ER™ with ¢, +¢i,+-+ci, #0 for all i;€{1,...,n}, j=
1,...,m. Let the real tensor C =(c¢;,4,...;,,) be defined by
1

Civig i, Ci1+ci2+"'+cim’ J [m]a 5 [Tl]

Then, we say that C is a symmetric Cauchy tensor with order m and dimension n
or simply a Cauchy tensor. The corresponding vector c€R"™ is called the generating
vector of C.

To establish the SOS decomposition of Cauchy tensors, we will also need another
class of tensors called completely positive tensor, which has an SOS tensor decomposition
in the even order case.

Tensor A is called a completely decomposable tensor if there are vectors x; €
R™, j€]r] such that A can be written as sums of rank-one tensors generated by the
vector X;, that is,

A= Z xj.
JE[r

]

If x;€RY for all je[r], then A is called a completely positive tensor [38]. It
was shown that a strongly symmetric, hierarchically dominated nonnegative tensor is a
completely positive tensor [38].

We now characterize the SOS decomposition and completely positivity for even
order Cauchy tensors.

THEOREM 3.1. Let c=(cy,co, -+ cn)t €R™ with ¢;, +ciy+--+ci,, #0 for all ij €
{1,...,n}, j=1,...,m. Let C be a Cauchy tensor generated by c with even order m
and dimension n. Then, the following statements are equivalent.

(i) the Cauchy tensor C has an SOS tensor decomposition;

(ii) the Cauchy tensor C is positive semi-definite;

(iii) the generating vector of the Cauchy tensor ¢;, i € [n], are all positive;

(iv) the Cauchy tensor C is a completely positive tensor.

Proof. Since m is even, by definitions of completely positive tensor, SOS ten-
sor decomposition and positive semi-definite tensor, we can easily obtain (i) = (ii) and
(iv) = (i). By Theorem 2.1 of [2], we know that C is positive semi-definite if and only if
¢; >0, € [n], and hence, (ii) < (iii) holds. So, we only need to prove (iii) = (iv), that is,
any Cauchy tensors with positive generating vector is completely positive.

Assume (iii) holds. Then, for any x € R™,

CX™ = Y0 iy i 5 P

— n Lici +eigttein =1, o .
- Zil,iz,“wim:l <f0 o 2 Tiy Tig “'Izmdt

1 n ) et —1
= fO (Zi17i2,“‘,im,:1tC11+CL2+ +Cip, Ti, iy xlm) dt

1 n 1 m
= (Zi:th mﬂCi) dt.

By the definition of Riemann integral, we have
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Let Cx be the symmetric tensor such that

(Zr )
Cka:Z’? =
J_
1 m
k n (L)% m
= Zj:l <Zi—1 T z,)
m

where

) iyei— IYen— s

u]:<(k)kl 7"'v(k)kl )eanjzlu"'ak~
Let CD,, ,, denote the set consisting of all completely decomposable tensor with order
m and dimension n. From [27, Theorem 1], CD,, , is a closed convex cone when m is
even. It then follows that C =limy_,,,Cy is also a completely positive tensor. O

3.2. Even order symmetric weakly diagonally dominated tensors have
SOS decompositions.

In this section, we establish that even order symmetric weakly diagonally dominated
tensors have SOS decompositions. Firstly, we give the definition of weakly diagonally
dominated tensors. To do this, we introduce an index set A 4 associated with a tensor
A. Now, let A be a tensor with order m and dimension n, and let f4 be its associated
homogeneous polynomial such that f4(x)=.Ax". We then define the index set A4 as
Ay with f=f4, as given as in (2.3).

DEFINITION 3.2. We say A is a diagonally dominated tensor if, for eachi=1,--- n,

Qe > Z | @iy i, |-

(2, yim ) F (i)

We say A is a weakly diagonally dominated tensor if, for each i=1,---,n,

Qi 2> Z |@ig--i, |-

(g im)# (i),
(iyig +im)EA 4
Clearly, any diagonally dominated tensor is a weakly diagonally dominated tensor.
However, the converse is, in general, not true.
THEOREM 3.3. Let A be a symmetric weakly diagonally dominated tensor with order m
and dimension n. Suppose that m is even. Then, A has an SOS tensor decomposition.
Proof. Denote I ={(i,---,i)|1<i<n}. Let x€R™. Then,

n
m__ m
Ax™ = E Qi T; + E Qiyig-ip Tiy Lig " Ti,,
1=1 (31, yim ) E1

n
:Z Qe — Z ‘aiiz---iml x;n—i_
=1

(g im)#(i4)
(iyig-+im)EA 4

n
m
> > |Gty i T+ D G By Ty T,

i=1 (ig--im)#(i--i) i1y yim )&
(iig e im)EA A (G1,001m) €
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n
=Z Qijeoi — Z | Qi | | 2"
=1

(g +im)# (i)
(iyigyim)EA 4

n
m
+E E |Qiig i, | ] +E E Qv TiLig T,

=1 (ig-im)#(i--4) i=1 (i 1m)#(1
(iyig-+,im)EA 4 (iyig- lm)EA,A

n
+ E E Qi Ty " L,
i=1 (ig- i) (4
(irig--rim) @A 4

Define

n
:E E |@iig.i |27 +§ E Qg TiTig T, -

i=1 (igrim)A(i4) i=1 (in rim) £ (i)
(iyig--+,im)EA 4 (iig-im)EA 4
We now show that h is a sums-of-squares polynomial.
To see h is indeed sums-of-squares, from Lemma 2.2, it suffices to show that

n n
=D i@ =Y D (i wiw,

i=1 (ig--im)#(i-3) G=1 (ig-im)#£(i--3)
(iyig-im)EA 4 (302 ,im)EA 4

is a polynomial which always takes nonnegative values. As hisa homogeneous polyno-
mial with degree m on R", let # be a symmetric tensor with order m and dimension n
such that h(x)=Hx". Slnce A is symmetric, the nonzero entries of H are the same as
the corresponding entries of A. Now, let A be an arbitrary H-eigenvalue of A, from the
Gershgorin Theorem for eigenvalues of tensors [36], we have

A= > aiieinl [ D g, |-

(i wim)# (i) (i vim)# (i)
(irig+im)EA 4 (irig+im) €A 4

So, we must have A>0. This shows that all H-eigenvalues of # must be nonnegative,
and so, H is positive semi-definite [36]. Thus, his a polynomial which always takes
nonnegative values.

Now, as A is a weakly diagonally dominated tensor and m is even,

n

Z Q.. — Z |@iigire | | 27"

i=1 (g rim)# (i i)
(iyigeim)EA 4

is an SOS polynomial. Moreover, from the definition of A 4, for each (iy--+im) ¢ A4,
Giy.ip, >0 and x;, ---x;, is a squares term. Then,

n
E E am...immixh ""’Eim

i=1 (ig-im)#(i--1)
(iyig yim)EA 4

m

is also a sums-of-square polynomial. Thus, A has an SOS tensor decomposition. O
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As a diagonally dominated tensor is weakly diagonally dominated, the following
corollary follows immediately.
COROLLARY 3.4. Let A be a symmetric diagonally dominated tensor with even order
m and dimension n. Then, A has an SOS tensor decomposition.

