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This talk is based on our previous works:

e Jiang, R. and Li, D. Convex relaxations with second order cone
constraints for nonconvex quadratically constrained quadratic

programming. arXiv preprint arXiv:1608.02096.

e Jiang, R. and Li, D. Simultaneous diagonalization of matrices and its
application in quadratic constrained quadratic programming. SIAM
J. Optim., 26.3 (2016): 1649-1668.

e Jiang, R, Li, D., and Wu, B. SOCP reformulation for the
generalized trust region subproblem via a canonical form of two
symmetric matrices. Mathematical Programming, pages 1-33,2017.

e Jiang, R. and Li, D. Novel reformulations and efficient algorithm for
the generalized trust region subproblem. arXiv preprint
arXiv:1707.08706.
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Problem formulation

Quadratically constrained quadratic programming (QCQP) problems arise
in various areas, for example, combinatorial optimization, portfolio
selection problems, economic equilibria, 0-1 integer programming and
various applications in engineering.

Consider the following QCQP problem:

(P) min 27 Qox + ¢l x
st. 2T Qr4clz4+d; <0,i=1,...,1,
a]Tbej, j=1...,m,

where Qz e€S" ¢; e R", d; € R, and aj; € R™, bj € R.

3/52



e When @Q; = 0 for each i, problem (P) is convex.

e semidefinite programming (SDP) relaxation is exact;
e off-the-shelf software for second order cone programming (SOCP) is

more efficient.

e In general, QCQP is NP-Hard.
e This talk mainly considers

e a convex relaxation for general QCQP, and

e reformulations and algorithms for singly constrained QCQP.
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Literature review: Basic SDP

relaxation
The basic SDP relaxation of problem (P) is
(SDP) min Qo-X +ciz
st. Qi-X+cla+d<0,i=1,...,1, (1)
a?xgbj,jzl,...,m, (2)
1 27
(2 % )=0 G

e However, the SDP relaxation is too loose in many cases.

e Valid inequalities are considered in the literature to strengthen the

basic SDP relaxation to make the bound tighter.
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Literature review: RLT constraints

e [Sherali and Adams, 2013] developed the reformulation-linearization

technique (RLT)

Linearizing the product of any two linear constraints, i.e.,

(aTm—b)(aJx—b) 0

yields the following RLT constraints,

a? - X +bib; — bjalx — bia?x > 0. (4)
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Literature review: SOC-RLT
constraints

[Sturm and Zhang, 2003, Burer and Saxena, 2012,
Burer and Yang, 2015] Multiplying the linear term b; — a]Tx to both sides

of the second order cone representation of a convex quadratic constraint
yields a valid inequality,

%(1+d —|—c x) H>

(b; — a;‘-rx) <;(1 —d; —clx) — ‘

Then, its linearization gives rise an SOC-RLT constraint:

B;(bjz — Xaj), ;( el Xaj + (bjel —dial —al )z + (14 di)b;)

1
< §(CiTXaj + (dia] —a; —bjc] )z + (1 —di)b;), (5)
i=1,...kj=1,...,m.
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Convex relaxations

Adding RLT constraints to the basic SDP relaxation (SDP) yields the
following strengthened reformulation:

(SDPRLT> min QO - X + Cg‘l‘
st (1),(2),(3),(4).

Similarly, by adding SOC-RLT constraints to (SDPgpT) yields an even

better strengthened reformulation:

(SDPsoc-rrr) min Qo - X +cg

st (1),(2),(3),(4), (5).
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Different RLT-like constraints

We investigate the following several extensions of the RLT-like

techniques,

LxL

SOC(convex) x L
SOC(nonconvex) x L
M(>= 0) o M(> 0)
SOC x SOC

M(= 0) @ M(> 0)

e

RLT ([Sherali and Adams, 2013])
SOC-RLT ([Sturm and Zhang, 2003])
GSRT

HSOC ([Zheng et al., 2011])

SST

KSOC(> 0) ([Anstreicher, 2016])
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Motivation

W.l.0.g., we assume that (); is positive semidefinite for
ieC={1,...,k} and Q; is not positive semidefinite for
ieN={k+1,...,1}, where 0 < k < .

