Two-stage Stochastic Variational

Inequalities

Xiaojun Chen

Department of Applied Mathematics
Hong Kong Polytechnic University

The Greater Bay Area Optimization Day

24 February, 2018



2017

1. X. Chen and R.J-B. Wets, Stochastic Equilibrium and Variational
Inequalities, a special issue of Math. Program., 165(2017).

2. X. Chen, T.K. Pong and R. J-B Wets, Two-stage stochastic
variational inequalities: an ERM-solution procedure, Math.
Program., 165(2017), 71-111.

3. R.T. Rockafellar and R. J.-B. Wets, Stochastic variational
Inequalities: single-stage to multistage, Math. Program.,
165(2017), 331-360.

4. R.T. Rockafellar and J. Sun, Solving monotone stochastic
variational inequalities and complementarity problems by
progressive hedging, (2017), to appear in Math. Program.

5. X. Chen, H. Sun and H. Xu, Discrete approximation of two-stage
stochastic and distributionally robust linear complementarity
problems, (2017), revised version for Math. Program.

6. X. Chen, A. Shapiro and H. Sun, Convergence analysis of sample
average approximation of two-stage stochastic generalized
equations, submitted (2017).



1.1 Variational Inequalities (VI)

Given a nhonempty closed-convex set X C IR"™ and a continuous
function F': IR" — IR", the variational inequality problem is to find
x € X such that

—F(x) € Nx(x)

i.e. (y —x2)' F(x) >0, VyecX.

Nx (z) is the normal cone to the set X at x.
Complementarity problem as a special case: X = IR"

—F(z) € Ngr (), 0<xlF(x)>0
System of equations as a special case: X = IR"

F(z)=0



Stochastic variational inequalities

Single stage stochastic variational inequalities
A random variable ¢ affects the function F' and the set X.

¢ € 2 C IR, a set representing future states of knowledge.
Given F': = x R" — IR" and X¢ C IR", find x € X, such that

—F(&,x) € Nx(z), ie, (y—x)'F(x)>0, Vye X

This problem is well defined if £ is known. “Wait-and-see”

Example
Consider f:Zx IR" - IRandg: = x R" — IR™

minimize f(&, ) subjectto =z € X¢

where
X¢ = {w € R} |g(& ) > 0},

—Vf(& z) € Nx,(x) — First order optimality condition



Walit-and-see and Here-and-now

Wait-and-see solution Given F': = x IR" — IR" and X, C IR", find
r¢ € X¢ such that

—F(, ZBg) S ./\/‘X£ (ZL‘g), ie., (y— :L‘g)TF(f,ZCg) >0, Vye Xe.

Here-and-now solution One wants to make a decision x before
knowing &. Let X = E[X¢| = {E|xe] | xe € X¢, Elxe] < o0}.

@ Expected Residual minimization (ERM) solution
- 2
min E||r(€, z)[|],

where (&, -) is a residual function.
@ Expected value (EV) solution

—E[F(§, 2)] € Nx(x)



Stochastic complementarity problems

A random variable ¢ affects F: = x R" — IR",
r>0, F(x)>0, z'F2)=0, for ¢eZE.

ie. ®(x,F(&x)) =0,where ®;(x, F(&,x)) = min(x;, F;(&,2)), 1 <i<n

@ Expected residual minimization (ERM) formulation
Chen-Fukushima(2005)

min E[r(&, )], 7€) = ||, F(E 2))|°

:IJERS‘_

@ EXxpected value (EV) formulation
Gurkan-Ozge-Robinson(1999), Ruszczynski-Shapiro(2003),
Jiang-Xu(2008)



Two-stage stochastic variational inequalities

Given the (induced) probability space (= ¢ R", A, P), find a pair
(z € R™,u: E — R™ A-measurable), such that the following
collection of variational inequalities is satisfied:

—E[G(& z,ug)] € Np(x)
—F(& x,ug) eENg,(ug)  forae £ cE.

e G:(E,R", IR")— IR" avector-valued function, continuous
with respect to (x, ) for all ¢ € =, A-measurable and integrable
with respect to €.

@ Np(x) the normal cone to the nonempty closed-convex set
DCR" atx e R".

@ F:(E,R", IR")— IR" avector-valued function, continuous
with respect to (x, u) for all ¢ € = and .4-measurable with respect
to &.

e MNe, (v) the normal cone to the nonempty closed-convex set
Ce C IR™ atv € IR™, the random set C¢ is A-measurable.



Two-stage stochastic variational inequalities

The definition of the normal cone yields the following equivalent
formulation:

findz € D and u : = — IR"?, A-measurable, such that ¢ €,; C¢ and
(E|G(&,z,u¢)),z—Z) >0,V € D,
(F(&,z,ug),v—1ug) >0, Yve Cg, forae £e=

Two-stage stochastic linear variational inequalities (SLVI)

0 € Az+ E[B(u(é)]+q +Np(r),
0 € N(©z+ M(Eu()+ q2(&) + N (u(€)), for a.e. £ € E.

Two-stage stochastic linear complementarity problems (SLCP)
D = R™,C; = R™
0<z L Az + IE[B(&u(é)] + ¢

0<u(é) L N(Ez+ MEu()+q(€) >0, for a.e. £ € E.



Two-stage SLCP

X. Chen, H. Sun and H. Xu, Discrete approximation of two-stage
stochastic and distributionally robust linear complementarity problems,
(2017).