3.3. The absolute tensor of an even order symmetric positive semi-
definite Z-tensor has an SOS decomposition.

Let A be an order m dimension n tensor. If all off-diagonal elements of A are
non-positive, then A is called a Z-tensor [44]. A Z-tensor A= (a;, .. ;) can be written
as

(3.1) A=D-C,

where D is a diagonal tensor where its ith diagonal elements equals a;;.. ;, i=1,...,n,
and C is a nonnegative tensor (or a tensor with nonnegative entries) such that diagonal
entries all equal to zero. We now define the absolute tensor of A by

|A|=|D|+C.

Note that all even order symmetric positive semi-definite Z-tensors have SOS de-
compositions [14, 15], a natural interesting question would be: do all absolute tensors
of even order symmetric positive semi-definite Z-tensors have SOS decompositions?
Below, we provide an answer for this question.

THEOREM 3.5. Let A be a symmetric Z-tensor with even order m and dimension n
defined as in (3.1). If A is positive semi-definite, then |A| has an SOS tensor decom-
position.

Proof. Let A=(a,..s, ) be a symmetric positive semi-definite Z-tensor. From
(3.1), we have A=D —C, where D is a diagonal tensor where the diagonal entries of D
is d;:=a;. 4,5 €[n] and C=(¢;,4y...4,,) is @ nonnegative tensor with zero diagonal entries.
Define three index sets as follows:

I= {(7;177;2,'“,7;771)6 [n]m | 11 :iQZ--~:im};

Q= {(il,ig, e ,im) S [n]"” | Citig im 7é 0 and (il,ig, cee ,im) §é I};

A= {(i1,92,*,im) €Q | Ciyigip, >0 or at least one index in
(41,02, *,im) exists odd times}.

Let f(x)=|A[x™ and define a polynomial f by

n
f(x):Zdle”— Z |Ci1i2---im‘xi1$i2"'xim~
i=1

(31,82, im)EA

From Lemma 2.2, to see polynomial f(x)=|A|x™ is a sums-of-squares polynomial, we
only need to show that f always takes nonnegative value. To see this, as A is positive
semi-definite, we have d; > 0. Since ¢;,iy...i,, >0, i; €[n], j € [m], it follows that

Um

F) = 30 di = 3 iy i i) €A Cinigrin Ty Tig * Ty,
S G =30 iy iy Citia i Ty Tig Ty,
2 (ir iy i )EON\A Cirie i T Tig " Ty

AXT 430G i) €Q\A Cirizeevign T i = Ty

0.

AVANI

Here, the last inequality follows from the fact that m is even, A is positive semi-definite
and x;, ©;, -2, 1s a square term if (i1,i9,--+,im) € Q\A. Thus, the desired result fol-
lows. [

m
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3.4. SOS tensor decomposition for even order symmetric extended Z-
tensors.

In this subsection, we introduce a new class of symmetric tensor which extends
symmetric Z-tensors to the cases where the off-diagonal elements can be positive, and
examine its SOS tensor decomposition.

Let f be a polynomial on R™ with degree m. Let fp,; be the coefficient of f
associated with z*, i € [n]. We say f is an extended Z-polynomial if there exist s€N
with s <n and index sets Iy C{1,---,n}, {=1,---,s with |J;_, Ty ={1,---,n} and I';, N
Ty, =0 for all [ #15 such that

f(x):me’ix;”—s-Z Z foclxalu
=1

=1 ;€
where

Q= {ae([U{0)" | la|=m,x* =24 xi, @i, {i1, - im } CTY,
and a#me;, i=1,---,n}

for each [=1,---,s and either one of the following two conditions holds:

(1) fo, =0 for all but one ag €£Y;

(2) fa, <0 for all a; €.

We now say a symmetric tensor A is an extended Z-tensor if its associated polynomial
fa(x)=Ax™ is an extended Z-polynomial.

From the definition, it is clear that any Z-tensor is an extended Z-tensor with s=1
and I'y ={1,---,n}. On the other hand, an extended Z-tensor allows a few elements
of the off-diagonal elements to be positive, and so, an extended Z-tensor need not
to be a Z-tensor. For example, consider a symmetric tensor A where its associated
polynomial f4(x)=Ax™ =%+ 2§ + 2§ + 2§ + 42323 + 62327, It can be easily see that A
is an extended Z-tensor but not a Z-tensor (as there are positive off-diagonal elements).
In [31], partially Z-tensors are introduced. There is no direct relation between these two
concepts, except that both of them contain Z-tensors. But they do have intersection
which is larger than the set of all Z-tensors. Actually, the example just discussed is not
a Z-tensor, but it is an extended Z-tensor and a partially Z-tensor as well.

We now see that any positive semi-definite extended Z-tensor has an SOS tensor
decomposition. To achieve this, we recall the following useful lemma, which provides
us a simple criterion for determining whether a homogeneous polynomial with only one
mixed term is a sum of squares polynomial or not.

LeMMA 3.6. (9 Let b1,ba,-++,b, >0 and deN. Let ay,as, -,a, €N be such that Z?Zl =
2d. Consider the homogeneous polynomial f(x) defined by

f(x)=bizd - 4 byad — - x0n

Let po :2dHai¢071§i§n(2—i)%. Then, the following statements are equivalent:

(i) f is a nonnegative polynomial i.e. f(x)>0 for all xeR™;

(ii) either |p| <po or p<po and all a; are even;

(iii) f is an SOS polynomial.
THEOREM 3.7. Let A be an even order positive semi-definite extended Z-tensor. Then,
A has an SOS tensor decomposition.

Proof. Let fa(x)=.Ax". As A is a positive semi-definite symmetric extended Z-
tensor, there exist s €N and index sets I, C{1,---,n}, I=1,---,s with | J;_, Iy ={1,---,n}
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and I';; NIy, =0 for all I; #15 such that for all xe R™

FER)=D fmat]" > D faX™
=1

=1 ;€

such that, for each [=1,---,s, either one of the following two condition holds: (1) f,, =0
for all but one a; €Yy; (2) fo, <0 for all oy € Q. Define, for each I=1,--+,s,

hl(x)::me,iz;nJr Z falXal.

i€l a €

It follows that each h; is an extended Z-polynomial. Moreover, from the construc-
tion, Y7 h=fa and so, infxern» ;_,hi(x)=0. Note that each h; is also a ho-
mogeneous polynomial, and hence infyern hj(x)<0. Noting that each h; is indeed
a polynomial on (z;)ier,, Uj_;[1={1,---,n} and I';, N\T';, =0 for all 1 #1l5, we have
infxern Dy hi(x)=>,_, infxern hy(x). This enforces that infxern hy(x)=0. In par-
ticular, each h; is a polynomial which takes nonnegative values. We now see that hy,
1<1<s, are SOS polynomial. Indeed, if f,, =0 for all but one a; €€, then h; is a
homogeneous polynomial with only a mixed term, and so, Lemma 3.6 implies that A
is a SOS polynomial. On the other hand, if f,, <0 for all a; €€, h; corresponds to a
Z-tensor, and so, h; is also a SOS polynomial in this case because any positive semi-
definite Z-tensor has an SOS tensor decomposition [14]. Thus, fa=>;_, h; is also a
SOS polynomial, and hence the conclusion follows. O