All the existing methods in the literature lose their effectiveness when
dealing with the nonconvex quadratic constraints.

e The only existing method to deal with nonconvex QCQP is to lift
the nonconvex quadratic constraints directly (as the basic SDP

relaxation does)
Qi-X+cle4+di<0i=k+1,...,1

This motivates our first kind of valid constraints, generalized SOC-RLT
(GSRT) constraints.
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GSRT-A constraints

e Decompose each non-positive-semidefinite matrix ; as
Qi=LI'L,— MIM;,i=k+1,---,1. Then
2T Qiz + c¢f'x +d; <0 is equivalent to the following two constraints,

1
Lo r
Mz, §(cl r+d; —1)|| = zi—g- (7)

e Relaxing the intractable nonconvex equality in (7) to an inequality
yields a second order cone constraint.

ouﬁ(i)m(‘é ;):(j>(xz)andrelaxitto

1 =z z
(;‘; 2)5(2)(3@z)|e zr X S = 0.
z ST Z

~
~
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GSRT-A constraints

o Afterwards, multiplying the both sides by a linear constraint
a?m —b;, and linearizing them give rise to

1
T T
Libjz — Ly Xaj, g(ci (bjw — Xaj) + (d; + 1)(b; — aj ;7:))H < zi_pbj — Si_gay,

1
H]Mibjz - M;Xaj, ;(C?(b]‘z — Xaj) + (d; — 1)(bj — afz))H < zi_pbj = Si—pay

where S;_, is the (i — k)th column of the matrix S.

e To further strengthen these valid inequalities, construct the following
constraint from linearization of the square of (7),

1

Zi—hi-k =X - M M; + 7

(cic X + (d; — 1) + 2¢] z(d; — 1)).

These five types of the new constraints make up the new class of
constraints, termed Type A generalized SOC-RLT (GSRT-A) constraints.
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GSRT-B constraints

Alternative decomposition: Define 2o = 1Ql¢;.

The main difference of GSRT-B from GSRT-A is that we use an
alternative expression of (6) and (7):

o i) If 2(cTQlc;) —d; > 0, we set || Li(z + 20), Al| < z_x and

| Mi(z 4 0)|| = 2i—k, where A = /(T Qle;) — dy;

e ii) Otherwise, we set ||L;(z + x¢)|| < z;— and

| Mi(x + x0), All = 21— with A = (/d; — 1(cTQl ;).
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GSRT-B constraints

If LT Qle;) —di >0, A=/1(cTQle)) — dy,

SZi,i:k‘i‘l,"‘,l, (8)

Li(x + %QI%)
Mi(a:—l—%QIci),AH Szipi=k+1,---,1, (9)
Zi wiw =M M; (X + inciciTQlT +Qleia™)y + A i=k+1,...,1,
L;(bjx — Xa; + %Qjci(bj - a?m))H < zib; — ajTSi_k,

T
< zibj —a; Si—k,

1
Mi(bjz — Xa; + EQICi(bj —aj ), A(b; — aj x)

i=k+1,--,0,j=1--,m
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GSRT-B constraints
Otherwise A = /d; — i(CZQICz’)I
1 .
Li($+§QiCi)7A <zjpi=k+1,--,1

1
Mi($+§QICi) <zii=k+1,-,1,

1
Li(bjx — Xa; + inTci(bj —alx)), Ab; — )| < zb;

J J

1
Ml(bjx — Xaj + iQICZ(b] — a’fl'))H < Zibj — a;rSifk;

i=k+1,-,lj=1,,m

1
Zi jiw = MIM; - (X + ZQjciciTQj + Qi) i=k+1,...

T
aj Si*k?
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Convex relaxation with GSRT

constraints
With GSRT constraints, we get the following convex relaxations,

(SDPGSRTfA) min Qo-X + C(j;.’l?