Two-stage stochastic linear complementarity problems (SLCP)

0<ae L Av+EBEu®)]+aq 20,
0<u(€) L NE©z+MEuE) +¢(€) 20, forae ek

Assumption There exists a positive continuous function (&) such that
FE[k(§)] < +o00 and for almost every &,

N(&) M(€) ) ( .’ ) > 5(&) (|2 +[|ul?), Vze R™, ue R™.

The two-stage SLCP has a unique solution (x,u(-)) € R™ x U.
U Is the space of measurable functions defined on =.

Convergence of the sample average approximation



Two-stage stochastic generalized equations

X. Chen, A. Shapiro and H. Sun, Convergence analysis of sample
average approximation of two-stage stochastic generalized equations,
(2017). without assuming relatively complete recourse

0€ F[®(x,u(),)]+T1(x), z € D,
0€ U(x,u(),&) +T2(u(f),£), fora.e. &€=

Here D C IR" is a nonempty closed convex set,

d: R™ x R™ x R* - R™, U : R™ x R™ x R* — R"?,

'y : R™ = IR" and I'y : IR"* == IR"* are multifunctions (point-to-set
mappings).

O(z, u(f), )
U (z, u(f),

If for almost all £ € =, O(x, u(§),§) = < i) ) IS strongly
monotone at (x, u(-)),
then the two-stage SGE with I'; (x) = Np(z) and I'a(u(§), &) = R’?

has a unique solution (z, u(-)) € R™ x U.



Algorithms for two-stage SVI

R.T. Rockafellar and J. Sun, Solving monotone stochastic variational
iInequalities and complementarity problems by progressive hedging,

(2017). = ={¢&t ... ¢},

Extend to non-monotone stochastic VI (joint work with D. Sun and J.
Yang)

Example: two-stage stochastic linear VI

0 € Az+ ijB(fj)u(fj) +q1 +Np(z),

j=1
0 € N(&)a+ME)uE)+ ) +Ne, (uE)), forj=1,...v,

where p; >0and > 7 p; = 1.

Let
Cj — C€j7 Bj — B(‘fj)v Nj — N(‘fj)a Mj — M(‘fj)a q2; = Q(‘fj)
D c R" and C; C IR™ are boxes. LetQ =D x C; x --- x C,,.



Example: two-stage linear SVI
0€ Mz+q+ Nal(z), (1)

/A mB1 ... puBV\ (Ch\ (iB\

, g = and z =

v o) L o

When Q = R™ "2 ([@)reducesto Mz+qg=0

When Q = R* ™2, ([@)reducesto  0<z 1l Mz+qg>0
PH Algorithm From z*, u"f and w;“ with 2521 pjw;‘-C =0,7=1,...,v
step 1 Determine &%, 4% for each j by solving

A B x q1—|—’w§?—|—'r(:13—:13k) Np(x)
OE(NJ- MJ><U>+< G2j + r(u—u) >+<ch(u)>

step 2 Update by ="+ =37 p;2k, Wit =ab

k+1 _ .k R S
wiTt =wi + (& -2, j=1, v




Progressive Hedging Algorithm

Give initial points z° € R™, u) € IR"* and w) € R™, j =1,---,v such
that 7, pjw; = 0. Choose r > 0. Let k = 0.
Step 1. Forj =1,---,v, solve the VI

—Az — Bju—q —w) —r(z—2") € Np(z),
—N;jx — M;u — q2; —r(u — uf) c Ng,(u),
and obtain a solution (2, 4%),j =1,--- ,v.
Step 2. Let 2"+t = 37" p;ik.
k ~ K k k ~k k .
ujJr1 = Uy, ij = W; +7“(:1:j — le), 7=1--- v

PHA for monotone SVI is an application of Douglas-Rachford splitting
method; convergence analysis for non-monotone SVI. (joint work with
D. Sun and J. Yang)



Algorithms for two-stage SVI

X. Chen, T.K. Pong and R. J-B Wets, Two-stage stochastic variational
Inequalities: an ERM-solution procedure, Math. Program., 165(2017).

Using suitable residual functions, the two-stage stochastic VI can be
formulated as the two-stage stochastic optimization problem

min  0(z) + AE[r(§, u(é, z)) + Q(E, )]
S.t. r €D

wx) =z +Wyt, Q) =35y Hyf, €& @

where

Yi = argmin{ %ngyg |z + Wye € Ce}.
A >0, H € R"™”*" is positive definite, ye € IR"* is the recourse

variable, W € IR"**"™? is the recourse matrix and 0, r are residual
functions.

Douglas-Rachford splitting method



Applications & Future research

1. Optimality conditions for a stochastic program
2. A Walras equilibrium problem

3. Prevailing network flow analysis (traffic, data transmission,
high-speed ralil, airline, power system)

4. Stochastic convex game

. Distributionally robust two-stage variational inequalities

0 € Ax+ FEpB(&u(é)]+ ¢ —|—ND(ZIZ), PeP
0 € N(©z+ M(Eu()+ q2(&) + N, (u(€)), for a.e. £ € =.

ll. Stochastic dynamic variational inequalities

w(t) = AW)xz(t) + Ep,[B(t,&u(t, &)+ q1(t) + Np(z(t)), te0,T]
0 € N(t&=(t)+ Mt u(t,§) +q2(t, &) + Ne, (u(t,§)), forae. { € E

lll. Multistage stochastic variational inequalities

CIZ(f) — ($1,$2(€1),$3(€1,€2), R 7xN(€17€27 R 7€N—1))
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