REMARK 3.1. A close inspection of the above proof indicates that we indeed show that
the associated polynomial fa(x)=Ax" satisfies fa=),_, hi where each h; is an SOS
polynomial in (z;)ier, -

3.5. Even order symmetric By-tensors have SOS decompositions.

In this part, we show that even order symmetric By tensors have SOS tensor decom-
positions. Recall that a tensor A= (a;,4,...s,,) with order m and dimension n is called a
By-tensor [37] if

n

Z Qiigeeipy, = 0

12,0 im =1

and

n

# Z aiiQ..AimZam...jm for all (]277‘7711)#(17771)
ig, e yim=1

To establish that a By-tensor has an SOS tensor decomposition, we first present the
SOS tensor decomposition of the all-one-tensor. We say £ is an all-one-tensor if with
each of its elements of £ is equal to one.
LEMMA 3.8. Let £ be an even order all-one-tensor. Then, £ has an SOS tensor
decomposition.

Proof. Let €= (ei,i,..4,,) be an all-one-tensor with even order m and dimension n.
For all x€R", one has

m o __ .. . . PSRN
ExM = Zil,iQ,---,imG[n] Cirige i Liy Lig Lipm
Tiy T

i17i27"‘7irne["] :I:il
(z1+a2+-+a,)"
0,

m

Vvl
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which implies that £ has an SOS tensor decomposition. O
Let JC[n]. £/ is called a partially all-one-tensor if its elements are defined such
that €;,4,...i,, =1, 91,42, -~ ,im € J and e;,;,...;,, =0 for the others. Similar to Lemma 3.2,
it is easy to check that all even order partially all-one-tensors have SOS decompositions.
We also need the following characterization of By-tensors established in [37].
LEMMA 3.9. Suppose that A is a By-tensor with order m and dimension n. Then either
A is a diagonally dominated symmetric M -tensor itself, or we have

S
A=M+Y €,
k=1
where M is a diagonally dominated symmetric M -tensor, s is a positive integer, hjy >0
and Ji, C{1,---,n}, for k=1,---,s, and JyNJ, =0, for k#1.

From Theorem 3.3, Lemma 3.8 and Lemma 3.9, we have the following result.
THEOREM 3.10. All even order symmetric By-tensors have SOS tensor decomposi-
tions.

Before we move on to the next part, we note that, stimulated by By-tensors in [37],
symmetric double B-tensors, symmetric quasi-double By-tensors and symmetric M By-
tensors have been studied in [24, 25]. Below, we briefly explain that, using a similar
method of proof as above, these three classes of tensors all have SOS decompositions.
To do this, let us recall the definitions of these three classes of tensors.

For a real symmetric tensor B= (b;,4,...s,,,) with order m and dimension n, denote

Bi(B) = max {0,bijs- g, }3

g2, dm €M, (4,52, dm) €1

A;(B)= Z (Bi(B) = bija---jm )3

3255 dm €[Nl (472, dm ) E1

AL(B)=A;(B) — (B;(B) = bjii.i), i# 7.

As defined in [24, Definition 3], B is called a double B-tensor if, bj;...; > 8;(B), for all
i€[n] and for all 4,j € [n],i#j such that

bii.... — Bi(B) = Ai(B)
and
(bii-..i = Bi(B))(bjj...; — B;(B)) > Ai(B)A; (B).
If bii...; > Bi(B), for all i € [n] and
(biii = Bi(B)) (bj...g = B (B) = A;(B)) > (B;(B) = bj..i) Ai(B),

then tensor B is called a quasi-double By-tensor (see Definition 2 of [25]).
Let A= (ai,iy---i,,) such that

Qiyineir, =Diyig-i,, — Biy (B), for all iy €[n].

If A is an M-tensor, then B is called an M By-tensor (see Definition 3 of [25]). It was
shown in [25] that all quasi-double By-tensors are M By-tensors.
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In [24], Li et al. proved that, for any symmetric double B-tensor B, either B is
a doubly strictly diagonally dominated (DSDD) Z-tensor, or B can be decomposed
to the sum of a DSDD Z-tensor and several positive multiples of partially all-one-
tensors (see Theorem 6 of [24]). From Theorem 4 of [24], we know that an even order
symmetric DSDD Z-tensor is positive definite. This together with the fact that any
positive semi-definite Z-tensor has an SOS tensor decomposition [14] implies that any
even order symmetric double B-tensor B has an SOS tensor decomposition. Moreover,
from Theorem 7 of [25], we know that, for any symmetric M By-tensor, it is either
an M-tensor itself or it can be decomposed as the sum of an M-tensor and several
positive multiples of partially all-one-tensors. As even order symmetric M-tensors are
positive semi-definite Z-tensors [44] which have, in particular, SOS decomposition, we
see that any even order symmetric M By tensor also has an SOS tensor decomposition.
Combining these and noting that any quasi-double By-tensor is an M By-tensor, we
arrive at the following conclusion.
THEOREM 3.11. FEven order symmetric double B-tensors, even order symmetric quast
double By-tensors and even order symmetric M By-tensors all have SOS tensor decom-
positions.

3.6. Even order symmetric H-tensors with nonnegative diagonal ele-
ments have SOS decompositions.

In this part, we show that any even order symmetric H-tensor with nonnegative
diagonal elements has an SOS tensor decomposition. Recall that an mth order n di-
mensional tensor A= (a;,4,...;,, ), it’s comparison tensor is defined by M(A) = (M, iy.-4,,)
such that

ltm

mulz\a“m and milig...im:7|a1‘”‘2..4¢m|,

for all 4,41, ,im € [n],(i1,32,  *,4m) ¢ I. Then, tensor A is called an H-tensor [6] if there
exists a tensor Z with nonnegative entries such that M(A)=sZ — Z and s > p(Z), where
7 is the identity tensor and p(Z) is the spectral radius of Z defined as the maximum
of modulus of all eigenvalues of Z. If s>p(Z), then A is called a nonsingular H-
tensor. A characterization for nonsingular H-tensors was given in [6] which states A
is a nonsingular H-tensor if and only if there exists an enteritis positive vector y =
(y1,92,--+,yn) € R™ such that

sy > Y (i,

(1,i2,im)E1

YirYis**Yin, ¥ 1E€[N]

We note that the above definitions were first introduced in [6]. These were further
examined in [17, 26] where the authors in [26] referred nonsingular H-tensors simply as
H-tensors and the authors in [17] referred nonsingular H-tensors as strong H-tensors.
THEOREM 3.12. Let A=(as,iy.i,,) be a symmetric H-tensor with even order m di-
mension n. Suppose that all the diagonal elements of A are nonnegative. Then, A has
an SOS tensor decomposition.