s.t. (1)7 (2)7 (4)7 (5)7
GSRT-A constraints,

1 2T 2T
z X S > 0.
2 ST Zz

(SDPGSRT—B) min QO - X 4+ ng

st (1),(2),(4),(5)
GSRT-B constraints,

1 T 2T

r X S > 0.
z ST Z
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Dominance relationship

U(P) > ’U(SDPGSRT) > U<SDPSOC-RLT) > ’U(SDPRLT) > v(SDP),
where GSRT represents either GSRT-A or GSRT-B.

Numerical experiments showed GSRT-B constraints are always tighter
than GSRT-A constraints, i.e., v(SDPgsrr-B) > v(SDPGsRT-A)-
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Example 1

(P) min 27 Qox + c(:)rx
s.t. :L'Tle + c?x +d; <0,
a?x < by,
03 0 0 1 0 0 —0.6
QOZ 0 -2 O ;Q1: 0 1 0 , a1 = -2
0 0 24 0 0 -1 0.8
—0.2
by = —0.5; ¢ = 0.8 e =0;dy = —1.
0.2

o v(P) = —1.21788,
’U(SDPGSRT_A) = —1.2249,
U(SDPRLT) = —1.9900.
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Example 2

Qo, Q1, o, c1, d1, ay, by remain the same with Example 1 but there is
another linear constraint with as = (0.3,0.2,0.6)7 and by = —0.3.

e The optimal solution is v(P) = —0.7449 with
x* = (—0.1264, 1.3250, —0.8785)7 .

° U(SDPGSRT_A) = —0.7449,
U(SDPRLT) = —19252,
v(SDP) = —1.9900.

Note that the above two examples only have nonconvex quadratic
constraints, so the SOC-RLT constraints don't exist in these two cases.
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Some special cases

e A case with no need to introduce augmented variable z;:
When i(c{@jci) —d; <0, M;(x+ %Qjci) is a scalar and
M;(z + %Qjci) > 0, the corresponding GSRT-B constraint reduces

e [Jin et al., 2013] proved that the SDP relaxation with GSRT

to

1 1

constraints admits no gap for the problem of minimizing a quadratic
objective subject to
2Te < (a1 +afz+alz)? a1 +alz+alz>as>0. 0r

aTe < (a1 +ajz+adx)? as > a1+ ajz+ajz > ay > 0.
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Valid inequalities with extra
redundant constraint o, > u’x

[Zheng et al., 2011] introduced an artificial inequality,

a, = max{ulz | z € Q} > 0, with a chosen

weRY, ={yeR"|y; >0, i=1,...,n}, where Q is some suitable
set that contains the feasible region.

Using the following fact,

diag(u)diag(x) diag(u)z =0 a, >ul
T diag(u) Quy - v )

they derived the valid linear matrix inequality

X < ay,diag(u)'diag(z). (12)
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Improvement of the

decomposition-approximation method
Each convex quadratic constraint, 27 Q;z + ¢/ + d; < 0, is equivalent
to the following linear matrix inequality (by representing Q; as B; B]'),

7],1 BZ$
Ot(xTBiT c?m+di>'
Then applying Hadamard product yields [Zheng et al., 2011]

-1, B;x diag(u)diag(x) diag(u)z
0 = (xTBl-T clz+d; >O( T diag(u) (13)

—diag(u)diag(z) diag(u)Diag(B;zz™)
- ( (Diag(B;zaz™))T diag(u) oy (clz + d;) ) - (14

Linearizing (14) yields another valid inequality, termed HSOC,

—diag(u)diag(zx) diag(u)Diag(B; X)
( (Diag(B; X)) diag(u)  ay(clz+d;) ) =0. (15)
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Dominance of the valid inequalities
Theorem 2

The valid inequality (12) is dominated by the the RLT constraints
generated by x > 0 and o, > uTz, ie, gy > uT Xy, i=1,...,n.