Proof. We first show that any nonsingular H-tensor with positive diagonal elements
has an SOS tensor decomposition. Let A=(ai,;,..s,,) be a nonsingular H-tensor with
even order m dimension n such that a;..; >0, i€[n]. Then, there exists a vector
y=(1,,yn)T €R" with y; >0, i=1,---,n, such that

(32) Qi > D @i [YiYis Ui Vi€ ).
(iyiz,erim) &1
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To prove the conclusion, by Lemma 2.2, we only need to prove

E a'LZ

i1€[n]

From (3.2), we know that

3.3
(3-3) S

Here, for any fixed tuple (49,i
,j%, k<m, which appear si,s2,

k distinct indices 57,79,

respectively, s; € [m],l € [k‘]

erality, we denote a=|a;;

permutations of (i,i9,---

7

falx) > 2 icin)

,i2,<~~,im)€A_A |ai1i2"'im

n
|a¢1¢2.,,im|:z:i1x¢2 Ty, ZO, vV xeR".

>

(31,32, ,im)EA A

.. . 17m . . e . m
(Z(i@,---,im)g[|a“2---zm|i‘/i YiaYiz  Yim T4 )
Liy Lig ** Ly«

0

9,-++,i%) € A4, assume (i9,79,---,i0 ) is constituted by

-, 8 times in (49,49,--+,i2))
Then, one has s; +so+---+ s =m. Without loss of gen-

o | >0, Let m(i9,49,---,i%) be the set consisting of all

m) So, on the right side of (3.3), there are some terms cor-

responding to the fixed tuple (9,49,---,i% ) such that
|CL | 1-m,, i xm
]112 y]? y22y13 yzm jO
(5932, st ) €M (29,89,-+-,19,)
1-m m
+ E |ajgi2~~~im|y YiosYis* Yim T 50
(492, im ) €T (19,39,+,39,)
1—-m m
+ E |aj2i2---im l/jg YioYiz * Yim T j0
(G2, i) €M (19,39,--,49,)
- > iy, | Ty Tiy o Ty
(i1,d2,im ) Em(i9,39,++,i0,
m—1\/m—s1\ /m—51—So m—81—So - —S8k_1 si—m. s
— cee ay é y [2) y Oxj
s1—1 So S3 Sk 1
m—1\ (m—s2\ (m—s1—52 m—81—8g " —Sk—1 sa—m_ 51 s m
+ ayls Yy YT
so—1 S1 S3 Sk Jp Iz
+ ......
m—1\/m—si\ [/m—sL—S1 M—Sk—S81 " — Sk_9 sr—m s Sk_1 m
Sk—l S1 So Sk—1 k k—1 Jk
m m— Sy m—S81 — 82 m—81 —89+—Sk_1 Sk
— e am Ox 0 ..x .0
S1 S9 S3 Sk JiJ2 Tk
S S Sk m m m
(m 1)lay éy g yjé Tjo 50 T jo
= ' ' si| =2 +so| 2| +otsp| >
Lj0 L9 Tip

()t

>0

y]? y]g

)

(

where the last inequality follows the arithmetic-geometric inequality and the fact y > 0.

Thus, each tuple (1,42, -,
of (3.3

), which implies that f(x)>0 for all xeR™.

im) € A4 corresponds to a nonnegative value on the right side
Hence, by Lemma 2.2, A has an

SOS tensor decomposition.
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Now, let A be a general H-tensor with nonnegative diagonal elements. Then, for
each € >0, A, := A+ €7 is a nonsingular H-tensor with positive diagonal elements. Thus,
Ac— A, and for each € >0, A, has an SOS tensor decomposition. As SOS,, ., is a closed
convex cone, we see that A also has an SOS tensor decomposition and the desired results
follows. 0O

4. The SOS-Rank of SOS tensor Decomposition

In this section, we study the SOS-rank of SOS tensor decomposition. We formally
define the SOS-rank of SOS tensor decomposition as follows. Let A be a tensor with
even order m and dimension n. Suppose A has an SOS tensor decomposition. As
shown in Proposition 3.1, SOSmm:SOSh where SOS,, 5, is the SOS tensor cone

m,n
and SOan’n is the cone consisting of all mth-order n-dimensional symmetric tensors
such that f4(x):=(A,x™) is a polynomial which can be written as sums of finitely
many homogeneous polynomials. Thus, there exists r € N such that the homogeneous

polynomial f4(x)=.4x" can be decomposed by
fa(x)=f{(x)+ f3(x) + -+ f(x), Y x€R",

where f;(x), i€ [r] are homogeneous polynomials with degree %. The minimum value
r is called the SOS-rank of A, and is denoted by SOSrank(.A).

Let C' be a convex cone in the SOS tensor cone, that is, C'C SOS,,, ,,. We define the
SOS-width of the convex cone C by

SOS-width(C) =sup{SOSrank(A): A€ C}.

Here, we do not care about the minimum of the SOS-rank of all the possible tensors
in the cone C as it will always be zero. Recall that it was shown by Choi et al. in [4,
Theorem 4.4] that, an SOS homogeneous polynomial can be decomposed as sums of at
most A many squares of homogeneous polynomials where

V1+8a—1 <n+m—1>
:72 and a= .

(4.1) A "

This immediately gives us that

PROPOSITION 4.1. Let A be a tensor with even order m and dimensionn, m,n € N. Sup-
pose A has an SOS tensor decomposition. Then, its SOS-rank satisfies SOSrank(A) <A,
where A is given in (4.1). In particular, SOS-width(SOS,, ) <A.

In the matrix case, that is, m =2, the upper bound A equals the dimension n of the
symmetric tensor which is tight in this case. On the other hand, in general, the upper
bound is of the order n™/? and need not to be tight. However, for a class of structured
tensors with bounded exponent (BD-tensors) that have SOS decompositions, we show
that their SOS-rank is less or equal to the dimension n which is significantly smaller
than the upper bound in the above proposition. Moreover, in this case, the SOS-width
of the associated BD-tensor cone can be determined explicitly. To do this, let us recall
the definition of polynomials with bounded exponent and define the BD-tensors. Let
e€N. Recall that f is said to be a degree m homogeneous polynomials on R™ with
bounded exponent e if

FR)=) fax® =) faxft--aln,

where 0<oa; <e and Z?Zlaj =m. We note that degree 4 homogeneous polynomials
on R™ with bounded exponent 2 is nothing but the bi-quadratic forms in dimension n.
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Let us denote BDy, ,, to be the set consists of all degree m homogeneous polynomials
on R™ with bounded exponent e.

An interesting result for characterizing when a positive semi-definite (PDF) homoge-
neous polynomial with bounded exponent has SOS tensor decomposition was established
in [3] and can be stated as follows.

LEMMA 4.2. Let n€N with n>3. Suppose e,m are even numbers and m > 4.

(1) If n>4, then BDfnm NPSD,, ., ©SOS,,.» if and only if m>en—2;

(2) If n=3, then BDy, ,,NPSD,, », C©SOS,, ,, if and only if m=4 or m>3e—4.

Now, we say a symmetric tensor A is a BD-tensor with order m, dimension n and
exponent e if f(x)=Ax" is a degree m homogeneous polynomial on R™ with bounded
exponent e. We also define BD,, ,, to be the set consisting of all symmetric BD-tensors
with order m, dimension n and exponent e. It is clear that BD;, , is a convex cone.
THEOREM 4.3. Let n€N with n>3. Suppose e;m are even numbers and m>4. Let
A be a BD-tensor with order m, dimension n and exponent e. Suppose that A has an
SOS tensor decomposition. Then, we have SOSrank(A) <n. Moreover, we have

SOS-width(BDE, . NSOS,..) = { L ifm=en
’ ' n otherwise.

Proof. As A is a BD-tensor and it has SOS decomposition, the preceding lemma
implies that either (i) n>4 and m>en—2 (ii) n=3 and m=4 and (ili) n=3 and
m>3e—4. We now divide the discussion into these three cases.

Suppose that Case (i) holds, i.e., n>4 and m >en—2. From the construction, we
have m<en. If m=en, then A has the form ax§---z¢. Here, a>0 because A has
SOS decomposition and e is an even number. In this case, SOSrank(.A)=1. Now, let
m=en—2. Then,

m __ € e -1 _—1
Ax™ =z xf g aijr; ;o |,
(i,5)eF

for some a;; €R, (4,7) € F and for some F C{1,---,n} x{L,---,n}. Aseisaneven number
and A has SOS decomposition, we have

Z aij!E;ll‘;l >0 for all z; #0 and x; #0.
(i.5)eF

Thus, by continuity, Q(t1,--,tn) = Z(i jer@ijtit; is a positive semi-definite quadratic

form, and so, is at most sums of n many squares of linear functions in ¢1,---,t,. Let
Q1 tn)=>p_y [qk(tl,---,tn)]2 where g;, are linear functions. Then,

" 2 = 2

Axmzxi...xz (Z I:qk(xl_177m;1)] ) :Z (Z“ixz [qk(xl_la.“7$7:1)j| ) ,

i=1 i=1

Note that
e e -1 —1y72 5 5 -1 1\]?
zl...xn[qk(zl ’...713” )] :[Il...ank(l'l ,...’l‘n ):|

is a square. Thus, SOSrank(.A) <n in this case.
Suppose that Case (ii) holds, i.e., n=3 and m=4. Then by Hilbert’s theorem [13],
SOSrank(A) <3=n.
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Suppose that Case (iii) holds, i.e., n=3 and m >3e—4. In the case of m=en—2=
3e—2 and m=en=3e, using similar argument as in the Case (i), we see that the
conclusion follows. The only remaining case is when m=3e—4. In this case, as A is a
BD-tensor with order m, dimension 3 and exponent e and A has SOS decomposition,
we have

Ax™ :xixgng(xl_lvlb_l,x;l)v

where G is a positive semi-definite form and is of 3 dimension and degree 4. It then
from Hilbert’s theorem [13] that G(t1,t2,t3) can be expressed as at most the sum of 3
squares of 3-dimensional quadratic forms. Thus, using similar line of argument as in
Case (i) and noting that e>4 (as m=3e—4 and m >4), we have SOSrank(A) <n=3.

Combining these three cases, we see that SOSrank(A)<n, and SOSrank(A)=
1 if m=en. In particular, we have SOS-width(BDg, ,NSOS,, ,)<n, and
SOS-width(BDy,, ,,NSOS,, ) =1 if m=en. To see the conclusion, we consider the ho-
mogeneous polynomial

a§at (N0 272 ifn>3 and m=en—2
fo(x)=< zir3+aix3+aia? ifn=3 and m=4
w§a§ag(wy ?wy 2 4oy tey? +ay?ey?) if n=3 and m=3e—4

and its associated BD-tensor Ay such that fy(x)=A40x™. It can be directly verified
that

n if n>3 and m=en—2,
SOSrank(Ag)=< 3 if n=3 and m=4,
3 ifn=3 and m=3e—4.

For example, in the case n>3 and m=en—2, to see SOSrank(Ag)=n, we only need
to show SOSrank(Ag) >n. Suppose on the contrary that SOSrank(Ag) <n—1. Then,
there exists 7 <n—1 and homogeneous polynomial f; with degree m/2=$n—1 such
that

ZL'T .. ~xfl (ix:2> = ifz(x)z
1=1 =1

This implies that for each x=(x1,---,z,) with z; £0, i=1,---,n

n T 2
Zmizzzl g“");]
i=1 i=1 LTi " Tn

Letting ¢; =x; ', by continuity, we see that the quadratic form 7, #? can be written
as a sum of at most r many squares of rational functions in (¢1,,--,¢,). Then, the
Cassels-Pfister’s Theorem [8, Theorem 17.3] (see also [8, Corollary 17.6]), implies that
the quadratic form 2?21 tf can be written as a sum of at most r many sums of squares
of polynomial functions in (¢1,,---,t,), which is impossible.

In the case n=3 and m=4, we only need to show SOSrank(Ag)>3. Suppose on
the contrary that SOSrank(Ag) <2. Then, there exist a;,b;,¢;,d;,e;, fi ER, i=1,2, such
that

2 2 2 2 2 2 2 2 2 2
Tirs +r5r3+x30] = (alxl +bixs+cixs+dirize+erx1xs + fizomws)

—&-(agm‘% + bg()ﬁ% + Cng +dyziTo +E271 T3+ f2$2.%‘3)2.
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Comparing with the coefficients gives us that a; =as =b; =bs =c¢; =c2 =0 and

Z+d3=1
e2+e3=1
f+fE=1

d1€1+d262:0
difi+daf2=0
e1fi+eafa=0.

From the last three equations, we see that one of di,ds,e1,es, f1, fo must be zero. Let
us assume say d; =0. Then, the first equation shows ds ==+1 and hence, e =0 (by the
fourth equation). This implies that e; =+1 and fo =0. Again, we have f; =41 and
hence

€1f1 +€2f2 = (:l:l)(:l:].) +0==+1 7& 0.
This leads to a contradiction.

For the last case, suppose again by contradiction that SOSrank(Ag)<2. Then,
there exist two homogeneous polynomial f; with degree m /2= % — 2 such that

wfasag(ey Py ® vayteyt vagar ) =) filx)”.
This implies that for each = (x1,---,2,) with 2; #0,i=1,---,n

o[ g0 ]
i (x
xy 2wy ? —|—a:2_233§2 —|—a:3_2331_2 = [ez]

i—1 2]

Wiole

Letting t,;:xi_l, using a similar line argument in the case m=en—2, we see that
the polynomial #3t3 +t2t2 +t3t2 can be written as sums of 2 squares of polynomials in
(t1,t2,t3). This is impossible by the preceding case. Therefore, the conclusion follows.
a0