Theorem 3

The HSOC valid inequality (15) is dominated by the SOC-RLT
constraints generated by © > 0, ., > vz and ||B1:1:||2 < —clx—d;, ie,

H(éx]—i—cX C=E >H2 — e X.g — dia) (16)

ayBir — B; Xu
Hoaw(l+clz+d) — 1+ di)uv"o —ul' X¢;)

< %( w(1—cFx—d;) — (1 — dp)uTz + uT X¢y). (17)
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Valid inequalities with extra linear
constraint

Theorem 4

Assume relaxation (SDP,gsrr) is (SDPasrr) enhanced with RLT,
SOC-RLT, and GSRT constraints corresponding to the extra linear
constraint u’'x < «,, then we have v(SDP,qsrr) > v(SDPgsrr).

Similar technique can also be found in [Burer and Anstreicher, 2013].

e In their paper, they add extra redundant linear constraints and add
extra SOC-RLT constraints of quadratic constraints and the extra
redundant linear constraints. By adding these extra SOC-RLT
constraints they successfully improve the relaxation gap.
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Example 3

min 2127 + 34z 29 — 2475 + 221 — 14y

s.t x% + dz1x9 + 295% + 8x1 4+ 625 — 9 <0,
—5x? — 8x129 — Hai — 4wy +das +4 <0,
1+ 2w9 < 2,
x € [0,1]2.

e The optimal solution is v* = —3.327 with 2* = (0.427,0.588)7".

e In [Zheng et al., 2011], they set u = (1,2)T and a,, = 1.8029, and
got a tighter bound -10.86.
Regarding u”'z < o, as an extra linear constraint in Example 3, we
get tighter bounds in the following table.
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Table: SDP bounds for Example 3

Example 3

SDP relaxation

Lower bound | Extra linear constraint

Lower bound

(
(
(
(
(
(

SDP)
SDPRLT)
SDPsoc-rLT)
SDP.,,.)
SDPgsrr-A)
SDPGsrr-B)

-20.28
-16.23
-13.99
-10.86
-6.011
-3.331

(SDPagrrT)
(SDP.soc-rLT)
(SDP.GsRT-A)
(SDP.asrr-B)

-11.66
-8.445
-4.887
-3.327
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Singly constrained QCQP

Now let us consider a special QCQP problem with one quadratic

constraint, also known as the generalized trust region subproblem
(GTRS),

(G) min fi(z):= %JiTle + bl

1
st fa(x) = ExTQza: +bix <c,

e The classical trust region subproblem (TRS) first arose as a
subproblem in trust region methods for unconstrained nonlinear
programming.

° TRS: QQZI, ngO, C:1,
e TRS is a quadratic approximation in the trust region around the
current point.

e Other applications: least square, robust optimization.
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GTRS in Consensus ADMM

A subproblem in Consensus ADMM algorithms for nonconvex QCQP
with numerous applications in signal processing, machine learning,
and wireless communications [Huang and Sidiropoulos, 2016].

Problem reformulation:
min 2 Agx — 2R{b{lz}
st aff A —20{bFa} <e,Vi=1,...,m.

Consensus form, z A;z; —2R{bH 2z} < ¢, zi =2, Vi=1,...,m
Consensus ADMM updates:

z < (Ag+mpl)™" <50+PZ(Zz‘+Ui)>,

i=1
2 argn;in 2 — 2 + uil|®,
st 2 Az — 2R{bF 2} < ¢

U; < U+ 2 — T
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Methodology

e lterative algorithms for TRS
[Moré and Sorensen, 1983, Martinez, 1994, Ye, 1992]

e SDP relaxations [Sturm and Zhang, 2003, Ye and Zhang, 2003,
Burer and Anstreicher, 2013, Burer and Yang, 2015]

o A linear-time algorithm for the TRS with respect to the nonzero
entries in the input [Hazan and Koren, 2015]

e lterative algorithms for GTRS
[Moré, 1993, Ben-Tal and Teboulle, 1996, Sturm and Zhang, 2003,
Feng et al., 2012]

e GTRS with an interval constraint (¢; < %xTAx + 072 < ¢)
[Stern and Wolkowicz, 1995, Pong and Wolkowicz, 2014]
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Literature review: Simultaneous
Diagonalization