Below, let us mention that calculating the exact SOS-rank of SOS tensor decom-
position is not a trivial task even for the identity tensor, and this relates to some
open question in algebraic geometry in the literature. To explain this, we recall
that the identity tensor Z with order m and dimension n is given by Z;,..;, =1 if
i1="--=1my, and Z;,..;, =0 otherwise. The identity tensor Z induces the polynomial
fr(x)=Ixm =a"+---+a. It is clear that, Z has an SOS tensor decomposition when
m is even and the corresponding SOS-rank of 7 is less than or equal to n. It was con-
jectured by Reznick [39] that fz(x) cannot be written as sums of (n—1) many squares,
that is, SOSrank(Z) =n. The positive answer for this conjecture in the special case of
m=n=4 was provided in [42, 43]. On the other hand, the answer for this conjecture
in the general case is still open to the best of our knowledge. Moreover, this conjec-
ture relates to another conjecture of Reznick [39] in the same paper where he showed
that the polynomial fr(x)=2+---+z? —nxy---x, can be written as sums of (n—1)
many squares whenever n=2* for some k€N, and he conjectured that the estimate of
the numbers of squares is sharp. Indeed, he also showed that this conjecture is true
whenever the previous conjecture of “fz(x) cannot be written as sums of (n—1) many
squares” is true.
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5. Applications

In this section, we provide some applications for the SOS tensor decomposition
of the structure tensors such as finding the minimum H-eigenvalue of an even order
extended Z-tensor and testing the positive definiteness of a multivariate form. We
also provide some numerical examples/experiments to support the theoretical findings.
Throughout this section, all numerical experiments are performed on a desktop, with
3.47 GHz quad-core Intel E5620 Xeon 64-bit CPUs and 4 GB RAM, equipped with
Matlab 2015.

5.1. Finding the minimum H-eigenvalue of an even order symmetric ex-
tended Z-tensor.

Finding the minimum eigenvalue of a tensor is an important topic in tensor com-
putation and multilinear algebra, and has found numerous applications including au-
tomatic control and image processing [36]. Recently, it was shown that the minimum
H-eigenvalue of an even order symmetric Z-tensor [15, 14] can be found by solving
a sums-of-squares optimization problem, which can be equivalently reformulated as a
semi-definite programming problem, and so, can be solved efficiently. In [15], some
upper and lower estimates for the minimum H-eigenvalue of general symmetric tensors
with even order are provided via sums-of-squares programming problems. Examples
show that the estimate can be sharp in some cases.

On the other hand, it was unknown in [14, 15] that whether similar results can
continue to hold for some classes of symmetric tensors which are not Z-tensors, that
is, for symmetric tensors with possible positive entries on the off-diagonal elements. In
this section, as applications of the derived SOS decomposition of structured tensors, we
show that the class of even order symmetric extended Z-tensor serves as one such class.
To present the conclusion, the following Lemma plays an important role in our later
analysis.

LeMMA 5.1. 190 Let A be a symmetric tensor with even order m and dimension n.
Denote the minimum H -eigenvalue of A by Apmin(A). Then, we have

Ax™

min —— = min m
x#0 [|x|I7 lxllm=1

)

(5.1) Amin (A) =

where |[x||m = (327, |zi|™) 7

THEOREM 5.2. (Finding the minimum H-eigenvalue of an even order symmet-
ric extended Z-tensor) Let m be an even number. Let A be a symmetric extended
Z-tensor with order m and dimension n. Then, we have

>\min(-/4) = ﬁ%ﬁ%{ﬂ : fA(X) —T(||X||% - 1) — M € E?n [X]}’

where fa(x)=Ax™ and X2 [x] is the set of all SOS polynomials with degree at most
m.
Proof. Consider the following problem

(P) min{dx™: x| =1}

and denote its global minimizer by a=(ay,---,a,)T €R™. Clearly, > ;"  a™=1. Then,

Amin(A) = fa(a) =.Aa™. It follows that for all x e R™\{0}

fA( mln Zx fA( )Z 7

zlz
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=;xm (fA<(Zn’;> Fala)) 20,

1
i=1"14 )"‘

where the last inequality holds as m is even and X= X belongs to the feasible

Qo =)™
set of (P). This shows that g(x):= fa(x) — Amin(A) >, 27 is a homogeneous polyno-
mial which always take nonnegative values. As A is an extended Z-tensor, there exist
s€N and index sets I'; C{1,---,n}, I=1,---,s with |J;_, I ={1,---,n} and I';, NI, =0
such that for all xeR"”

(5.2) me i%; +Z Z S x®

=1 ;€

such that, for each [=1,---,s, either one of the following two condition holds: (1) f,, =0
for all but one a; €Yy; (2) fo, <0 for all oy € Q. Thus,

n

g(X) = Z(fm,i - )‘min(Aszm +Z Z fazxal’

i=1 =1 a €

is an extended Z-polynomial which always takes nonnegative values. Let B be a symmet-
ric tensor such that g(x)=Bx". Then, B is a positive semi-definite extended Z-tensor
and so is SOS by Theorem 3.7. Thus g(x) is an SOS polynomial with degree m. Note

that g(x) = fa(x) = Amin(A) D1 27 = fa(X) = Amin (A) (O 27 — 1) — Amin (A).  This
shows that

Amin (A) < max {p: fa(x) = r (x|l —1) — pe 23, [x]}.
w,reR

To see the reverse inequality, take any (u,r) with fa(x)—7r(||x[|™—1)—peX2 [x].
Then, for all xeR"™,

fa(x) =r(lx[[m —1) —p=0.

This shows that 7 >y and fa(x) > r||x|| for all x€R™. This shows that Ayin(A) >r>
1, and so, the conclusion follows. O
REMARK 5.1. Let A be an extended Z-tensor. As in (5.2), its associated polynomial

fa can be written as fa(X) =327 fmi®]" + 3211 Y g eq, farx™ . Then, Remark 3.1
implies that

Amin (A) = max {p: fa () =r (]l 1) —pe 32 X}
= max {12 fa() x| € 3, r 420}

= max {u: me,iﬂcgn-F Z fax —r||xO|mex? xV],1=1,---,s

reR
H i€l a e
r—p>0}

where, for each 1=1,---,5, x = (2;)ier, and ¥2,[xV] is the set of all SOS polynomials
in x(®
in x\").

As explained in [14, 15], the sums-of-squares problem

max {p: fa(x) = r(|xllm —1)—pe S [x]}

)
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can be equivalently rewritten as a semi-definite programming problem (SDP), and so,
can be solved efficiently. Indeed, this conversion can be done by using the commonly
used Matlab Toolbox YALMIP [28, 29]. On the other hand, the size of the equiva-
lent SDP problem of the relaxation problem increase dramatically when the dimen-
sion/order of the tensor increases. For example, as illustrate in Table 1, for a 4th-order
50-dimensional tensor, the equivalent SDP problem has 1326 variables and 316251 con-
straints. Fortunately, a robust SDP software (SDPNAL [45]) has been established re-
cently which enables us to solve large-scale SDP (dimension up to 5000 and number
of constraint of the SDP up to 1 million). This enables us to find the minimum H-
eigenvalue for medium-size tensor. Later on, we will explain how to use SDPNAL
together with the observation in Remark 5.1 to find the minimum H-eigenvalue for
large-size tensor.

We first illustrate how to compute the minimum H-eigenvalue of an extended Z-
tensor 4 using the above sums-of-squares problem via Matlab Toolbox YALMIP [28, 29]
via two small-size problems. We will show the performance of the method for various
larger-size problems later.

ExXAMPLE 5.2. Consider the symmetric tensor A with order 6 and dimension 4 where

Ai11111 = A222222 = Aszzzzs = Asaaaaa =1,

1
Ay ig = R for all (i1,---,ig) =0(1,1,1,2,2,2),

2
'A’il"'ie :5, fO?” all (il,“',’iﬁ):0'(3,3,4,4,4,4),

and A;, ... =0 otherwise. Here o(i1,---,ig) denotes all the possible permutation of
(i1,-+,i6). The associated polynomial

fa(x) = Ax"™ =af +af + 23 +af +datas +623)

is an extended Z-polynomial. So, A is an extended Z- tensor. It can be easily verified
that A is not a Z-tensor. To compute its minimum H -eigenvalue, we note that the
corresponding sums-of-squares optimization problem reads

max {0: f4(x) —r(|[x[|§ 1) — p € TF[x]}.

w,rER
Convert this sums-of-squares optimization problem into a semi-definite programming
problem using the Matlab Toolbox YALMIP [28, 29], and solve it by using the SDP
software SDPNAL we obtain that Apmin(A)=—1. The simple code using YALMIP is
appended as follows:
sdpsettings(’solver’,’sdpnal’)
sdpvar x1 x2 x3 x4 r mu
f = x176+x276+x376+x4"6+4%x1"3%x273+6*xx372*x474;
g [(x176+x276+x3"6+x4"6)-1] ;
F = [sos(f-mu-r*g)];
solvesos(F,-mu, [], [r;mu])

Moreover, note from the geometric mean inequality that |z3x3) = (28)2 (2§)2 < s8¢+

12§, It follows that

fa(x)+ %18 = 225 4225 + 228 + 22§ + 4w 2 + 62327 >0 for all x ER™.
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On the other hand, consider )’(:(\G/g,—ﬁ/g,O,O), We see that fa(X)+|%[|$=0. This
shows that Amin(A) =min{f4(x):||x|[¢=1}=—1. This verifies the correctness of our
computed minimum H -eigenvalue.

EXAMPLE 5.3. Let a,f€R and consider the symmetric tensor A with order 6 and

dimension 4 where

Ar11111 = A222222 = A333333 = Ag44444 = 1,
Aiy g =a, for all (iy,---,ig)=0(1,1,1,2,2,2),

Aiyoig =B, for all (iy,--,ig) =0(3,3,3,4,4,4),

and A;, ... =0 otherwise. Here o(i1,---,ig) denotes all the possible permutation of
(i1,--+,i6). The associated polynomial

fa(x)=Ax™ =25+ 25+ 2§+ 25+ 20ax3xd + 2082323

s an extended Z-polynomial. So, A is an extended Z- tensor. It can be easily verified
that if either a>0 or >0, then A is not a Z-tensor.

To compute its minimum H-eigenvalue, we randomly generate 100 instance of
(o, B) €[—5,5] X [=5,5]. For each (a,f), we convert the corresponding sums-of-squares
optimization problem

max {0z fa(x) —r(|x]|§— 1) — p € SF[x]}

w,reR
into a semi-definite programming problem using the Matlab Toolbox YALMIP [28, 29,
and solve it by using the SDP software SDPNAL. We then compare the computed min-
imum H-eigenvalue with the true minimum H -eigenvalue of A. Indeed, similar to the
preceding example, we can verify that Apin(A) =m(«a, ) where

_ [1-10|a] if |o|>]8l,
m(avﬁ)-—{1_1o|ﬁ| if lol <|B].

For all the 100 generated («,3), the mazimum difference of the computed H-minimum
eigenvalue and the true H-minimum eigenvalue is 6.2039e — 05.

Medium-size examples. We now consider a few medium-size examples which
involves symmetric extended Z-tensor with order up to 30 or dimension up to 60 .
EXAMPLE 5.4. Let m=10k with k€ N. Consider the symmetric tensor A with order
m and dimension 4 where

-A1~~-1 :AQ...Q :Ag.“g == A44..4 = 1,

Ay, =, for all (v, ,im)=0(1,---,1,2,--+,2),

Aiy i, =B, for all (i1, ,im)=0(3,-+,3,4,---,4),

m/5 4m/5
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Aiy i, =B, for all (i1, ,im)=0(3,-+,3,4,---,4),
4m/5 m/5

with a= 2(m772) ! and B=— (m’%)_l, and A;,.
notes all the possible permutation of (i1, - ,im). The associated polynomial

=0 otherwise. Here o (i1, ,im) de-

“ltm

4m 4dm m

fax)=Ax" ="+ 2T + o+ + 222 v —xg v —xg® x),

is an extended Z-polynomial. So, A is an extended Z-tensor. It can be easily verified
that A is not a Z-tensor. Moreover, using weighted geometric mean inequality, we can
directly verify that the true minimum H -eigenvalue is 0.

We compute the minimum H-eigenvalue by solving the corresponding sums-of-
squares problem for the case m=20,30, and compare with the true minimum H -
etgenvalue. The results are summarized in Table 1.

EXAMPLE 5.5. Let n=4k with k€N. Consider the symmetric tensor A with order 4
and dimension n where

A=Az ==Anmm=n,
Aiigigi, = & for all (i1,ia,,i3,44) =0 (4i—3,4i—2,4i—1,44),i = 17---71,
and A; iyizi, =0 otherwise. Here o(iy,---,i4) denotes all the possible permutation of
(i1,+,i4). The associated polynomial
n/4
fA(X) = .AXm :n(xil +--- +.Z’i) +4Z.’L‘4Z‘,3.’L‘4i,2 T4i—12T44
i=1

is an extended Z-polynomial. So, A is an extended Z-tensor. It can be easily verified
that A is not a Z-tensor. Moreover, using geometric mean inequality, we can directly
verify that the true minimum H -eigenvalue is n—1.

We compute the minimum H -eigenvalue by solving the corresponding sums-of-
squares problem for the case n=20,40,50,60, and compare with the true minimum H -
eigenvalue. The results are summarized in Table 1.

The following table summarizes the numerical results of Example 5.3 and Example
5.4 where we compute the minimum H-eigenvalue by first converting the corresponding
sums-of-squares problem to an SDP problem using YALMIP and solving this SDP
problem using SDPNAL. In particular, the data of the following table are explained as
follows.

m: the order of the symmetric tensor,
n: the dimension of the symmetric tensor,
NV: the number of variables of the equivalent SDP problem,
NC': the number of constraints in the equivalent SDP problem,
Com. E.: the calculated minimum H-eigenvalue,
Tr. E. : the true minimum H-eigenvalue
Time (YAL.): the CPU-time for converting the sums-of-squares problem to
SDP (measured in seconds).
e Time (SDP.): the CPU-time for solving SDP via SDPNAL (measured in sec-
onds).