[Ben-Tal and den Hertog, 2014] If the two matrices in the quadratic
forms are simultaneously diagonalizable (SD), then problem (GTRS) can
be transformed into a second order cone programming (SOCP) problem,
which can be solved much faster than the SDP algorithm and thus
applicable to large scale problems.

Then one may ask:

e When the two matrices in the objective and constraint functions are
SD? (Answered in [Jiang and Li, 2016])

e Can this result be extended to a general pair of matrices that are not
SD? (Answered in [Jiang et al., 2017] )
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Main contributions for solving GTRS

Our contributions are summarized as follows:

e Show that all GTRS with optimal value bounded from below are
SOCP representable.

e Derive conditions for the attainableness of the optimal value.

e Derive a closed-form solution when Ipp = {\: Q1+ AQ2 = 0} is a
singleton, which includes the case that the two matrices are not SD.

e Extend our method with slight modification to the equality and
interval constraint variants of GTRS.

To obtain the SOCP representation, we invoke and extend the
simultaneous block diagonalization canonical form in [Uhlig, 1976], the
transformation methods in [Ben-Tal and den Hertog, 2014] and the
S-lemma.
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Simultaneous diagonalization

[Ben-Tal and den Hertog, 2014] Assume that A and D can be
simultaneously diagonalized by a nonsingular S. Using a one to one
change of variables z = Sz, problem (GTRS) can be transformed as:

(Q1) min Z(%@w?-&-eﬁi)

Lo
5. 1. —ouTi + b <0.
s % (204331—&— x;)+c<
By setting y; = 127

2 and relaxing it to $z7 < y;, (Q1) can be relaxed to

5) min Ty+elx
(Q2) Y
s.t. aTy +vlr+c< 0,

L o

ix- <wyi,t=1,...,n.

K3

The above relaxation is exact when Slater condition holds.
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Define diag(A1,..., Ax) as
matrix

Ay 0
0 Ay

Define F' as the lower
striped matrix.

Notations

Define E as the the block diagonal
anti-diagonal matrix

0 1

1 0
Define J(A,m) as

an m x m Jordan block

A e
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Canonical form of two symmetric
matrices

Theorem 5 (Canonical form )

For any two n X n real symmetric matrices A and D, there exists an
n X n real invertible matrix S such that

STAS — diag(TlEh coo ,TkEk,Tk;+1Ek;+]7 coo ,TpEp,

Tp+1Fp+1,...,TmFm,O,...,O) (18)
and

STDS = diag(TlElJ(lil,’l’Ll)7 000 ,TkEkJ(Iik,nk),T}C+1Fk+1,(19)
s TpFp, o1 Epta, o o, TmEm, 0. ., 0)

where dm F; =dim F; =n;, i =k+1,...,m, and

7, ==%x1, i=1,...,m. The signs of T; are uniquely (up to permutations)
determined by the associated Jordan blocks J(k;,n;), E; or F;. The
values of k; are uniquely (up to permutations) determined by the
associated Jordan blocks J(k;,n;).
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Canonical form of two symmetric
matrices

Three types of block pairs in (18) and (20):
e Type A block pairs: (1;E;, 7 FE; J(ki,n;)) or (1:E;, 7, F});
e Type B block pairs: (1, F;, 7, E;);
e Type C block pairs: (0,0).

The following assumption avoids naive cases.

Assumption 1

i) There is at least one feasible solution in problem (GTRS); ii) The
following three conditions do not hold true at the same time: Q2 = 0,
by € Range(Q2) and ¢ = b3 Qlbs.

Assumption 1 is equivalent to the Slater condition, i.e., there
exists an T such that f»(7) < 0.
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Unbounded cases

Using the canonical form of two matrices, we have the following theorem.

Theorem 6 (Unbounded cases)

The objective value of (GTRS) is unbounded from below, if any of the
following conditions hold,
@ there is a type A block pair and the size of the associated Jordan
block is greater than 2 and the associated eigenvalue is real;
@ there is a type A block pair and the eigenvalues of the associated
Jordan block form a complex pair;
© there is a type B block pair (1;F;, ; E;) and dim F; > 2.

Enlighten by Theorem 6, we can now focus on a subproblem associated a
type A block with size 2 and a real eigenvalue, by fixing all other
variables.
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A subproblem with a single block

Theorem 7 (Subproblem)

Consider the case where there exists a type A block pair
(i By, T EiJ (ki,n;)) in problem (GTRS) and the eigenvalue of the
associated Jordan block J;(\,2) is real. Assume there is a feasible
solution z = (21, §1)T and let m = 1121 %,. Let
p =1inf{ T;Az129 + %leg + e121 + €222 | Tiz122 < ). We have the
following three cases:
® Whent,=1. If(A<0, eg =0, es #0) or
()\:0, e1 =0, e =0, WZO) Of()\<0, e1 =0, e =0, 7T:0),
then p = A\t — %e% and the infimum is attainable;
@ Whent;=1. If(A=0, e=0, e =0, 7 <0) or
(A<0, e1=0, ea=0, 1#0), thenp:)mf%e% and the
infimum is unattainable;
© Otherwise, p = —oo and thus problem (GTRS) is unbounded from
below.

37/52



Necessary conditions

Now we are ready to provide necessary conditions for problem (GTRS)
being bounded from below.

Theorem 8 (Necessary conditions)

If problem (GTRS) has an optimal value bounded from below, then:
O dmFE; <2, i=1,...,p,dimE; =1, i =p+1,...,m, and there
is no complex eigenvalue pair in J(k;,n;);
@ If for some index i, dim F; = 2, then the ith block satisfies the
conditions in either case 1 or case 2 in Theorem 7.

We next provide an SOCP reformulation for problem (GTRS) under the
two necessary conditions in Theorem 8.
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Reformulation via canonical form
Now we can rearrange the block pairs and express A and D as

A:diag(al,...,oq,El,...,EnT_z,), (20)

D = diag(d1,...,0;, E1J((1,2),. .. ,E%J(g%,2)), (21)
where [ is the number of block pairs with size one.

W.o.l.g, assume b; =0, i =1+ 1,...,n and

el+2j-1 =0, j = 1,...,%71 (case 1 and 2 in Theorem 7).

Then problem (GTRS) can be reduced to the following problem, termed
(P1):
l

. 1
min Y (6af +eiwi) + D (Grirajwire; + 3 Tikay T C1b2TLe2;)

s.t. Z(aixf + bla:l) + Z (xl+2j—1xl+2j) +c¢<0.
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SOCP reformulation

SOCP reformulation for problem (GTRS):

! ot
(P2)  min 2(51% + eiwi) + Z Cjzj +co
i=1 j=1
! ot
s.t. Z(Oéqyl + bzl}) + Z Zj +c S 0,
i=1 j=1
1, .
3% i <0,Vi=1,2,...,1,

n

—1
ryeR, zeR7,

_ 1,2
where co = =37, not 36195

.....