We observe that, for all the above numerical examples, the minimum H-eigenvalues

can be found successfully for medium-size tensors.
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TABLE 5.1. Test results for medium size tensors

Problem || m | n | NV NC Com. E. Tr. E. Time Time

(YAL.) (SDP.)
Ex. 5.3 || 20| 4 | 1001 1001 | -1.7634e-09 0 11.9487 0.5700
Ex. 53 || 30| 4 | 3876 | 6936 1.1382¢-12 0 198.8141 8.2700
Ex. 5.4 4 |20 | 231 10626 19.0000 19 4.6951 0.4763
Ex. 5.4 4 |40 | 861 | 135751 39.0000 39 440.8231 1.7727
Ex. 5.4 4 | 50 | 1326 | 316251 49.0000 49 2365.9043 | 5.1109
Ex. 5.4 4 | 60 | 1891 | 635376 59.0000 59 9322.0631 | 50.2934

5.2. Large size examples.

Finally, we illustrate our method with an example that using SDPNAL together with
the observation in Remark 5.1 enabling us to solve some large size tensors (dimension
up to 2000).

As one can observed in Table 1, most of the time are occupied in YALMIP in
converting the sums-of-squares problem into an SDP problem. This process involves
matching up the coefficients of all the involved (mtz'_l) many monomials, and so, can
be time-consuming. On the other hand, by using the sums-of-squares problem discussed
in Remark 5.1 and letting k=max;<;<, ||, the corresponding process only involves
s(mtﬁ_l) many monomials which is much smaller than (m+"_1) when s is large and &
is small. For example, as in Example 5.4, we can set s=n/4, k=4 and m=4, and so,
s(mt:*l) is of the order n; while (mt;hl) = ("Id) which is of the order n*.

The following table summarizes the numerical results of Example 5.4 with dimension
from 500 to 2000, where we compute the minimum H-eigenvalue by first converting the
corresponding sums-of-squares problem discussed in Remark 5.1 to an SDP problem
using YALMIP and solving this SDP problem using SDPNAL. We observe that, for all
the instances, the minimum H-eigenvalues can be found successfully. The meaning of
the data are the same as in Table 1.

TABLE 5.2. Test results for large size tensors

Problem || m n NV NC Com. E. | Tr. E. Time Time
(YAL.) (SDP.)
Ex. 5.4 4 | 500 | 1250 | 1375 | 499.0000 499 4.6299 6.8295
Ex. 5.4 1000 | 2500 | 2750 | 999.0000 999 8.8298 | 66.5566
Ex. 5.4 4 | 2000 | 5000 | 5500 | 1999.0000 | 1999 | 20.9729 | 563.6903

=~

5.3. Testing positive definiteness of a multivariate form.

For a multivariate form Ax™, we say it is positive definite if Ax™ >0 for all x #0.
Testing positive definiteness of a multivariate form Ax™ is an important problem in
the stability study of nonlinear autonomous systems via Lyapunov’s direct method in
automatic control [36]. Researchers in automatic control have studied the conditions of
such positive definiteness intensively. However, for n >3 and m >4, this is, in general, a
hard problem in mathematics. A method based on eigenvalues of tensors was proposed
to solve the problem in the case where m=4 [32].

In this part, we show that testing positive definiteness of a multivariate form Ax™
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where A is an extended Z-tensor can be computed by sums-of-squares problem via
Theorem 5.2. Indeed, a direct consequence of Theorem 5.2 and Lemma 5.1 gives us the
following useful test:

COROLLARY 5.3. Let A be an extended Z-tensor. Then, the associated multivariate
form Ax™ is positive definite if and only if

max {u: fa(x) = r(lx]7 —1) - p €5 [x]} >0,

where f4(x)=Ax" and %2 [x] is the set of all SOS polynomials with degree at most
m.

We now use the above corollary to test the positive definiteness of extended Z-
tensors. To do this, we first generate 100 extended Z-tensors as numerical examples.
These extended Z-tensors are randomly generated by the following procedure.

Procedure 1
(i) Given (m,n,s,k,M) with m is an even number and n = sk, where n and m are

the dimension and the order of the randomly generated tensor, respectively,
and M is a large positive constant.

(ii) Randomly generate a random positive integer L and a partition of the index set
{1,---,n}, {T'1,---,T's}, such that |T;| =k, i=1,---,s and T;NTy =0 for all 1 #£7'.
For each i=1,---,5—1, generate a random multi-index (I{,---,1;,) with I} €T,
j=1,---,m and a random number agi..ii € [0,1]. Generate one randomly mth-
order k-dimensional symmetric tensor B, such that all elements of B are in the
interval [0,1].

(iii) We define extended Z-tensor A= (a;,;,...;,, ) such that

(-D)EM if dy=---=ip=iforalli=1,---,n,
) ey, 0 (i) =0l i) el €T E s~ 1]
e _Bil--~im if iy, €1,
0 othewise.
Here o (i1, ,%,) denotes all the possible permutation of (i1,--+,iy,).

From the construction of A, it can be verified that A is an extended Z-tensor. Let

fa(x)=Ax". We then solve the sums-of-squares problem

max {p: fa(x) —r(|x[ —1) - pe X7, [x]}

n,reR
and use the preceding corollary to determine whether Ax™ is a positive definite mul-
tivariate form or not. Here, to speed up the algorithm, as we did for the large size
tensors, we first convert the sums-of-squares problem into an SDP by using Remark
5.1 and YALMIP. Then, we solve the equivalent SDP by using the software SDPNAL.
The correctness can be verified by looking at the randomly generated positive number
L. Indeed, from the construction, if L is an even number and M is a large positive
number, then the diagonal elements will strictly dominate the sum of the off-diagonal
elements, and so, AX™ is a positive definite multivariate form. On the other hand, if
L is an odd number, then the diagonal elements will be negative, and so, Ax™ is not a
positive definite multivariate form in this case.

The following table summarizes the results for the correctness of testing the positive
definiteness of a multivariate form generated by an extended Z-tensor. As we can see
the results, in our numerical experiment, all the 100 randomly generated instance has
been correctly identified.
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m| n s | k M | PD | NPD | Correctness
4120 | 4| 5 | 100 | 48 52 100%
41 25 | 5| 5 | 100 | 46 54 100%
4 | 40 | 4] 10| 100 | 52 48 100%
41 60 | 4|15 | 100 | 45 55 100%
4 1100 | 4| 25| 100 | 44 56 100%

6. Conclusions and Remarks

In this paper, we establish SOS tensor decomposition of various even order symmet-
ric structured tensors available in the current literature. These include positive Cauchy
tensors, weakly diagonally dominated tensors, By-tensors, double B-tensors, quasi-
double By-tensors, M By-tensors, H-tensors, absolute tensors of positive semi-definite
Z-tensors and extended Z-tensors. We also examine the SOS-rank of SOS tensor de-
composition and the SOS-width for SOS tensor cones. In particular, we provide an
explicit sharp estimate for SOS-rank of tensors with bounded exponent and SOS-width
for the tensor cone consisting of all such tensors with bounded exponent that have SOS
decomposition. Finally, applications for the SOS decomposition of extended Z-tensors
are discussed and several numerical examples are provided.

Below, we raise some open questions which might be interesting for future work:
Question 1: Can we evaluate the SOS-rank of symmetric By-tensors?
Question 2: Can we evaluate the SOS-rank of symmetric Z-tensors?
Question 3: Can we evaluate the SOS-rank of symmetric diagonally dominated ten-
sors?
Question 4: Can we use the techniques in Section 5 to find the minimum H-eigenvalue
of an even order symmetric structured tensor other than extended Z-tensors?
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