We next fully characterize the equivalence of (P3) and (GTRS) and the
attainableness of problem (GTRS) in Theorem 10.
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Theorem 9 (Reformulation and attainableness of GTRS)

Assume that items 1 and 2 in Theorem 8 are satisfied, then

v(GTRS) = v(P1) = v(P2), More specifically, if (P2) admits an optimal
solution, then there exists an optimal solution (Z,y, z) to (P3) with

l:17 =7;, 1 =1,2,...,1. Moreover, we can find an optimal solution (or

an € optimal so/ut/on) i to (P2) with

T, =T;,t=1 [
. Cj =0,e42; =0,z; <0,
- 1/M if _
Tig25 = or(; < 0,e1425 =0,2; #0,
—ej42; Otherwise,

- —1

9= 1000 555
~ z . —1
Ti42j-1 = 5055 J = L oae s 55

Particularly, if (P2) is bounded from below, then the optimal value of
(P2) is unattainable if and only if

(=0, er12;=0, zZ; <0 or(; <0, €425 =0, z; # 0. In this case, for
any € > 0, there exists an e optimal solution T such that

f(&) —v(P1) < € with a sufficiently large M > 0.
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Remarks

o |t seems that there is no stable algorithm to compute the canonical
form. But the canonical form still provides rich information for
solving the GTRS efficiently.

e When the set {\: Q1 + AQ2 = 0} is an interval, the two matrices
are SD and the case reduces to [Ben-Tal and den Hertog, 2014].

e When the set {\: Q1 + AQ2 = 0} is a singleton, the SOCP
reformulation implies a closed form solution. Further investigation

tells us that an optimal solution can be computed without

calculating the canonical form.
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Convex quadratic reformulation for
TRS

Next we will derive a new reformulation for the GTRS. Before that, let us
review a convex reformulation for the TRS
[Wang and Xia, 2016, Ho-Nguyen and Kilinc-Karzan, 2016].

. 1 1
nin fl (ZZ’) = §$T(Q1 - /\min(Q1)I)x + b,{x + §>‘min(Q1)

st. 27x <1.

The above problem can be solved efficiently by Nesterov's accelerated
gradient projection method.

Remark: This reformulation can be easily extended to the GTRS with
positive definite Q5.
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Quadratic convex reformulation

Define Ipp = {\: Q1 + AQ2 = 0} N R4, which is an interval
[Moré, 1993).

Consider the case that the set Ipp = [A1, A2] with A1 < Ag is nonempty.

We have the epigraph Reformulation:

(G1) nrutn{t © filw) <t fo(z) <0}

Theorem 10

Suppose the set Ipp = [A1, A2] with Ay < A2 is nonempty. By defining
hi(z) = fi(z) + Nifz(x),i = 1,2, problem (G) is equivalent to

(G2) Igcntn{t hi(z) <t, ha(x) < t}.
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Minmax Formulation

(Ga) is further equivalent to the minmax problem

min A(z) := max{hi(x), ha(z)}.

We developed two steepest descent algorithms based on two line search
rules for the step size Gy,

T4l = Tk + Brdg.
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Kurdyka-tojasiewicz (KL) property

Definition 1

Let f:R™ — RU{+oo} be a proper lower semicontinuous function
satisfying that the restriction of f to its domain is a continuous function.
The function f is said to have the KL property if for any

Vz* € {x : 0 € Of (z)}, there exist C,e > 0 and 0 € [0,1) such that

Clyll = 1f(z) - f*@)°, Ve € Ba*,e), Wy € 0f (),

where 0 is known as the KL exponent.

Theorem 11

Assume that min by (z) < min H(z) and min hy(z) < min H(z). Then
h(zx) has the KL property with exponent 6 = 1/2.
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Algorithm 1

Assume that h; is the active function and h; is the other function. Let
dy, be the steepest descent direction and the associated step size be
chosen as follows.

e When hl(xk) = hQ(IEk), ,Bk = 1/L
e When hj(x) # ho(xy) and the following quadratic equation for -,

ay? +by+c=0, (22)

where a = 2Vh;(zy) T (4; — A;)Vhi(zy),
b = (Vhi(zy)" — Vh;(xx) ") Vhi(zy) and ¢ = hi(z) — hj(zk),
has no positive solution or any positive solution v > 1/L, set
dr, = —Vh;(xg) with and g = 1/L;
e When hj(xy) # ha(xy) and the quadratic equation (22) has a
positive solution v < 1/L, set B =~ and d, = —Vh;(xg).
Then the sequence {f(xx)} has a local convergence rate O(log(1/¢))
under assumptions in Theorem 11 and a global convergence rate O(1/¢)
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Algorithm 2

Modified Armijo rule

Choose the smallest nonnegative integer k such that the following
inequality holds for the step size 8 = £s* with0 < 6 <land 0 < s <1,

f(@r+ Bepr) < f(xk) — oBipy d,

where 0 < ¢ < 0.5 and d is the steepest descent direction.

This algorithm converges to an approximate stationary point.
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Preliminary numerical results

Data setting: @) is positive definite and ()5 is indefinite

e Use Matlab package eigifp to calculate the minimum generalized

eigenvalue of the matrix pair (A4, B) for positive definite B

If the null space of the Hessian matrix, Q1 + A*Q2, with \* being
the optimal Lagrangian multiplier of problem (P), is orthogonal to
b1 + A*ba, we are in the hard case; otherwise we are in the easy case.
Preliminary numerical results showed that our algorithms outperform
the state-of-the-art methods in [Pong and Wolkowicz, 2014] (the
ERW algorithm in the tables on the following pages)
Algorithm 2 is more efficient than Algorithm 1 in most cases. This
may be because of the aggressiveness of Armijo line search rule.
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Table:

Numerical results for positive definite A and indefinite B

cond n

Easy Case

Algl
iter time

Alg2
iter time

timeeig

ERW

iter time

fail

10 10000
10 20000
10 30000
10 40000

90 1.03
52 2.82
60.9 9.81
58.3 17.1

109.3 1.24
722 391
83.2 13.4
95.2 27.8

1.45
9.20
25.2
49.7

59
6.8
6.6
6.8

4.89
25.1
75.0
153

o

100 10000
100 20000
100 30000
100 40000

417.7 4.26
474.3 24.6
196.9 28.0
135.8 40.1

4249 4.34
342.4 17.8
162.1 23.1
114.7 33.9

3.99
18.4
51.8
153.6

5.9
6.1
6.2

11.4
69.4
147
6.3 309

1000 10000
1000 20000
1000 30000
1000 40000

4245 447
4177.3 216
2023.8 289
2519.8 652

1706.717.8
1182.761.2
813.7 116
1003 301

14.2

70.8

189
640.9

5.3 56.7
6.10 368
5.9 1220
6.8 2960

[=NeNeNellelNoNolNol oo Nl

50 /52



Table: Numerical results for positive definite A and indefinite B

Hard Case 1
Alg2
iter time
609.6 6.81
313.9 16.7
270.6 41.0
782.7 219
1131.6 13.6
1410 76.8
1197.9 176
506.1 143

ERW
iter time
6 11.1
6.5 53.9
7.3 170
7.1 356
5.7 24.6
6.4 123
5.2 388
6.5 639

cond n Algl

iter time
1490 16.7
530.3 27.9
1014.6 157
1866.4 520
3328.2 33.9
6494.9 350
2836.6 420

906.7 257

timeeig

1.19
7.56
30.1
54.0
3.63
42.2
442
1735

fail

[y

10
10
10
10
100
100
100
100

10000
20000
30000
40000
10000
20000
30000
40000

1000
1000
1000
1000

10000
20000
30000
40000

25082.6 261
26214.8 1360
15311.4 2190
8735.8 3060

5090.7 51.3
2726.8 139
2591.9 385
1343 1020

24.0
98.1
195
853

5.7581.1
5.8 346
5.8 1530
6.25 3280

N WO OoOOoO OO0 WK~k O




Conclusions

e Derive the GSRT valid inequalities for nonconvex quadratic

constraints using RLT-like techniques.

e Deduce an SOCP reformulation for singly constrained QCQP

without the simultaneous diagonalization condition.

e Propose a convex quadratic reformulation for singly constrained
QCQP and further show its equivalence to a minimax problem. Also
develop an efficient algorithms that outperform the state-of-the-art

algorithms in the literature.
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